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SECOND    PART. 

Chapter  I. — General  Principle  of  Dynamics. — ^page  1. 

N08. 

Sutement  of  thU  principle,  first  made  by  D^Alembert;  by  means  of 
it  all  questions  relating  to  dynamics  are  reduced  to  simple  pro- 
blems of  statics, 350 

.Vnuther  mode  of  stating  this  same  principle,  which  has  the  advantage 
of  conducting  us  at  once  to  equations  between  the  given  and  un- 
known quantities  of  each  problem,        351 

In  iirtue  of  this  principle,  the  tensions  which  arise  from  the  con- 
nexions of  the  material  points  of  a  system,  and  the  pressures  made 
on  surfaces  and  given  cur^'es,  in  a  state  of  motion,  may  be  deter- 
mined by  the  same  rules  as  in  a  state  of  equilibrium  j  the  motive 
forces  which  act  on  the  moveables  may  be  decomposed  into  forces 
ikai  are  lost,  but  which  produce  the  tensions  or  pressures,  and  into 
'•tijer  forces  which  cause  the  velocities  of  the  moveables  to  vary  j 
examples  of  this  twofold  effect  of  the  given  forces,  .  .352 

Extension  of  tlie  general  principle  of  dynamics  to  percussions  consi- 

Jtrred  as  motive  forces  which  act  during  a  very  short  time,  and 

('ro<luce  sudden  changes  of  velocity ;  influence  which  the  friction 

may  have  during  tlie  action  of  these  forces,  ....  353 

Application  of  the  general  principle  to  the  motion  of  two  heavy  bodies 

I 'laced  on  two  inclined  planes,  and  connected  by  an  inextensible 

string;  tension  of  this  string;  determination  of  the  initial  veloci- 

ti«*«, 354, 355 
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Nui. 

Mutitin  of  a  heavy  rliain  laiil  un  two  inclined  ptane*;  in  what  case 
the  chain  will  Im.»  in  c<)uilibria,       .        « 'i5(» 

Kcctilint'ar  motion  of  two  material  pointJi  Ruhjcctrd  to  the  action  of 
their  mutual  ropuUion  or  attraction, 33* 

The  formul.i*  of  this  motion  may  l>e  applied  to  two  sulid  biKJiefl^  all 
whuM*  points  are  actuated  hy  velociti<*s  parallel  tn  the  uime  ri^ht 
line;  motion  of  huUct  and  cannon  white  tlie  liuUet  in  in  the  barr(*l 
of  the  piece;  hypolhenes  on  which  the  law  of  the  force  of  |Niwder 
'i»  fciunded  ;  numericid  calculation  of  the  force  of  {Miwder  when  the 
velocity  of  (he  bullet  at  the  mouth  of  the  cannon  iiifi;iven;  remark  of 
Ija(;rani;e  on  thin  problem, '3Sfi<,  3j*J 

Applii-ation  of  ihe  principle  of  D'AlemlnTt  to  the  nimplcM  case  of  the 
impact  of  iMuliei^ ;  phyjiical  data  of  tlic  cpiesiSion,  and  liy|Mithesi«  ne. 
ri'varv  for  its  mIu lion.  .        •        .        .         .  ,  'Mi 

Impact  of  two  IxKlies  that  are  dentitute  of  elasticity,  or  noft  ;  ilflini- 
tionoftht*  lirin*^  force :  loss  (»f  living  force  which  i<  alwav«  su*- 
lained  in  this  im|»act, riiil 

Impact  of  two  perfectly  elastic  iMxIieji ;  conservation  of  the  sum  of 
11%  iu)^  force«;  im|kact  made  by  a  ball  in  motion  oii  a  Maries  of  balls 
that  are  at  re^t;  the  preceding  laws  of  the  im|>act  of  spherical  Ihj. 
dii*«,  whether  soft  or  elastic,  are  confirmed  by  ex|MTiment,     .    ^ItVi,  DiU 

('on!i"r\ation  of  the  motion  of  the  centre  of  gravity  in  the  im]iact  of 
twii  spherical  Iwdies, :]f'A 

I1ii*  theory  of  the  resistance  of  media,  in  which  this  resi»tanL'e  is  a*>%i. 
milated  to  a  series  of  im|»acts  of  the  mo^eaiile  again«tt  the  molecules 
of  thi*  fluid  which  it  travers4'%  iit  necemiarily  imperfect;  exprcMion 
of  the  resistance  on  a  plane  >urface  anil  on  each  clement  of  a  cur%i*il 
surface;  determination  of  the  resistance  on  a  surface  of  re  %olut  ion, 
and  particularly  on  a  sphere :)ik\  .*)(>'• 

l*he  cm-flicient  of  the  re»istanc(*  relative  to  the  motion  of  projtvtilrf 
in  the  air,  wliii-h  results  from  this  theor}*.  does  not  agree  with  oh. 
serration;  ^alue  of  thii  co«'flii'ient  that  has  b«*en  obtained  by  ei|ie. 
rinient ;  in  what  the  resistance  of  tluid«  actually  conMstn,  it  ha«  not 
been  yet  determined  by  the  laws  of  meclianics,  except  in  the  case 
of  iimall  osrillationtof  the  |iendulum    No.  11*1) 'JhT 

CllAl'TI.R  II DKTrBMIVATION   Of    MoMINTS    OF   IXEBTI  V   .IN'I*  or 

I'tiM  ii'AL  Axis. — p.  XL 

P'-lioiie  iiitcffraU  uhuhaie  furni»lied  !•}  the  i-«|U.ito>iis  «>i'ilie  mi-ti>  n 
ol  »vh'l  U'tlicy  wh'.-se  nus»e»  are  dccom|M>»cd,  lu  ordci  it    ■implift 
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Nos.< 
the  operations,  into  infinitely  small  elements;  definition  of  moments 

ytiuitup  and  of  principal  axes,  .       ' 368 

Detennination  of  the  moment  of  inertia  of  a  parallellopiped,  one  of 
whose  sides  is  an  axis, 3G9 

Determination  of  the  moment  of  inertia  of  an  ellipsoid,  with  respect 
to  one  of  its  axes  of  figure, 370 

Moment  of  inertia  of  a  sphere  composed  of  concentrical  strata  of  diffe- 
rent densities,       371 

The  triple  integrals  on  which  the  moments  of  inertia  in  general  de- 
pend,  are  reducible  to  simple  integrals  in  the  case  of  a  solid  of  re- 
Tolution ;  application  to  a  sphere,  a  cone,  and  a  cylinder,      .    372,  373 

Hie  moment  of  inertia  of  any  body  with  respect  to  an  axis  passing 
throQgh  its  centre  of  gravity  being  known,  the  moment  of  inertia 
with  respect  to  any  axis  parallel  to  the  first  may  be  obtained,         .  374 

The  moments  of  inertia  with  respect  to  the  three  principal  axes  that 
intersect  in  a  point  being  known,  the  moment  of  inertia  with  re- 
ipect  to  any  other  axis  passing  through  the  same  point  may  be  gb- 
tained, 375 

Properties  of  moments  of  inertia,  or  which  bekmg  to  principal  axes,  .  376 

Previooslj  to  demonstrating  the  existence  of  principal  axes,  and  de- 
termining  their  direction,  some  general  formulae  for  the  transforma- 
tion of  coordinates  are  established,        377 

The  nine  coefficients  that  occur  in  these  formulae  are  functions  of 
three  independent  angles;  definition  of  these  three  angles;  the  de- 
tcnninate  direction  along  which  they  are  estimated,  and  how  they 
may  increase  in  the  motion  of  a  solid  body;  values  of  the  nine  co- 
efficients in  functions  of  these  three  angles ;  mode  of  obtaining 
iJiese  three  angles, 378,  3/9 

It  is  demonstrated  that  in  each  point  of  any  body  whatever,  there  are 
^ways  three  principal  rectangular  axes,  and  the  formulae  by  means 
^rvhicb  they  can  be  determined  are  given, 380 

^re  is  only  one  83rstem  of  principal  axes  in  a  body  when  the  three 
moments  of  inertia  relative  to  it  are  unequal ;  their  number  is  infi- 
nite when  any  two  of  these  moments  are  equal ;  if  the  moments  of 
inertia  relative  to  three  principal  axes  that  intersect  in  a  point  are 
eqiiai,  all  lines  passing  through  this  point  arc  principal  axes,  .  381 

Determination  of  the  remarkable  points  which  possess  this  last  pro- 
ferty ;  application  to  the  ellipsoid  and  to  the  parallelopiped,  .  382,  383 
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('H.4PTBB  111. — Or  THE   MoTION   OP   A   lOLID   IU)V\    ABOljT  A    ritll* 

I.  Umiform  Moiicm  of  Rotaitan. — Ihiti. 

N 

Definition  of  the  angular  vtlociijf  common  to  all  the  ptunU  of  an  in- 
variable tjiitem,  that  revolvea  about  a  fiaed  axis,   .... 

Determination  of  this  velocity  when  percuuions  are  aimultancoualy 
iropreweH  on  the  points  of  the  nyttem,  which  would  produce  given 
velocities  in  tliem  if  they  were  free, >i5 

Case  in  which  the  system  becumes  a  solid  bcnly,  struck  by  one  or  more 
bodies,  that  aflerwanls  remain  attached  to  it,  .  >«ii 

How  the  percussion  eaperienccd  at  the  instant  of  impact  can  be  de- 
termined i  conditions  tliat  arc  re<|uired  in  onlcr  that  tlie  axes  may 
ex|>eritfnce  no  percussion ;  definition  of  the  centre  of  porcusaiun,  .>i7,  ^^^ 

l*rt*fl«ures  exerted  on  tlie  axes  during  tlie  motion  of  rotation,  which 
arc  caused  by  the  centrifugal  forces  of  all  the  puinu  of  the  body ;  a 
general  property  of  princi|>al  axes  in  uniform  motion  of  rotation  ^ 
particular  property  of  tlie  principal  axes  uliich  pas«  through  the 
rentres  of  gravity  of  the  moveable, rWd,  3U0 

11.   I'artabl*  Sfoitfm  of  Hoiaiirm p.  74. 

DifTorential  e«)uation  of  tlux  miaiun  ;  dilTerential  of  ihi*  angular  velo- 
«*iiy ;  the  cunstant  vrlocity  pruduci'd  by  a  |K.>rouMioD,  which  lias 
bt*en  already  deti*miincd,  may  l>e  aUfi  (Ifduoni  from  it,  .    .HII,  31^2 

IVtorminatiim  ofthettital  preiwure  ex4*rti*d  on  the  axis  at  any  in- 
fitant  whatever,     ...  j«M 

Motion  of  the  com)Mmnd  |»ciiduium  in  a  vacuum  i  retlui-tion  of  tiie 
ci>mpuund  to  the  simple  |Krndulum, Jm,  iftiri 

iK'finiliun  of  tiK*  ctntrt  of  otctUaitam ;  rei'iprucity  of  the  centres  of  i«. 
ciUation  an«l  lUnpiMi^un;  mi'tliuil,  de|iending  on  this  reciprocttv, 
fur  determining  (he  l«*ng(li  uf  a  simple  pendulum  correft|Miniling  to 
a  given  pendulum  i  it  it  dcni«>natrated  that  fur  ih«*  same  UmIi  (here 
an*  an  infinite  number  uf  axes  about  whu-h  tin*  durations  of  the 
•null  «r»ciIljtions  are  equal,  ...  .     .'ttHi.  ;r.i7.  .t*.>> 

.Motion  of  a  compound  |H*ndulum  in  a  ri*M«tiiig  mrdiuui,  iIh*  li*ii;^M:i 
of  till*  Mniplf  |M*n(lulum  tlut  u  itot-hr.jiiu*  Miih  it,  d.i*«  not  .Ir]  ••nl 
«'!i  the  r»'»i»t-iiu-«*,  ...  .  .{\fj 

Motion  of  till*  a\li*  4iiil  nlf't-l.  .m.i  *.i  i\i..  lii-at«  |.,  i.,  .^  ,.|)^.  ,.|  tifi..  h 
1*  attarhcd  to  till'  j\l-'  .lit  !  Ilif  .  liii'i  I.  i;.i-  «h«'r)  ,  j;  j  l.t  jli-  n  !-. 
.Xd^MxI's  macliinr,  4<i|)  4*'l 
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Nos. 
Pendmbm  of  Robins:  the  application  of  this  pendulum  to  determine 

the  initial  velocity  of  bodies  projected  in  artillery  practice,    .   402,  403 

Cairm  IV. — ^Op  the  Motion  of  a  solid  Body  about  a  fixed 

Point. — p.  98. 

I.  Preliminary  FormukB. — Ibid. 

The  notion  of  rotation  of  a  system  of  an  invariable  form,  about  a  fixed 
pdnt,  b  one  aboat  a  line  that  is  variable  from  one  instant  to  ano- 
ther, and  whidi  is  termed  an  instantaneous  axis  ofrotiUion,    .        .  404 
Detenniiution  of  the  direction  of  this  axis,  both  with  respect  to  lines 
tfait  are  fixed  in  the  interior  of  the  body,  and  to  lines  which  are 

filed  in  space, 405 

Etprewon  of  the  angular  velocity  of  rotation  of  the  body  about  the 
iutantaneous  axb;  decomposition  of  this  velocity  into  three  others 
iboat  three  rectangular  axes,  either  fixed  or  moveable  ^  the  com- 
poaitiofk  or  decomposition  of  velocities  of  rotation  is  performed  ac 
cording  to  the  same  rules  as  those  of  the  velocity  of  translation,  406, 407 
Conpooents  of  the  absolute  velocity  of  any  point  whatever  of  a  body, 
with  respect  to  three  axes  fixed  in  its  interior;  components  of  the 
aceelenting  force  with  respect  to  the  same  axes,  ....  408 
^l<neatsof  the  quantities  of  motion  of  all  the  points  of  a  body  at  any 
ioitint  whatever,  with  respect  to  three  axes  passing  through  the 
fixed  pomt;  case  in  which  these  three  lines  are  the  principal  axes 
thatmtersect  at  this  point;  sign  of  each  of  these  moments,  accord- 
ing to  the  direction  of  rotation  about  the  corresponding  axis ;  the 
Principal  moment  of  these  same  quantities  of  motion,  and  direc- 
tion of  its  axis,     409 

Diimntial  equations  which  subsist  between  the  three  angles  of  No. 
37^00  which  the  position  of  the  moveable  at  each  instant  depends, 
>Bd  the  three  components  of  its  angular  velocity  with  respect  to  its 

^^  principal  axes, 410 

^Wier  fonnnlaB,  which  will  be  useful  in  the  sequel,    .  .411 

'*•  ^fmntial  Equations  of  the  Motion  of  Rotation  about  a  fixed 

Point. — p.  111. 

^^^^  equations  are  obtained  very  easily  by  means  of  the  formulae  of 
No.  408  and  of  the  principle  of  D' Alembert ;  they  are  reduced  to 
their  ninplest  form  by  referring  the  components  of  the  accelerating 
furce  of  any  point  whatever  of  the  body  to  its  three  principal  axes; 
the  general  problem  of  the  motion  of  rotation  depends  on  six  equa- 
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lioiiii  (»rthc  fir<«(  ordor;  namely  (liosfthnt  liavi*  lieen alroa«lr  fonnr  i, 
and  those  of  No.  410;  ra»e  in  uhicti  gravity  is  tlie  sole  forcr  thai 
actM  on  tliC  points  of  the  MVNteni,  .....    4l*Z  41 1 

When  tlie  nioveuhl**  is  nut  suhjeotetl  tu  tlie  action  of  any  motive  f<irv«*» 
or  even  in  th<'  case  of  a  hiMvy  ImmU',  in  whirli  th<*  finMl  |N)int  cmn- 
cities  with  tlie  centre  of  [gravity,  we  are  ahlc  to  integrate  the  %ix 
equations  of  the  motion  of  rotatitm,  and  make  the  unknown  (|uaii- 
tities  depend  on  two  elliptic  functions ;  in  thi%  motion,  prcKluced 
by  initial  percussions,  the  moments  of  the  quantities  of  motioo  of 
all  the  |»ointS|  with  resjiect  to  a.\eM  pa.s.sing  through  the  fixed  point, 
are  constant;  their  principal  moment  and  its  directiim  are  in. 
varialile,  and  this  cuiisideriition  facilitates  thi»  integration  of  the 
c<)uatitin»  of  the  prol>l«*m, 414,  415.  4l(t,  417 

Complete  detenninatinn  ftf  the  urhitrarv  conslanit  contained  in  tli<* 
integraU  of  these  e(|uationii,  in  which  we  as>ume,  for  greater  cIiMr> 
ness,  that  the  moveaide  wai  struck  at  the  commt*ncenieni  *>(  th  • 
motion,  by  another  l)i>dy  which  remains  attacli«*d  to  it,  .  .  4I'4 

DitTcrent  general  properties  of  the  motion  of  rotation  of  a  ImmI\  dial 
is  not  Hubjected  to  the  action  of  any  motive  fiTc*',  .         .  4V»* 

A  simpler  determination  than  the  preceihng  «<f  thi«i  motion  ^uliicli, 
however,  is  only  an  approximation),  ulien  the  in^itantaneouA  axis 
of  rotation  constantlv  dM\i:iii-«.  l.y  a  \«-iv  >m:ill  an:?!*-,  fioin  i^ne  oi 
tin*  three  principal  ax*'«  (<t'  ft|p  nii-\euM<\  th:it  iuterwl  in  thi« 
fixt'fi  point;  the  pro|M?rtyof  th>*  principal  :i\o<.dri'a.ly  ilcnionMraietl 
in  No.  IWJ  is  a{vain  e»tabIio!ii'i) ;  ni"ri-' ver,  it  is  shi  \in  that  the 
motion  i«  a/ii/i/c  about  the  axis  of  the  ^r^'atot  or  Icist  mi>nient  of 
inertia,  and  i>nlv  in»lanlani*i  Us  abi>ut  ttic  axis  of  the  intermediate 
moment;  dfterniuiati<>n  of  tli**  arbirrar\  ci>n<*taMts  in  ili**  ca'»i*  ii 
stability, 42»»,  4'JI.  411 

The  motion  of  rotation  produceil  by  inttiai  |M*rcussiun<,  iKH'i-ntt's  ssm. 
pier  when  the  moveable  ts  a  M'lid  of  rc\olutioD,  ant  iis  axis  <  : 
figure  pa»es  thriiigh  the  fix*'d  pomr  ,  ih**  unknoun  ipi.i::tiiies  n:.ii 
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SECOND  PART. 


CHAPTER  L 

GENERAL  PRINCIPLE  OF  DYNAMICS. 

350.  When  material  points,  subjected  to  the  action  of  given 
forces,  are  connected  together  in  any  manner  whatever,  they 
•cquire,  during  each  instant,  infinitely  small  velocities,  diflFerent 
&om  those  which  these  forces  would  impress  on  them,  if  they 
^^re  free.  When  these  forces  are  known,  these  last  veloci- 
ties will  be  so  likewise ;  and  the  general  problem  of  dynamics 
consists  in  deducing  from  them,  in  magnitude  and  direction, 
">e  increments  of  the  velocities  which  are  actually  produced. 
Its  solution  depends  on  an  extremely  simple  principle,  for 
which  we  are  indebted  to  D'Alembert;  by  means  of  it  all 
questions  relative  to  motion  are  reduced  to  simple  questions 
of  equilibrium,  that  can  be  always  resolved  by  the  rules  ex- 
plained in  the  preceding  book. 

In  order  to  express  this  principle  in  an  accurate  manner, 
let  m  be  the  mass  of  one  of  the  material  points  in  question, 
tod  ur  the  velocity  which  the  force  that  solicits  it  would  im« 
fftm  open  it,  in  an  infinitely  small  time  r,  if  it  was  firee. 
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Let  fr  dmotp  the  uicnment  of  velodijr  whirh  actiuUjr 
Uini  <l(mng  tbU  aame  instant,  the  direction  of  wfaicfa  will. 
futtnl,  be  different  from  (hat  of  the  given  velocity  «r ; 
let  irr  be  decomposed  by  the  rule  of  tbe  par«lle)logiam 
force*,  which  is  equally  apphesble  to  relodtieti,  {No.  14S| 
into  two  other  velocities,  of  wluL-b  let  one  be  fr.  and 
othtT  pr.     Tbe  measure  of  the  motive  force  applied  to 
moveable  will  be  the  product  mii ;  m^  and  mp  will  be 
valoea  of  thoae  which  arc  capable  of  produdng  tbe  vdi 
fr  and  pr ;  ind  the  ^vcn  force  mw  may  be  regarded  M 
retaltant  of  the  force  m^ ,  to  which  the  incrcmeai  of  tbe 
city  which  nctu&Uy  obuins.  is  due,  and  of  the  force  n/i, 
effect  of  which  is  destroyed  by  the  connexion  of  the  points 
tbe  system.     We  sbnll  ton  tins  last,  ihcjbm  iMt. 

If  the  quontitiM  analo^os  to  m,  m,  q,  which  refer  to 
other  points  of  the  system,  be  denoted  by  the  same  lettcn 
with  locents,  namely,  by  ar',  u',  /,  ]/,  m",  m",  f",  p",  &c.,  it  ■ 
eindent,  that  whatever  be  their  number  and  mutual  connexiaa, 
■p,  my,  m^p",  Stc,  tlw  forcr»  lost  shoiUd  eoDStiluta  an  aq^ 
Cbrium,  ibr  if  tltts  equilibrium  did  not  take  place,  those 
would  produce  certain  infinitely  small  vrlocitics  daring 
tike  iiutonl  r,  and,  eonsequeutly,  fr,  7'/,  f"r",  &c^  would 
longer  be  the  increments  of  velocity  that  artuoUy  ban) 
which  is  contrary  t6  hypothesis.  It  is  in  this  that  tbe 
eiple  of  D'  Alerabert  i^nfjt^i  Instead  of  tbe  foreea  aijp,  vy. 
^ff,  tut.,  we  may  substitnte,  in  tbe  aquations  of  eqoilibriMi 
of  tbe  system  that  is  coosideied,  li>e  qoantitiet  v£  maliaa 
i^r,  m'ffr',  m''p"r~,  &c.,  which  arc  prapartioaal  to  tban,  aa^ 
then  the  statenent  will  be.  that  then  is  an  aqniUI 
twaon  the  infinitely  small  quaoUtiea  of  owIioq, 
•aeh  instant  by  all  the  points  of  the  tytten,  in 
thiir  law^iwil  cooaezioai 

SOI.  Tba  (wscading  general  statement  of  lli 
mtf  U  cbaifvd  Into  anotiwr,  which  will  b«  frvqneody 
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For  this  purpose,  it  may  be  observed,  that  mu  being  the 
resultant  of  mq  and  mp,  each  of  these  components,  the  second 
for  example,  is  likewise  the  resultant  of  mu  and  of  the  other 
component,  taken  in  an  opposite  direction  from  that  in  which 
it  acts ;  by  replacing  in  this  manner  each  of  the  forces  lost, 
i.  e.  9^9,  mfj/j  mfj/%  &c.,  by  the  two  forces  of  which  it  is  the 
resultant,  it  is  evident  the  principle  of  D' Alembert  implies, 
that  there  is  constantly  an  equilibrium  between  the  given 
forees,  which  act  on  all  the  points  of  a  system  of  material 
points  in  motion,  and  the  forces  which  produce  the  infinitely 
small  increments  of  the  velocity  which  have  place  at  each  in- 
stant, these  last  forces  being  taken  in  an  opposite  direction 
from  that  in  which  they  act.  We  may,  if  we  please,  replace 
the  first  forces  by  the  quantities  of  motion  iwttr,  m'MV,  m^'u^r^^ 
&C.,  and  the  last  by  rnqr^  m'q^T^^  m'^q'Vi  &c.,  by  assigning  to 
each  of  the  velocities  j,  y',  q^^  &c.,  a  direction  contrary  to  that 
which  it  really  has,  and  by  supposing  the  directions  of  i^,  u%  tif\ 
&c^  to  be  those  which  they  actually  have. 

This  second  manner  of  statuig  this  principle  has  the  ad- 
vantage of  leading  directly  to  equations  between  the  unknown 
quantities  9,  9^,  q'^  &c.,  and  the  data  of  the  problem,  which 
are  evidently  the  velocities  u,  u\  v!\  &c.     These  equations 
will  result,  both  from  the  conditions  of  the  equilibrium,  and 
abo  from  the  manner  in  which  the  different  points  of  the  sys- 
tem are,  in  each  case,  connected  together ;  the  number  of  them 
will  be  always  the  same  as  that  of  the  coordinates  of  all  these 
points  (No.  342),  and,  consequently,  the  same  as  that  of  the 
components  of  the  velocities  9,  ^,  q[\  &c.,  parallel  to  the  axes 
of  these  coordinates,  so  that  they  will  make  known,  both  in 
magnitude  and  direction,  the  increments  of  velocity  of  all 
these  material  points  at  each  instant,  which  is,  as  has  been 
•Uted,  the  general  solution  of  the  problem  of  Dynamics.     It 
ii  the  province  of  the  integral  calculus  to  enable  us  to  deduce 
from  these  infinitely  small  increments,  the  velocities  them- 
selves and  the  coordinates  of  each  material  point,  in  functions 
of  the  time. 
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302.  VMitfti  the  forcM  mq,  m'^,  mq",  Stc,  alull  I 
lletertninpd,  if  thry  are  lai4  uff  in  *  ilircction  opponM'^ 
in  whifli  ihey  set,  onrl  if  tlipy  W  ihi-n  cAmpuundod  will 
given  force"  «i«,  m'u',  m"u",  Sc-,  mp,  m'/i,  m''^",  Ac,  ihe  S 
iMt  will  li<>  obtaiiii.'d.  Il  ift  fmni  thcw  U»t  forn'*  iluU  I 
tvn»ioiis  of  llireads  of  elastic  rmls,  iimI  of  all  the  pttyi 
mod««  of  cuniie^ioD  that  can  cxvM  bctwrni  the  dilTifrenl  p 
of  the  tyKt«ni,  as  also  the  ptmunr*  exiTicd  on  tbc  ■ 
and  given  curves  ^«hiGh  the  matrrial  points  an  o 
to  d«acril>c,  ariM; ;  and,  acconlitif;  to  the  fint  method  of  al 
,  ibe  principle  uf  D'Alcmben,  llicic  preuurmor  tconom 
[.be  delerminrd  in  the  «tatc  of  motion  of  the  »y«ton,  bjr  li 
role*  of  tlatia  applied  to  the  furcei  loat,  (No.  343). 

Therefore,  during;  the  motion,  a  part  of  the  girm  fi 
which  acts  on  each  moveable,   is  employed  in  making  1 
velocity  to  vary,  and  Aovi  not  influenee  the  p 
aiooa  in  question :  and  the  other  part,  which  ia  c 
ba  destroyed  or  ]o»t,  prwiuce*  ihc^c  pn'^sunso 
hM  no  influence  whatever  on  tW  velocity.      Wb^-n  ll 
baa  attained  to  a  [>ermanenl  «uie,  in  which  all  the  g 
eompoae  it  more  uniformly,  the  fini  part  of  eadi  J 
dpher,  and  tlie  entire  force  i»  destroyed,  that  is  to  tmj, 
ployml  in  producing  prvaaure*  agninat  fixed  obsiaclea,  and  ll 
Icnuons  of  phyiical  atrtngs,  &e.,  jiut  a*  if  thia  ayaten  ww  i 
eqvilJbrio. 

Hence,  ir  a  rurd  be  auppoaed  to  more  m  the  dinetim  of  M 
length,  am)  if  given  force*  act  al  its  Iwo  extrenitiea  la  lb»J! 
raclionfi  of  it*  productions,  when  this  motion  eonUaoM  to  1 
luuform,  the  two  furci-s  nill  be  njuai,  atwl  their  c 
will  cxprvM  the  tension  tA  (he  cuni ;  if,  on  the  contrary, 
two  forcM  are  unrqual,  the  excna  of  (he  greatest  above  I 
laaat  will  b«  employed  in  accvlrrating  or  reunliug  the  a 
of  the  cord,  and  th«  o»ea«ire  of  its  lenaion  will  be  the  part  i 
ihc  grealett  ferce  which  is  destroyed  by  the  Itwl,  or  ■ 
«»d  conlraiy  to  thth     For  example,  wbto  a  hoiM  draw*  I 
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lotd  on  a  road,  and  the  motion  of  the  system  continues  uni- 
fMrm,  the  effort  of  the  horse  parallel  to  the  road  is  equal  to 
the  weight  of  the  load  resolved  in  this  direction,  plus  the 
friction  of  the  load  against  the  road ;  it  is  constant  when  the 
itite  of  the  road  and  its  inclination  do  not  vary ;  if  it  be  sup- 
poied  to  be  transmitted  to  the  load  by  means  of  cords  parallel 
to  each  other  and  to  the  road,  the  entire  effort  will  be  equal 
ti  the  fom  of  the  tensions  of  all  these  cords ;  and  in  practice, 
the  eSbrt  exerted  in  the  direction  of  each  cord,  is  measured  by 
the  extension  of  a  spring  interposed  in  the  direction  of  its 
length.    The  inclination  and  state  of  the  roads  remaining  the 
nne,  if  the  efforts  of  the  animal  increase  or  diminish,  the  mo- 
tion of  the  8}'stem  will  be  accelerated  or  retarded,  while  the 
temioos  do  not  undergo  any  variation.     When  the  road  is 
horiioQtal,  the  friction  insensible,  and  the  motion  uniform,  the 
hone  has  no  other  force  to  develope  but  that  which  is  neces- 
iiry  for  his  own  advance ;  he  exerts  no  effort  in  the  direction 
of  the  cords  attached  to  the  load,  and  their  tensions  are  con- 
ittntly  dpher. 

353.  The  principle  of  D' Alembert  obtains  also  in  the  case 
of  the  finite  quantities  of  motion,  which  are  lost  by  bodies  con- 
Mcted  together  in  any  manner  whatever,  and  on  which  simul- 
tioeoos  percussions  are  made,  which  percussions  are,  in  fact, 
Botire  forces,  acting  on  the  material  points  with  great  inten- 
«itie»,  and  during  very  short  intervals  of  time  (No.  126). 

Thus,  let  us  suppose  that  a  force  of  this  nature  acts  on 
^  point,  whose  mass  is  m,  during  a  time  which  is  finite,  but  so 
vort,  that  the  point  m  and  all  the  other  points  of  the  system 
^noc  sensibly  change  their  position  in  this  interval.  Let  us 
^Oiote  it  by  f,  and  by  c  the  velocity  of  finite  magnitude  which 
wii  force  would  impress  on  the  point  m,  if  it  was  entirely  free ; 
lOcewise  let  q  be  the  velocity  which  is  actually  impressed  upon 
it,  10  that  at  the  end  of  the  time  €,  m  is  actuated  by  the  velo- 
city which  it  had  previously  to  the  impact,  by  the  velocity  q, 
nd  by  the  velocity  which  is  communicated  to  it,  during  the 
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same  time,  by  the  motive  forces  which  may  act  on  the  systei 
independently  of  the  percussions.  Let  the  velocity  r  be  i 
solved  into  two  others,  one  equal  to  q,  and  the  other  denot 
by  p.  Let  similar  suppositions  be  made  with  respect 
M^  mTj  &c.,  the  other  points  of  the  system,  and  if,  relatively 
these  points  ^^e  quantities  corresponding  to  r,  p,  q,  be  d 
noted  by  u',  p',  q',  u",  p",  q",  &c.  ;  an  equilibrium  will  exist 
the  system  between  imp,  hi'p',  m"v^^  &c.,  the  quantities  of  n 
tion  lost,  whether  they  be  considered  at  the  commenceoM 
or  end  of  the  time  <• 

In  fact,  let  c,  the  duration  of  the  percussions,  be  decoi 
posed  into  an  infinite  number  of  infinitely  small  instants,  ai 
let  r  be  one  of  these  instants,  mwr^  m'utVf  m"w"T\  &c.,  t 
infinitely  small  parts  of  mp,  m'l*',  m'V,  &c.,  lost  during  d 
instant,  and,  as  before,  mpr^  m'fft'^  ^''f^'r^  &Cm  the  infinitf 
small  quantities  of  motion  arising  from  the  motive  forces,  a 
that  are  also  lost  during  this  same  instant.  By  what  has  be 
stated  in  No.  3/^0,  there  will  be  an  equilibrium  in  the  systi 
between  these  two  groups  of  quantities  of  motion;  each  oft 
equations  relative  to  this  equilibrium  will  be  of  the  form, 

smun  +  A'm  «V  +  \"m"^'W  +  &c. 
+  Bmpr  +  B'm'pr  -f  B"m"p"T  -H  Ucc.  =  0.  ; 

ill  which  A,  a',  a",  &c.,  ii,  u'  b",  &e.,  denote  coeffidenu  d 
pending  an  the  |K>Hitions  of  m,  m',  m'\  &c. ;  and  this  equati 
will  subsiiit  during  f,  the  whole  duration  of  the  porcussioi 
Therefore  the  sum  of  the  values  of  its  first  member,  whi 
corres|K>nd  to  all  instants  cif  this  dunition,  will  Ih*  equal 
the  cipher;  but,  in  this  sum,  the  coi*fficients  may  be  co 
niderod  as  invariable,  since,  by  hy|)otlu^iH,  the  positions  of  i 
points  m,  m\  m'\  &c.,  do  not  HiMi»ibly  change  during  the  e 
tire  continuance  of  the  |)ercuHHons  ;  mortnivcr,  the  Hum  oft 
values  of  Mwr,  wVr,  m'W,  &c.,  will  Ik.*  the  quantities  of  n 
tion  m\\  mv\  iw"p",  &c. ;  those  of  mpr^  wj/^,  "t'y'r^  &c.,  mj 
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be  neglected  reladyely  to  the  first,  since  the  effects  of  motive 
forces,  such  as  weights  and  attractions  directed  to  fixed  or 
moveable  centres,  during  the  percussions,  are  generally  ins^i- 
liUe  with  respect  to  the  effects  of  these  other  forces ;  conse- 
quently, we  shall  have 

AiiiP  +  A'mV  +  a'WV  +  &c,  =  0. 

The  same  will  be  the  case  with  respect  to  all  the  equations 
of  equilibrium  of  the  system,  which  will  subsist  between 
MP,  m'p',  m'V^  &c.,  the  quantities  of  motion -lost;  which  was 
required  to  be  demonstrated. 

In  consequence  of  the  invariability  of  the  coefficients 
A,  a',  a'',  &c.,  during  the  continuance  of  the  percussions,  these 
equations  refer  indifferently  to  the  commencement  or  end  of 
the  time  €.  For  greater  convenience,  it  is  assumed  that  this 
dnntion  is  the  same  for  all  the  percussions,  which  is  evidently 
sllowtble,  provided  that  €  is  the  longest  duration  of  the  per- 
CQifions  that  are  considered  at  the  same  time. 

These  percussions,  in  general,  arise  from  the  impacts  of 
the  moveables,  either  against  one  another,  or  against  fixed 
obstacles.  It  may  happen  that  during  the  time  c,  these 
points  slide  ever  so  little,  either  against  one  another,  or 
against  these  obstacles;  the  frictions  which  they  will  by 
this  means  experience,  will  abstract  from  them  a  certain 
quantity  of  motion.  Now,  these  quantities  cannot  be  ne- 
glected, like  those  which  arise  from  gravity  and  attractions ; 
for  die  friction  is  a  force  proportional  to  the  pressure ;  that  is 
to  say,  a  force  which  abstracts  from  wi,  m\  m",  &c.,  in  each 
iwtant,  infinitely  small  quantities  of  motion  proportional  to 
that  which  the  pressure  would  impress  on  them  in  the  same 
instant ;  hence  it  follows,  that  the  effects  of  frictions  during 
tie  time  i,  may  be  comparable  to  those  of  the  percussions ; 
consequently,  when  the  moveables  m,  m',  m"^  &c.,  slide  one 
against  another,  during  the  percussions,  it  is  necessary  to  es- 
tablish the  equilibrium  between  the  quantities  of  motion  lost  by 
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friction,  wul  thoie  n.*preM»ted  by  ntr,  wV,  «h"p",  &c. 
VBloatlM  r.  r',  r",  &c.,  may,  if  wc  pIvMC,  b«  repLkccd  by  ll 
comimncnM,  that  w  lo  uy,  by  vclodtws  re*p«cti««ly « 
nail  contrary  to  q,  g',  q",  &c.,  and  by  tbc  velocitic*  c,  o',  i 
Itc,  Ukrn  in  their  proper  direrlion*. 

This  cxUmuon  of  the  gmpral  principle  of  Dynwria  I 
quuililioa  of  molion  which  hnvc  n  finite    mafrnitiM 
enable  iu  to  detrrmine  the  v<rlociii<4  of  the  bodir*  of  •  ayU 
■1  the  commi-nci-ntont  of  the  motion,  and  ntw)  duiinir  it>  e 
tinunncr,   when   they  olrikc   Uf^ninHt   each   other,   or  I 
•Ipuim  fixed  obvtucli'^   and  ^eneiitlly,  when  (he  « 
the  iilOTe«ble4  cx]>cribnce  what  are  teraie<l  BtiJtIm  c 

334.  In  the  lUHtrent  applJciition*  of  the  f^vneral  I 
of  dynamics,  whit-h  we  propose  to  tnitke  in  the  < 
port  of  thi»  treati»e,  l)u>  moveable*  Iwtween  which  ■ 
of  phy«ieKl  connexion  whvlerer  exifita,  may,  i 
Mkch  other,  either  by  mean*  of  attractions  or  rrpi 
distance,  and  alio  may  experience  ])ercu«Mot»  at  | 
butanta.  Bu!  befora  we  proceed  foitber,  we  pn>poa«  lo  ^jl/n 
fai  this  chapter  a  vimple  cxarapic  of  i-ach  of  th»e  three  drcata- 
■tuiccs,  which  will  be  of  serrice  in  the  |{enetal  ddrelopneaia 
thU  we  propose  bcreafter  to  detail. 

Let  OS,  in  the  firu  ptacis  cniudder,  as  in  the  bnrth  eaaa  ef 
No.  329,  two  heary  bodies  attached  to  the  ejttm^ties  of  aa 
intxlensible  thread,  and  placed  on  two  incUnnl  pUaes  wtudi 
nsl  agt^ost  each  other.  L«l  A  be  the  coaunon  heiitbt  of 
Umw*  two  planes,  f  the  ien^h  of  one  of  tliem,  t  that  of  the 
oUi«',  m  (he  luas  of  the  boiiy  plaoe<l  iijion  thi*  Ant,  ■>'  that  of 
the  body  placed  upon  the  second,  and  j^  (he  ifraTiiy.  If  the 
friction  is  not  taken  Into  acctionl,  the  aoceleraliDif  force  of  thr 
liat  body  will  be  (he  rnmpanen(  of  the  weight  resolred  la  the 
dlrectioa  of  tlu;  Gnl  plane,  which  i«  equal  to  ^  I  ■"■^  >n  like 
nutiwr  [he  accelrratinff  force  of  (he  second  will  be  equal  to 
V-     At  the  end  of  the  time  r.  let  t 


r*  duMit*  th«  Tabcstf  c 
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to  all  the  points  of  m,  and  xf  that  of  all  the  points  of  m'; 
these  are  supposed  to  be  positive  or  negative,  according  as  m 
and  nt  descend  or  ascend.  During  the  instant  dt^  v  and  t/ 
wiO  be  increased  by  dv  and  dt/ ;  but,  during  this  same  instant, 
the  accelerating  forces  would,  if  they  were  free,  impress  on  m 

and  at'  the  positive  velocities  —dt  and  ^  dt ;  therefore  the 

velocities  which  they  lose  during  the  same  instant  dij  in  con^- 
tcqnence  of  the  connexion  which  exists  between  the  two 

bodies,  are  ^di  —  dv  and  y-dt  —  cfi/.     Now,  in  order  that 

the  two  corresponding  quantities  of  motion  may  be  in  equi- 
Ubiio  (No.  350),  it  is  evidently  necessary  that  they  should  be 
equal;  consequently,  we  shall  have 

«(^&-A)  =  m'(^-d4  (1) 

Moreover,  the  two  velocities  v  and  v'  are  equal,  and  affected 
with  contrary  signs ;  for,  in  the  motion  in  question,  one  of  the 
two  masses  descends,  and  the  other  ascends,  describing  equal 
ipaoes  on  the  respective  inclined  planes ;  hence  we  have 

t/  ==  —  »,    cfo'  =:  —  dv. 

If  this  value  of  dv'  be  substituted  in  equation  (1),  we  can 
Mace 


ttd,  by  integrating, 

(mf— m'A  A    ,  . 

e  being  the  arbitrary  constant. 

If  this  integral  be  multiplied  by  eft,  and  integrated  a  second 
time,  the  space  described  by  m  on  its  inclined  plane,  will  be 
obtained ;  and  from  the  preceding  value  of  v,  it  is  evident 
that  its  motion  is  uniformly  accelerated  or  retarded,  according 

VOL.  II.  c 
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as  mt  >m'l  or  mt  Z  m'l.     In  virtue  of  the  equation  v^  =  —  r, 
the  contrary  obtains  with  respect  to  m\ 

Let  T  denote  the  tension  of  the  thread  to  which  m  and  m' 
are  attached,  this  tension  arises,  as  we  know,  from  the  force 
lost  during  each  instant  by  these  two  bodies  respectirely. 
The  value  of  this  motive  force  will  be  one  of  the  quantities  of 
motion  which  constitute  the  two  members  of  equation  (1),  di- 
vided by  di ;  consequently  we  have 


fgh      dv\ 


which,  by  substituting  for  dv  its  preceding  value,  becomes(a) 

_  (/  +  /Q  miw% 
"^^    {m  +  m')ir  ' 

wtho 
This  value  becomes  ^^9  ^  ve  know  it  should,  in  the 

case  of  ml'=  m7,  which  is  that  of  equilibrium.  With  respect 
to  the  pressure  exerted  on  each  inclined  plane,  it  is  equal  to  tlie 
weight  of  the  body  which  it  sustains  resolved  perpendicularly 
to  this  plane,  and  is  the  same  as  in  the  state  of  equilibrium. 

335.  The  constant  c  is  the  initial  velocity  of  m  ;  if  both 
bodies  set  out  from  a  state  of  rest,  r  =  0 ;  but  if  one  or  both 
of  them  experience  a  percussion  at  the  commencement  of  the 
motion,  their  initial  velocities  should  be  deduced  from  it. 

Let  us  suppose,  therefore,  that  at  the  commencement  of 
the  motion,  m  and  m'  experience  percussions,  which  if  the 
bodies  were  entirely  free,  would  impress,  in  the  direction  of  the 
productions  of  the  thread  to  which  they  are  attached,  a  velo> 
city  a  on  all  the  points  of  m,  and  a  velocity  a'  on  ail  those  at 
m\  As  their  initial  velocities  are  c  and  —  r,  it  follows  that 
at  the  commencement,  the  quantities  of  motion  lost  have 
been,  in  magnitude  and  direction,  equal  to  m  (a^c)  and 
m*  {a'^r)  respectively  ;  and,  in  order  that  they  may  consti- 
tute an  equilibrium,  it  is  necessary  that,  agreeably  to  No. 
353,  they  should  be  equal ;  hence  we  shall  have 
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m(a  —  c)  =  m'  (o'  -f  «) ; 

(rom  which  we  can  deduce 

ma—  rnfal 

»t  +  Wl' 

The  percussion  which  the  thread  experiences  at  this  in- 
tUmt,  in  the  direction  of  each  of  its  productions,  is  due  to  one 
or  other  of  these  lost  quantities  of  motion^  the  common  value 
of  which  i5(6) 

mm!  (a  +  aO . 
m  +  wi'     * 

10  that  the  initial  percussion  of  the  thread  is  the  same,  as  if  it 
was  suspended  vertically  at  a  fixed  point,  and  a  body  attached 
to  its  inferior  extremity,  was  struck  in  the  direction  of  the 
veight,  by  a  second  body  actuated  by  this  quantity  of  mo- 
tion, and  which  is  then  united  with  the  first. 

356.  In  place  of  two  heavy  bodies,  we  can  consider  three 
or  a  greater  number,  placed  on  a  series  of  inclined  planes, 
each  of  them  being  connected  with  the  following,  by  means  of 
an  inextensible  string ;  the  motion  of  this  system  will  be  of 
the  same  nature,  and  will  be  determined  in  the  same  manner, 
tt  in  the  case  already  considered. 

We  may  likewise  substitute  for  the  two  bodies  which  have 
been  considered,  a  heavy  chain  laid  on  the  two  inclined  planes. 
If  it  be  homogeneous,  and  of  a  constant  thickness,  and  if  at  the 
end  of  the  time  t^  the  lengths  of  its  two  parts  be  denoted  by 
'  and  x^,  their  masses  will  be  to  each  other  as  these  quantities, 
so  that  in  equation  (1),  m  and  m'  should  be  replaced  by  x  and 
^»  Moreover,  during  the  instant  eft,  the  first  of  these  two 
parti  is  increased  by  the  element  dx^  which  is  actuated  by  the 
^ek)city  r,  common  to  all  its  points ;  on  this  account  the 
quantity  of  motion  lost  will  be  diminished  by  a  positive  or 
negative  quantity  equal  to  vdx.  For  a  like  reason,  the 
quantity  of  motion  lost  by  the  second  part  of  the  chain  during 
the  same  instant,  should  be  diminished  by  a  quantity  equal  to 
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t/dxf;  we  should  therefore  take  vdx  and  t/dxf  from  the  fiiit 
and  second  members  of  this  equation  (1),  whidi  will  thus 
become 

X  {i^di  -  rfr)  -  Wfa  =  X'  (^  A  -rfl/)  -.  ^dlf. 

Denoting  the  constant  length  of  the  chain  by  X«  we  shall 

have 

x  +  a/rrX,     dx  +  dif-Q; 

moreorer,  v  and  t/  the  velocities  of  its  two  parts  will  be  rss- 
pectively  equal  to 

_dx        -  _  ^. 

hence  there  results  d^  =  —  dx^  and  vdx  =  t/cb/;  and,  by  eli- 
minating  xf  and  dx/  firom  the  equation  of  the  motion,  we  ob- 
tain(c) 

in  whidi,  in  order  to  abridge,  we  make 

the  complete  integral  of  this  linear  equatioa  is 


/  +  /" 


e  bdng  the  base  of  the  Naperian  system  of  logarithms,  aad  • 
and  b  two  arbitrary  constants,  the  values  of  which  can  be  d^ 

termined  by  means  of  those  of  x  and  -^y  when  I  =z  0.     If  tiM 

entire  chain  ejusts  on  the  same  inclined  plane,  that  u  to  say, 
if  the  difference  x  —  x^  becomes  equal  to  ±  X,  the  nature  of 
the  motion  will  be  changed,  and  it  will  become  uniformly 
accelerated. 

In  order  that  the  chain  may  remain  at  rest,  it  is  necessary 
thai  we  should  have  a  =  0  and  6  =  0;  hence  we  infer 
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XI  ._      XI' 


from  which  it  appears,  that  in  the  state  of  equilibrium,  x  and 
f,  the  two  parts  of  the  chain,  are  to  each  other  as  /  and  l\  the 
lengths  of  the  inclined  planes  on  which  they  are  laid ;  so  that 
its  two  extremities  exist  on  the  same  horizontal(£{)  line.  Con- 
Tenely,  if  this  condition  is  satisfied  at  any  given  instant,  and 
if  at  this  instant,  the  points  comprising  the  chain  are  not  actu- 
ated by  any  velocity,  the  equilibrium  will  obtain ;  for  as  the 
proportion 

•PSA  ■— "  flJ  •  •  I  •  I  , 

P^tt  t — >;  for  the  value  of  x,  we  shall  have,  at  the  instant  in 
question, 

tod  as  the  velocity  is  supposed  to  be  equal  to  cipher,  we  shall, 
at  the  same  time,  have 

from  which  there  results  a  =  0  and  bzzO. 

357.  For  a  second  example  of  the  application  of  the  ge- 
neral principle  of  dynamics,  let  the  motion  of  two  bodies  sub- 
jected to  their  mutual  repulsion  be  considered ;  and,  in  order 
to  reduce  the  question  to  the  simplest  possible  case,  we  shall 
suppose  that  no  initial  velocity  is  impressed  on  them,  perpen- 
<iiciilarly  to  the  line  drawn  from  the  one  to  the  other ;  so 
that  both  of  them  must  move  on  the  same  right  line,  g^ven  in 
position. 

Let  their  masses  be  m  and  tn'y  x  and  x'  their  distances,  at 
the  end  of  the  time  /,  from  a  fixed  poiat  taken  on  this  line,  t; 
and  if  their  velocities,  so  that  at  this  Lustant,  we  have 

dx        ,      dxf 
At  the  same  time,  let  r  be  the  repulsive  force  acting  in 
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opposite  directions  on  m  and  m\  and  which,  for  greater  clear- 
ness, we  shall  suppose  to  increase  the  distance  z^,  and  to  di- 
minish the  distance  x.     During  the  instant  A,  this  motiPe 


ndt 
force  would  impress  a  velocity  —7  on  the  mass  m* ;  and,  as  the 

increase  of  velocity  of  m'  is  really  </i/,  it  follows  that  its  velo- 
city, and  quantity  of  motion,  which  are  lost  during  this 


instant,  will  be  —7 dtf  and  ^di  —  mfdtf.     Likewise  the 

171 

quantity  of  motion  lost  by  m,  in  the  same  direction  and  during 
the  same  instant,  will  be  —  adlf  —  mdv*  Now,  as  these  two 
material  points  are  entirely  free,  it  is  necessary,  in  order  that 
these  quantities  of  motion  may  be  in  equilibrio,  that  they  be 
separately  equal  to  cipher ;  consequently,  we  shall  have 

mdv  -f  R<//  =  0,     mV/i/—  Rcb  =  0. 

Let  r  be  the  distance  btween  the  two  material  points  m 
and  171^  so  that  wc  may  have 

x'— x  =  r,     dxl  ^  dx-^dr. 

Then  since  dxzivdt  and  dy  =  t/dk,  we  shall  obtain  from  the 
preceding  equations 

mdv  +  m'dtf  =  0,     2mvdv  +  2«iVrfr'  =  Sailr, 

and  by  integrating,  we  shall  have(f ) 

mi;  +  wV  =  f,     mt^  -f  mV*  =  ajarfr  +  &. 

The  force  r  will  be  a  given  function  of  r ;  we  can  there- 
fore obtain  the  integral  ^ndr  either  exactly  or  by  approxi- 
mation ;  and  if  we  sup[>ose  that  thifi  integral  is  cipher  whca 
r  z:  a,  (a  being  the  value  of  r  at  the  commenct*ment  of  the 
motion),  its  value  at  any  instant  whatever  will  be  a  fbnctioa 
of  r  and  a,  which  wc  can  denote  /(r,  a).  Likewise,  let  a  and 
a'  be  the  initial  velocities  of  m  and  m';  we  shall  have,  at  the 
Mune  time, 
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ind,  consequently, 

c  iz  ma  +  mV,     d-zz  mc?  +  tnfa'^ ; 
hence  there  will  result  at  any  instant  whatever, 

mo  +  mV  =  ma  +  mfa'j 
mp*  +  m'v^  =  2/(r,  a)  +  ma«  +  m'a". 


(1) 


By  means  of  these  last  equations,  the  velocities  of  the  two 
moveables  may  be  known  in  functions  of  their  mutual  dis- 
tance ;  and  it  follows  from  them,  that  whenever  the  value  of 
this  distance  becomes  the  same  as  it  was  at  any  previous  time, 
the  iquares  p'  and  v^  will  also  have  the  same  values,  and  that 
each  moveable  will  resume  an  equal  velocity,  in  the  same  di- 
rection or  in  an  opposite  one. 

t  and  f/  being  known  in  functions  of  r ;  by  means  of  the 
equation 


p'— t;' 


the  value  of  /  can  be  determined  in  a  function  of  r,  by  a  se- 
cood  integration,  and  conversely. 

Moreover,  if  the  first  of  equations  (1)  be  multiplied  by  dt^ 
there  results,  by  integrating, 

mx  -I-  mfx*  =  (ma  +  mfa^  t  +  b^ 

h  being  an  arbitrary  constant,  which  will  be  known  by  means 
of  the  initial  positions  of  the  two  moveables;  and  this  equa- 
tion, together  with  the  equation  af^xzuTy  will  make  known 
their  positions  at  any  instant  whatever,  that  is  to  say,  the 
ndoet  of  x  and  x'  in  the  functions  of  r  or  of  ^ ;  which  is  the 
complete  solution  of  the  problem. 

If  the  mutual  action  of  the  two  moveables  was  attractive, 
the  sign  of  R,  and,  consequently,  that  of  /"(r,  a),  should  be 
changed  in  the  preceding  formulae.  If  this  force  was  re- 
pulsive at  certain  distances,  and  attractive  at  others,  r  should 
be  inch  a  function  of  r  as  would  change  its  sign  within  the 
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limits  of  thevaluM  ufthe  rariabl«.     It  nsuJti  fron  the  | 
ceding  equation,  tliat  in  no  cmc  in  tbo  matiaa  of  t 
of  grarlty  nllered  by  ilic  rautual  action  of  the  twon 
for  iu  Gni  menber  <itviiletl  by  m  +  m',  «proiiw  tlte  d 
of  tb«  cvnlreofKmvity  from  tlie  fixed  otigia  of  tbe  axi 
and  x'  i  to  tliat  ibc  muliun  of  lh«  centrv  of  gnrity  b 
and  independent  of  the  force  a. 

358.  t'^]uaiiont  (1)  obtain  aUo  in  tbe  eaae  of  tbe  i 
of  two  tolid  t>odie«,  m  and  m',  of  any  roa^ltnde  wbalawg,  i 
aubjectetl  to  tbe  ucdon  of  the  force  a,  provided  that  tha  % 
dtiei  of  oil  the  points  of  tb«M  two  Ixidies  are  comtantly  ps- 
mllcl  to  a  given  line.  TItis  force  R,  whether  aiinictiw  or 
rcpuLuve,  may  then  be  produced  by  a  >pring  «faiek  m  dilalpd 
or  contracted  between  the  two  bodiet  afiimt  whkk  Ha  two 
•xtremitiet  are  preaaed ;  or  we  may  evm  ntppoae  that  the 
,  force  K  ames  from  an  elastic  fluid  which  b  developed  bttwMN 
I  |h«se  two  bodies,  and  repels  them  in  oppoaite  diractioos,  frooi 
one  another.  Thi«  but  case  [«  that  of  the  motion  of  a  bulbt 
and  gun,  during  the  time  that  the  Sr*t  trarrrKS  the  ban«l  of  i1m 
piece.  Let  n  denote  the  iuiku)  of  lite  bullet,  am)  mi'  that  of  tba 
gun,  than  in  order  to  l>e  able  to  apply  the  preecding  bmialm,  we 
BUMl  aoppoae  that  all  the  powder  is  coovertcd  inin  gas  at  th* 
very  oomnenceraent  of  the  motion.  The  length  of  the  chaiye 
will  be  equal  to  a  theinitiuldifttann-oftbctwiibodicStand  wLaa 
tUa  distance  becomes  r,  the  force  k  will  express  the  ptcHOie 
which  the  gas,  thus  dilated,  exerts  on  each  of  these  two  bfr 
iHia  It  is  neocMary,  moreover,  to  make  some  hTp'lhnis  eo 
the  vmloc  of  a  u  a  function  of  r.  Now,  if  the  tempeialnrc  of 
the  gas  mwuits  constant  during  itsdiUlation,  lite  farce  a,  by 
the  law  c»f  >tariulte,  will  vary  in  the  inverse  ratio  of  the  spaeaa 
which  it  occupies  In  the  interior  of  the  barrel.  Let,  tbeivfars^ 
k  be  the  pressure  o«  tbe  unit  of  the  aor&ee,  exerted  by  lb* 
put,  the  inttant  that  the  powder  i>  igalled,  and  when  h  adl 
occupies  the  same  >)ace  a*  the  charge.  If  w  denotes  the  ae^ 
tkw  of  the  charge  perpendicular  to  its  length,  which  is  Qi^   ' 
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wise  tlie  interior  section  of  the  piece ;  ho  will  be  the  value  of 
K  at  the  commencement  of  the  motion ;  and,  if  the  tempe* 
lature  be  constant,  we  shall  have  {/^ 

kwa 

r 

at  the  instant,  when  the  distance  of  the  two  moveables  is  equal 
to  r ;  for,  at  these  two  epochs,  the  spaces  occupied  by  the  gas 
are  to  each  other  as  the  lengths  a  and  r. 

This  expression  for  r  has  been  generally  adopted,  though 
it  is  founded  on  two  inaccurate  hypotheses;  for,  Ist,  the  en- 
tire of  the  charge  is  not  converted  into  gas  before  the  bullet 
b^^s  to  move ;  and  2Ddly,  during  its  dilatation  in  the  barrel 
of  the  piece,  the  gas  which  is  generated  must  experience  very 
great  diminutions  of  temperature.  But  these  two  causes  have 
opposite  effects  on  the  decrease  of  the  value  of  r  :  the  second 
tends  evidently  to  render  this  decrease  more  rapid,  while  the 
effect  of  the  first  must  be  to  retard  it,  in  consequence  of  the 
new  quantities  of  gas  which  are  successively  added  to  the 
initial  quantity.  If  these  two  opposite  causes  be  supposed 
very  nearly  to  compensate  each  other,  their  influence  on  the 
expression  of  r,  as  a  function  of  r,  need  not  be  taken  into  ac- 
count. This  being  agreed  on,  in  consequence  of  the  value  of 
a  given  above,  we  shall  have  (^) 

/(r,  a)  =  Awa  log  ^, 

r 

the  integral /*(r,  a)  being  supposed  to  be  cipher  when  r  ^  a* 
The  initial  velocities  of  the  bullet  and  barrel  are  supposed  to 
be  cipher(A)  ;  hence  if  in  equations  (1),  we  make  a  =  0,  and 
o^  =:  0,  and  if  the  preceding  value  of  /(r,  a)  be  substituted, 
we  shall  have 

mv  +  mV  =  0,    mv^  +  m  V  =  2  Ao^a  log  -. 
Let  /  be  the  length  of  the  barrel,  v  the  velocity  of  the  bullet 

VOL.  II.  D 
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at  the  mouth  of  the  barrel,  t'  the  eormpoodinf  velocity  of  the 
rteoUf  we  thall  hare,  at  the  same  timet 

and  by  means  of  the  preceding  equations  we  shall  obtain  (i) 

from  which  v^  the  velocity  of  projection,  will  be  obtained ; 
and  that  of  the  recoil  will  be,  abstracting  from  the  ngn,  equal 

to  this  velocity  v  multiplied  by  -7. 

If  the  differential  of  v'  relatively  to  a,  be  put  equal  to 
cipher,  the  length  of  the  charge,  which,  every  thing  ehe 
being  the  same,  renders  the  velocity  of  projection  a  maitaw, 
will  be  determined. 

By  this  means  we  obtain 

log-=l; 

a 

and  as  this  logarithm  is  taken  in  the  Naperian  system,  it  fbl* 
lows,  that  if,  as  usual,  e  denotes  the  base  of  this  system,  we 
shall  have  /  =  f  a ;  so  that  the  value  of  a  in  question,  will  be 
a  little  greater  than  the  third  of  /the  length  of  the  barrel(A). 

359.  As  the  maM  m'  consists  of  that  of  the  barrel  and 
stock  or  frame  of  the  gun,  it  is  always  very  great  relativdy 
to  that  of  the  bullet ;  consequently,  in  the  value  of  t\  the 
divisor  m  +  m'  may  be  reduced  to  m\  by  which  means  it  will 
become 

v«  =  ?*^  log  i.  (2) 

In  order  to  apply  this  formula,  the  constant  k^  which  de- 
notes the  elastic  force  of  the  powder,  when  it  is  converted  intu 
gas,  should  l>e  known.     For  this  purpose,  let  d  be  thedensit 
of  the  powder  in  iu  natural  state;  then  the  mass  of  thecharf 
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will  be  o«Mi ;  and,  its  weight  being  supposed  equal  to  one-third 
of  the  wdght  of  the  bullet,  we  shall  have 

171  zi  3  Dciia ; 

heooe,  by  means  of  equation  (2),  we  can  deduce 

3dv« 


k=: 


21ogi* 


This  quantity  k  will  be  the  maximum  pressure  of  the  gas  pro- 
duced by  the  ignition  of  the  powder,  referred  to  the  unit  of 
sor&ce ;  in  order  to  compare  it  with  the  atmospheric  pressure, 
if  p  be  this  other  pressure,  A  the  height  of  the  mercury  in  the 
bsiometer,  g  the  gravity,  and  fi  the  density  of  the  mercury ; 
we  shall  have 

Likewise,  if  m  be  the  modulus  of  the  tables  in  the  vulgar  sys- 
tem of  logarithms,  and  A  the  logarithm  of  -  taken  in  these 
tables,  so  that  we  may  have 

X  =:Mlog-;- 
a 

we  shall  obtain  from  these  values 

k  _  3mdv^ 
p  ^  2\figh' 

Sinoe  the  densities  of  the  powder  and  mercury  at  the  mean 
temperature,  i.  e.  at  18^  of  thecentigprade  thermometer,  are 

D  =:  0,8335,     fi  =  13,548  ; 
likewise,  as 

g  =  9^,80896,    k  z=  0%  76 ;    m  =:  0,4342945, 

the  preceding  formula,  will  become 

*  =  (0,0053761)  p 
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In  the  case  of  a  piece  of  24,  the  charge  of  which  b  a  third  of 
the  weight  of  the  bullet,  we  have  (No.  216). 

/       I3fi8 

^  =  ^^^"^    «=  m-' 

hence  we  obtain 

*=r  1142.p. 

Relatipcly  to  a  piece  of  12,  we  haTc,  in  the  same  manner, 

v  =  493«,-  =  — — ; 
a         W 

which  gives 

*=  1187.P- 

These  two  values  of  A  should  be  equal,  if  the  theory  was 
rigorously  true,  and  the  data  exact ;  as  it  is,  if  their  mean  value 
be  taken,  we  shall  have 

A=  1165.p, 

which  is  the  value  of  k  that  should  be  employed  in  formula  (2) ; 
but  this  expression  of  v'  c»n  only  be  regarded  as  an  empirical 
formula,  on  account  of  the  hypothesis  on  which  it  is  founded, 
and  also  because  in  the  direct  computation  of  the  motion  of 
the  bullet  in  the  barrel  of  the  piece,  the  mass  of  the  powder 
converted  into  gas,  should  be  token  into  account  At  the 
same  time  that  this  fluid  urges  the  bullet  and  the  piece  in  op- 
posite directions,  a  part  of  the  force  which  it  develc^wa  b  em- 
ployed in  moving  its  own  mass,  which  should  not  be  negleded 
with  respect  to  that  of  the  projectile ;  and  we  may  conceive 
that  in  this  case,  the  velocity  of  projection  must  be  less,  than 
if,  the  elastic  force  of  the  powder  remaining  the  same,  its  man 
was  iii«enHible,  as  is  assume<l  in  the  preceding  analysis.  This 
remark,  for  which  we  are  indebted  to  I.4igrange,  shews  the 
necessity  of  consiilering  at  the  same  time  the  motions  of  the 
powder  and  of  the  two  masses  m  and  m\  while  the  bullet  is 
within  the  barrel ;  but  then  the  qui^stion  becomes  so  compli- 
cated, and,  in  consequence,  the  difficulty  of  the  computatioa 
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90  great,  that  it  is  impossible  to  obtain  any  useful  practical 
result.  Therefore,  it  is  preferable  to  have  recourse  to  experi- 
ment in  order  to  determine  the  velocities  of  projection  of  bodies 
shot  from  the  mouth  of  pieces  of  artillery.  In  (No.  216),  a 
method  of  obtaining  these  velocities  from  the  consideration  of 
the  ranges  of  the  projectile  was  explained ;  but  besides  this, 
there  is  also  another  method,  which  will  be  detailed  in  one  of 
the  subsequent  chapters,  (Nos.  402,  403,  404). 

360.  Let  the  principle  of  D' Alembert  be  now  applied  to 
the  simplest  case  of  the  impact  of  bodies,  and  let  us  suppose 
that  the  bodies  are  two  homogeneous  spheres,  whose  centres 
move  in  the  same  right  line,  and  that  all  their  points  describe 
parallels  to  this  line. 

Let  m  and  m^  be  the  masses  of  these  two  bodies,  t;  and  t/ 
their  velocities  at  the  very  commencement  of  their  contact, 
that  is  to  say,  at  the  first  instant  of  the  impact ;  the  sigrns  of 
V  and  t/  will  be  same  or  opposite,  according  as  the  two 
noveables  proceed  in  the  same  or  contrary  directions.     Li 
both  cases,  we  shall  consider  the  velocity  v  as  positive,  and, 
after  the  impact,  the  velocity  of  each  of  the  moveables  will  be 
regarded  as  positive  or  negative,  according  as  it  has  the  same 
or  in  opposite  direction  from  the  velocity  of  m  before  the  impact. 
Whatever  be  the  degree  of  hardness  of  the  two  moveables, 
diey  are  always  more  or  less  compressible ;  therefore,  because 
tlie  bodies  move  with  different  velocities  v  and  v\  one  of 
tliem  most  impinge  on,  and  consequently  compress  the  other, 
and,  during  this  compression,  the  velocity  of  one  of  the  bodies, 
of  SI,  for  example,  will  diminish  by  infinitely  small  degrees, 
while  that  of  m'  will  increase  in  the  same  manner,  until  these 
two  velocities  become  equal.     Now,  setting  out  from  this  in- 
stant, two  distinct  cases  present  themselves  to  be  considered. 
1.  If  the  two  spheres  are  altogether  destitute  of  elasticity, 
they  will  cease  to  act  on  each  other,  from  the  instant  that 
dieir  velocities  are  thus  reduced  to  an  equality,  and  they  will 
c<mtinue  to  move  with  a  common  velocity,  remaining  in  juxta- 
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puaition  willi  each  other,  aoi)  rvtaining  tbc  faniM  irhich  in  b 
sequence  of  their  cum[ire«ufl»  they  have  acajuired. 

2.  If,  on  the  contrary,  Lite  two  spherva  an-  eUulic, 
will  (end  to  resume  their  natiitvl  form.  While  they  tvn 
towards  it,  and  thui  continually  jirrsa  the  oim  agaJiul  i 
Other,  the  Ti-loei(y  of  m  will  i^TDduAlly  decreoae,  aul  tl«t  < 
in'  ffradually  incrroMi ;  until  the  inttant  in  which  ihn«  I 
bodies  •cparati\  and  thi*  will  be  ihi'  tenninatiun  of  ibe  ii 
Now,  in  the  rose  of  perfect  diuiticity,  we  suppose  that  the 
•econil  p»rt  of  the  impact  is  nltoffvihi-r  similar  to  llie  fini;  that 
at  the  end  of  tliv  impact,  the  two  bodies  hare  exactly  r 
their  spherical  form  and  a  velocity  common  to  all  the  p 
of  cacli  of  ihem ;  and  that,  during  its  second  port,  tbey  hMa  4 
I  gain  quantities  of  motion  equal  to  ihow  wUeb  faara  I 
I  already  lost  or  gained  durtnf^  the  first. 

The  problem  of  the  irajvact  of  two  spheres  would  p 
new  difficulty,  and  would  tie  a  cose  of  that  diacwacd  to  Nq 
357,  if  their  radii  were  inAnitely  small. 

In  order  to  resolve  it  completely,  when  the  radii  are  of  ^ 
finite  magnitude,  we  should  take  into  occouni  the  pm|M^ti< 
of  motion  in  their  masses,  and  determine  the  state  of  tl 
bodies  at  any  instant  during  tlie  continuance  of  tfaa  f 
BOD ;  which,  in  the  actual  state  of  the  science,  we  i 
■aimpoMible.  We  &hall  therefore  admit  thcrappotilii 
hare  been  now  expUtned,  as  being  the  data  «f  UiAd 
la  which  we  are  engaged ;  and  bjr  caabiniiig  tlMM  i 
tlw  |iriiici|)le  of  D'Alembert,  appUtd  to  qoanthiM* 
ofaSnito  mafiitlnde,  it  will  be  oaly  neeeanry  tod 
dw  vctedtiBS  of  the  two  s[iberea  al  tb«  end  of  ifae  d 
a  at  their  primitive  maswii  aod  nlocitiea,  1 
I  two  bodies  are  entiivly  devoid  of  elasticity, . 
1  they  are  perfectly  elastic.     S^  bodies  are  t 
ODsa  which  have  no  sensible  ehutidly;  the  greater  pari  i 
kmrd  bodies  revert  to  their  primitive  form,  when  tbey  ai«  I 
broken  by  the  impact. 
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361.  In  the  case  of  soft  bodies,  if «  be  the  velocity  after 
the  impact,  which  is  common  to  the  two  spheres,  the  velocity 
lost  by  m  will  be  r  —  «,  and  that  gained  by  m'  will  be  u  —  v\ 
lif  therefore,  these  two  bodies  move,  the  one  before  the  other, 
with  these  velocities,  t;— tt,  «— t;',  by  the  principle  established 
in  No.  353,  they  must  constitute  an  equilibrium ;  this  requires 
(No.  127)  that  the  quantities  of  motion  corresponding  to 
these  velocities  should  be  equal.   Consequently  we  shall  have 

m  (r  —  tt)  =:  fw'  (tt  —  t/) ; 

from  which  there  results 

mv  +  fnfv'  .  . 

whidi  is  the  value  of  u  required  to  be  obtained. 

If  m' be  at  rest  before  the  shock,  and  if  by  reason  of  its 
densty,  this  mass  is  extremely  gpreat,  so  that  it  may  be  con- 
■dered  as  infinite  relatively  to  m,  we  shall  have  u  =  0,  q.  p.(/). 
The  mass  m'  will  in  this  case  represent  a  fixed  obstacle ;  and 
tlie  body,  when  devoid  of  elasticity,  will  be  reduced  to  a  state 
of  rest,  when  it  impinges  against  this  obstacle. 

By  the  living  forcCy  or  the  vis  viva  of  a  material  point,  or 
more  generaUy  of  a  body,  all  the  points  of  which  are  endowed 
vith  the  same  velocity,  is  meant  the  product  of  its  mass  by 
the  square  of  this  velocity.  Therefore,  the  sum  of  the  living 
forces  of  m  and  m'  before  the  shock,  is  mt^  +  mv^y  and 
rnif  4.  m V,  after  the  shock.  Now,  it  appears  from  formula 
(i),  that  the  second  sum  is  always  less  than  the  first ;  for  if  the 
quantity 

which,  in  virtue  of  equation  (a),  is  cipher,  be  taken  from 
the  difierence,  when  concinnated,  becomes 
vhicb  is  m  positive  quantity. 
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Therefore,  in  the  impact  of  two  spheres,  which  are  des- 
titute of  elasticity)  there  is  a  loss  of  tiring  force;  and  this 
loss  is  equal,  as  appears  from  what  precedes,  to  the  sooi  of 
the  living  forces  due  to  the  velocities  t;  —  «,  ti  —  t/,  whidi 
have  been  respectively  lost  and  gained  by  these  two  bodies. 
This  result  is  a  particular  case  of  a  general  theorem,  for 
which  we  are  indebted  to  Camot,  and  which  will  be  deoMNi- 
strated  in  the  sequel. 

362.  In  the  first  part  of  the  impact,  that  b  to  say,  until  the 
instant  of  the  greatest  compression,  the  two  spheres  are 
always  thus  affected,  whatever  be  the  degree  of  their  elasticity; 
so  that  the  velocity  u,  the  expression  for  which  has  been  de> 
termined  above,  is  always  that  which  is  common  to  then  at 
this  instant.  Therefore,  during  this  first  part,  the  diminution 
of  the  velocity  of  m,  and  the  increase  of  that  of  m\  will  be 
V  ^  u  and  u  —  t/.  Now,  if  these  two  spheres  are  perfectly 
elastic,  m  will  experience,  in  the  second  part  of  the  impact,  a 
second  diminution  of  velocity  equal  to  the  first,  and  conse- 
quently its  velocity  at  the  end  of  the  impact  will  be  r— 2(r  —  «) 
=  2ii— r.  At  the  same  time,  m*  will  experience  a  second  in* 
crease  of  velocity  equal  to  u— r^  and  its  final  velocity  will  be 
t/  +  2(ii  —  t/)  or  2ii—r'.  If,  therefore,  v  and  v'  denote  the 
velocities  of  m  and  m'  after  the  impact,  we  shall  have 

V  =  2ii  —  r,     v'  =  2ir  —  r'; 

the  value  of  u  being,  as  8tate«l  above,  always  furnished  by 
formula  (a). 

If  these  two  velocities  be  resjH»ctively  taken  the  one  finoa 
the  other,  we  shall  have 

v  —  v'  —  K  —  r  ; 

from  which  it  np[H>arH,  that  in  thin  im|)act  the  relative  velocity 
of  the  tuo  moveables  chungen  ivn  Mgii,  but  preserves  the  same 
magnitude. 

If  the  density  of  the  mass  m'  l>e  such,  that  rvlalivelv  to 
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die  mass  m,  it  may  be  considered  as  infinite,  and  if  t/=  0, 
we  shall  have  v  =  0,  and,  consequently,  y  =  —  v ;  hence  it 
fellows,  that  when  a  perfectly  elastic  sphere  strikes  a  fixed 
obstade,  it  is  reflected  back  with  a  velocity  equal  and  contrary 
to  that  which  it  had  before  the  impact.  Therefore,  in  the  case 
of  a  heayy  sphere,  which  fisdls  in  a  vacuo,  on  a  horizontal 
immoveable  plane,  it  should  be  reflected  back  to  the  height 
from  whidi  it  fell. 

The  sum  of  the  living  forces,  before  and  after  the  impact 
will  be  the  same ;  or,  in  other  words,  we  shall  have 

wliidi  may  be  reduced  to 

4u(mu  +  wi'tf  —  inr  —  m't/)  =  0, 

inequation  which  by  virtue  of  formula  (a)  is  evidently  iden- 
ticaL 

363.  If  we  suppose  m  =:  m\  we  shall  have 

2u=:v  +  v\    V  =  v'f    y'  =  t;. 

Tiierefore,  in  the  impact  of  two  perfectly  elastic  spheres,  the 
naiBes  of  which  are  equal,  there  is  an  interchange  of  velocity ; 
udif  one  of  the  two  is  at  rest  before  the  impact,  the  other  will 
'tmain  at  rest  after  the  impact,  and  the  first  will  be  actuated  by 
the  primitive  velocity  of  the  second. 

It  follows  from  this,  that  if  there  be  a  series  of  balls  equal 

in  mass,  whose  centres  exist  all  in  the  same  right  line,  and 

if  the  first  be  the  only  one  of  them  in  motion,  and  actuated  by 

a  Telocity  equal  to  v,  in  the  direction  of  this  line,  and  moving 

towards  the  other  balls,  this  first  ball  will  be  reduced  to  a  state 

of  repose  by  impinging  on  the  second,  which  will  be  actuated 

by  the  velocity  r,  with  which  it  will  impinge  on  the  third, 

and  will  afterwards  be  reduced  to  a  state  of  rest,  then  the  third 

will  be  actuated  by  the  velocity  r,  which  it  will  lose  by  im- 

pbging  on  the  fourth,  and  so  on  until  the  last,  which  will 

retain  the  velocity  r.    Therefore,  after  this  series  of  impacts,  all 

VOL.  II.  B 
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the  balls  will  renudn  at  rest  except  the  last,  which  will  move 
off  with  the  velocity  with  which  the  first  was  primitively  a^ 
tuated ;  and  as  this  result  is  independent  of  the  magnitude  of 
the  intervals  existing  between  the  consecutive  balls,  it  follows 
that  it  will  likewise  obtain  when  these  intervals  disappear, 
and  when,  consequently,  all  the  balls  after  the  first  are  in  coi^ 
tact.  Thus,  when  a  series  of  any  number  of  perfectly  elaslie 
balls,  of  equal  mass,  the  centres  of  which  are  in  the  same  ri^il 
line  at  rest,  and  successively  in  contact  with  each  other,  is 
struck  by  another  elastic  ball  equal  to  each  of  them,  and 
moving  in  the  line  of  the  centres,  this  last  will  be  united  to 
the  series,  all  the  balls  composing  which  will  remain  at  rest, 
with  the  exception  of  the  ball  placed  at  the  other  extrcmityt 
which  will  be  detached  from  the  others,  and  move  off  with  the 
velocity  of  the  striking  ball ;  this  is,  in  fact,  what  may  be  fie> 
quently  observed  in  the  case  of  billiard  balls. 

In  general,  the  laws  of  the  impact  of  spherical  bodies,  both 
hard  and  soft,  which  arc  consequences  of  the  hypotheses  of 
No.  360,  have  been  confirmiHt  by  numerous  experiments  made 
on  equal  and  unequal  bxdls,  consisting  of  the  same  or  of  difffr* 
rent  materials,  and  actuateil  by  velocities  which  were  in  any 
ratio  whatever  to  each  other. 

364.  The  motion  of  the  centre  of  gravity  of  a  system  of  bo£es 
is  never  altered  by  the  impact  or  mutual  action  of  the  moveables. 
This  im|)ortant  proposition,  the  simplest  case  of  which  was 
already  taken  notice  of  in  No.  367,  and  which  can  also  be 
verified  in  the  impact  of  soft  or  [K'rfectly  elastic  bodies,  will  be 
demonstrated  in  all  its  generality  in  a  subsequent  part  of  this 
treatise.  In  order  to  prove  that  it  obtains  in  the  impact  of 
bodies,  whether  soft  or  elastic,  let  x  and  x*  bo  the  distances  at 
the  eixl  of  the  time  /,  of  the  centres  of  m  and  m'  ftt>m  a  fixed 
point  on  the  line  ulong  wliich  thoy  move.  Likewise,  let  X|  be 
the  distance  at  this  instant  of  the  centre  of  gravity  of  m  and  mf 
from  the  same  point ;  we  ^hall  have  ( No.  65) 

(wj  +  m')X|  =  mx  -f  m'x'. 
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By  alfferentiating,  we  obtain, 

^  dxi  dx  dx' 

im  +  m')^=m^  +  m'^;  (b) 

fft* 

by  means  of  this  equatioD,  — \  the  velocity  of  the  centre  of 

gravity  corresponding  to  the  velocities  of  the  two  spheres,  can 
be  determined.     Now,  before  the  impact,  we  have 

dx  dxf 

and,  consequently, 

dxi  ^  mw  +  mV 
di    ""    ni'^m' 

After  the  impact,  we  have 


dx  __  dx* 
¥'^dt 


in  the  case  of  soft  bodies,  and 

fix  dx' 

in  the  case  of  perfectly  elastic  bodies.     By  substituting  these 

values  successively  in  equation  (b),  we  shall  obtain,  by  means 

dx 
of  equation  (a),  ^  z:  u  in  both  cases,  which,  in  virtue  of  this 

dx 

same  equation  (a),  is  the  value  of  -zp  before  the  impact.  Con- 
sequently, in  the  impact  of  the  two  spheres,  the  motion  of  their 
centre  of  g^vity  is  not  affected. 

As  the  velocity  of  this  point  is  always  the  sum  of  the 
quantities  of  motion  of  the  bodies  divided  by  the  sum  of  their 
maiscSj  it  is  evident  that  in  the  impact  of  two  spherical  bodies, 
either  soft  or  elastic,  the  sum  of  the  quantities  of  motion  is  not 
dianged,  regard  being  had,  in  this  sum,  to  the  signs  of  the 
velocities. 
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Itv',  the  velocity  of  m',  be  cipher,  and  if  thismaM  is  Tcry 
small  relatively  to  m,  the  quantity  of  motion  impressed  on  m\ 
and  taken  from  m,  will  be^  very  nearly,  mfv  or  2m>/acGording 
as  these  bodies  are  devoid  of  elasticity  or  perfectly  elastic(/). 

365.  Heretofore  the  resistance  of  fluids  has  been  assimi- 
lated to  a  series  of  impacts  of  the  moveable  against  the  mo- 
lecules of  the  medium  which  it  traverses;  and  althoughf 
according  to  M.  Poisson,  the  theory  of  resistance  founded  on 
this  hypothesis  should  be  abandoned,  he  deems  it  expedient, 
notwithstanding,  briefly  to  explain  it  here. 

Let  us  suppose  that  the  moveable  is  a  right  cylinder  whidi 
moves  in  the  direction  of  its  length.  Let  w  be  the  area  of  its 
base,  |>erpendicular  to  this  dimension  and  to  the  dirccti<m  of 
its  motion ;  likewise  let  fit  be  the  mass  of  the  moveable,  and  p 
the  density  of  the  liquid  or  aeriform  fluid  in  which  it  moves. 
At  the  end  of  the  time  ty  let  v  denote  its  velocity,  and  x  the  dis- 
tance of  its  anterior  base  from  a  fixed  point,  taken  on  the  per- 
pendicular to  this  plane,  so  that  we  may  have  dx  zz  rdi.  In 
the  instant  dl^  this  base  will  traverse  the  space  dr,  the  body 
will  therefore  strike  all  the  material  points  of  thefluidcom 
in  a  section,  of  which  the  base  is  w,  the  height  dr,  and  the 
fkwdx.  Now,  all  these  |ioints  are  considered  as  detadied  £roflS 
each  other,  and  not  acting  at  all  on  the  surrounding  fluid ;  and, 
in  this  hypothesis,  the  diminution  of  the  quantity  of  motion  ex- 
perienced by  the  body  during  the  instant  d!f,  will  be  the  pro> 
duct  of  its  velocity  r,  and  of  fibtdx^  the  mass  strud^  or  tlie 
double  of  this  product,  according  as  this  impact  is  compared  to 
that  of  bodies  destitute  of  all  elasticity,  or  to  the  impact  of  per- 
fectly elastic  bodies,  llie  value  on  the  first  hypothesisi 
namely,  rpwdx^  is  that  which  deviates  least  from  experiment ; 
therefore  by  adopting  it,  and  observing  that  the  variation  of 
the  quantity  of  motion  of  m  during  the  instant  cf/,  is  anfr, 
shall  have 

mdv  zz  -  rp^kir ; 
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and  if  for  <£r  its  value  vdi  be  substituted^  there  results,  by  di- 

Tiding  by  di^ 

dv  « 

winch  expresses  the  motive  force,  arising  from  the  resistance 
exerted  on  a  plane  surface,  perpendicular  to  the  direction  of 
the  motion. 

It  appears  from  inspection  of  the  above  expression,  that 
this  resistance  is  proportional  to  the  density  of  the  fluid,  to 
the  surfEU^e  on  which  it  acts,  and  to  the  square  of  the  velocity 
of  the  body.  Denoting  the  height  through  which  the  body 
ihoold  hH  freely  to  acquire  this  velocity  by  A,  and  the  gravity 
by  ^,  that  is  to  say,  making  tf^  =  2^A,  its  value  will  become 
2  jf/HtfA,  so  that  it  is  equal  to  the  weight  of  a  cylinder  of  the 
fluid,  the  base  of  which  is  the  surface  perpendicular  to  the  di- 
rection of  the  velocity,  and  the  height  is  equal  to  twice  that 
through  which  a  heavy  body  should  &11  in  a  vacuo,  to  acquire 
this  same  velocity. 

If  the  direction  of  the  motion  is  not  perpendicular  to  the 
plane  surfistce  which  experiences  the  resistance,  the  velocity  of 
the  body  should  be  resolved  into  two  others^  the  one  perpen- 
dicular, the  other  parallel  to  this  plane ;  we  suppose  that  the  ve- 
lotiij  parallel  to  the  plane  gives  rise  only  to  a  friction,  which  we 
wiU  not  now  take  into  account,  so  that  the  resistance  properly  so 
called,  is  the  same  as  if  the  normal  velocity  solely  existed ;  this 
is  the  reason  why  this  component  is  substituted  for  the  velocity 
V  in  the  preceding  value  of  the  resistance,  which  then  becomes 
/MTc'cosH,  t  being  the  angle  which  the  normal  to  the  surface 
M  makes  with  the  direction  of  the  velocity  v. 

366.  This  result  being  admitted,  and  extended  to  the  infi* 
nitely  small  elements  of  curved  surfaces,  the  resistance  expe- 
rienced by  a  solid  body  of  any  form  whatever,  maybe  obtained 
in  the  following  manner : 

Let  us  suppose,  for  greater  simplicity,  that  the  question 
related  to  a  solid  of  revolution,  all  the  points  of  which  de- 
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scribed  lines  parallel  to  the  axis  of  its  figure,  with  a  Tdodty  v. 
Let  this  axis,  represented  by  ab  (fig.  1 )» be  that  of  the  abadtss, 
and  AMB  its  generating  curve ;  and  let  x  and  y  denote  the 
abscissa  cp  and  ordinate  pm  of  m  any  point  of  this  cunre. 
Let  us  suppose  that  the  greatest  section  of  the  solid,  perpnK 
dicular  to  the  axis  of  the  figure,  is  that  which  belongs  to  the 
point  c,  the  origin  of  the  coordinates,  and  that,  consequently, 
CD  is  the  greatest  ordinate  of  the  cunre  mab*  As  the  mo6oii 
is  directed  from  b  to  a,  the  portion  of  the  surfiiee  which  czp»> 
riences  the  resistance  of  the  medium  will  be  that  which  b^ 
longs  to  the  part  oma  of  this  cunre ;  di  being  the  diiEacntial 
element  of  this  cunre  at  any  point  whaterer  m,  we  shall  have 


cos 


27' 


which  is  the  value  of  the  cosine  of  the  angle  that  the 
at  this  point,  makes  with  the  axis  of  x,  that  is  to  say,  with  the 
direction  of  the  motion ;  and  this  angle  will  be  the  saiae  in 
the  entire  extent  of  the  zone  generated  by  the  revolution  of  d$ 
about  AB,  the  surfiice  of  which  zone  is  equal,  as  we  know,  to 
2wyd$.  Therefore  each  of  the  plane  elements  of  this  zone  will 
experience  a  normal  resistance  equal  to  the  product  of  this 
element  multiplied  by  pr'cos'i.  If  this  force  be  resolved  into 
two  others,  one  perpendicular,  and  the  other  parallel  to  am^  il 
is  evident  that  the  components  perpendicular  to  ab  will  de- 
stroy each  other's  cfiects,  two  by  two ;  and  the  value  of  each 
component  parallel  to  ab  will  be  equal  to  the  resistance  which 
is  perpendicular  to  the  zone,  multiplied  by  cost ;  consequently 
the  sum  of  these  components  for  the  entire  zone  will  be  equal 
to  the  product  of  the  surfieure  2wyd4  by  pv^ciM\  and  by  cost, 

which,  by  sul>Htituting  for  cost  its  value,  is  equal  to  2wpr^f  ^. 

Hence,  if  we  denote  the  entire  resistance  experienced  by  the 
solid  in  a  direction  contrary  to  that  of  its  motion,  by  a,  and 
make  ca  =  a,  we  shall  have 
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=»"^J: 


for  the  rwlue  of  this  motive  force. 

If  tbe  body  be  a  sphere,  its  centre  will  be  at  the  point  c, 
and  its  radius  will  be  equal  to  f  •  Denoting  the  angle  mca  by 
9y  we  shall  haye 

y  =  asin0,    dy^acoBOdO^    ds^adO; 
from  which  there  results  (m) 


B  =  2irpty»a*  J^'cos^flsinfl.dfl  =  iir/aaV; 

which  shews  that  the  resistance  experienced  by  a  sphere  is 
the  half  of  that  which  the  circumscribed  cylinder,  whose  base 
vo*  is  perpendicular  to  the  direction  of  the  motion,  experiences. 

367.  It  is  Newton  to  whom  we  are  indebted  for  this  first 
essay  on  the  resistance  of  fluids ;  he  it  was  also  who  first  deter- 
mined the  motion  of  bodies  subject  to  the  action  of  a  force 
depending  on  their  velocity.  From  a  comparison  of  the  result 
of  his  computation,  with  the  observed  time  of  descent  of  a 
sphere,  which  fidls  in  the  air,  from  a  great  height,  he  observed 
that  it  was  necessary,  in  order  to  make  them  agree  together, 
to  reduce  the  preceding  value  of  r  to  the  one-half. 

From  other  experiments  instituted  by  Borda,  it  would  ap- 
pear that  this  value  should  be  only  reduced  to  three-fifthsy 

which  gives 

R  =:  "^u  TrpaV. 

D  denoting  the  density  of  the  sphere,  its  mass  will  be  — - —  ; 

o 

and  if  R  be  divided  by  this  mass,  and  if  the  accelerating  force 
resulting  firom  this  division  be  denoted  by  ^,  we  shall  obtain 

«  =  ?£^ 

^      4oDa* 

which  i%  in  fact,  the  expression  for  the  resistance  most  gene- 
rallv  adopted  by  authors  who  have  written  on  the  Ballistio 
pendulum,  and  which  has  been  already  cited  in  No.  216. 
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In  rirtuc  of  formula  (c),  the  delcminatioo  flf  tteij 
revolution  which  cxpcrionccit  Uie  ieatt  KsiaUaoe  In  Hi  | 
through  a  fluid,  conu»u  in  finding  the  generating  etaym  of  ll 

Krlid,  fur  wliich  the  integral  V^y^  is  a  flu'nifliiui;  Abp 

blem  can  be  easily  solved  by  the  rules  of  the  ctlci; 
riaUons.  Newton  gave  the  volution  lung  before  other  g 
occapied  themselves  with  this  description  of  qoeatiaoi^ 
ever  he  did  not  jioint  out  the  method  that  he  followed  J 
arriving  nl  thi«  n'suit(n). 

I'he  preceding  theory  of  resistance  ta  founded,  M  « 
si-en,  on  n  vngue  compariaon  of  the  aetion  of  a  fluid  witb  |] 
impact  of  bodie«,  and  on  the  inadmissible  Ruppositioa  ikat  I 
this  impact  the  molecules  of  the  6uid  act  soldy  on  the  bnljj 
and  not  at  all  on  each  other.  It  t*  contradicted  by  o 
tion,  inasmuch  as  the  absolute  tnogoitode  uaigned  bjr  I 
calculus  is  double  of  that  which  results  from  tzii«riinaDt ;  b  I 
nl»o  at  variance  witli  observation  as  to  the  law  of  the  r 
io  a  (unction  of  the  velocity,  which,  oceording  to  this  theory, 
should  be  always  profiortional  to  the  square  of  the  vehxity, 
while  It  results  from  the  obscn'ed  decrease  of  amptitoilea  ia 
iwy  small  oscillations  of  the  pendulum  (No.  IHT),  that  tUt 
faces  u  only  pmportiunol  to  the  first  power  of  the  vety  ■ 
I'bc  resistance  which  a  liijuid  m 
I  to  the  notion  of  a  solid  body,  is 
frtotion  against  the  sur&cc,  and  of  tlie  resultant  of  ll 
which  this  fluid  exerts  agalnu  the  cniin  of  tUs  i 
onler  Io  detemtne  tbb  Meood  part,  which  is  I 
properly  ao  oalled,  wo  should  oonnder  at  the  i 

s  of  the  body  and  of  the  fluid,  as  M.  Polsaon  i 
r  already  cited  (No.  I'Jl),      Tlits  force  may  be  i 
RBI  In  Bscillatory  and  progrrMiivc  motion,  in  liquids  and  fai 
gaaeai  and  io  ihrse  last,  it  may  depend  on  their  tenperattn 
and  net  on  their  density  solely,  a  p<>iul  which  it  would  be  c 
B  to  verify  by  eiperienee. 


CHAPTER  II. 

BITBBlf  IMATION  OF  MOMENTS  OF  INERTIA  AND  OF  PRINCIPAL 

AXES. 

368.  Ik  the  subsequent  chapters  of  this  book,  the  different 
cftses  of  the  motion  of  a  solid  body  will  be  considered.  In  order 
to  obtun  more  readUy  the  equations  of  its  motion,  we  shall  sup- 
pose each  body  to  be  divided  into  parts,  which  though  insen- 
nble,  are  nevertheless  of  a  finite  magnitude,  comprising  immense 
nambers  of  molecules.  Even  though  this  body  should  con- 
siil  of  detached  molecules,  the  sums  relative  to  its  insensible 
parts  may  still,  without  appreciable  error,  be  changed,  as  in 
No.  98,  into  definite  integrals ;  so  that  in  the  following  dis- 
coflsioiis,  the  parts  in  question  may  be  treated  as  infinitely 
small. 

The  equations  of  motion  of  a  solid  body  will  contain  nine 
definite  int^^s,  namely, 

Sarrfwi,      SyAw,      S^^^* 
Ixydm,    %xzdm,    ^yzdm, 
^s^dmy      ly^dm,      ^x^dm ; 

dm  denotes  the  differential  element  of  that  point  of  the  mass, 
whose  coordinates  are  x,  ^,  z,  and  the  integrals  are  supposed 
to  extend  to  the  entire  mass  of  the  body,  which  we  shall  desig- 
nate by  M.  The  three  first  depend  on  the  position  of  the  centre 
of  gravity ;  and  if  its  three  coordinates  be  ^i ,  ^i ,  2:1 ,  we  shall 
have  (No.  91) 

Ixdm  =  Ma?!,     Syrfw  =  My,,     ^zdm  =  MZi ; 

so  that  when  this  point  is  taken  for  the  origin  of  the  coordi- 
nates, each  of  these  three  integrals  will  be  cipher. 
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It  will  be  proved  fieurther  on,  that  wherever  this  origin  may 
be,  we  can  always  determine  the  directicm  of  the  three  axes  in 
such  a  manner,  that  we  may  have 

%xydm  =  0,    %xzdm  =  0,    ^ymdm  =  0. 

The  three  rectang^ular  axes  rehitively  to  which  these  three 
integrals  vanish,  are  termed  principal  tures. 

With  respect  to  the  three  last  of  the  nine  integrals,  we 
shall  express  them  by  means  of  three  others  denoted  by  a,b,c, 
which  will  be  respectively 

from  which  we  can  obtain 

2l^dm  =  A  4-  B  —  c, 
2Sy'd!pii  =  c  4-  A  -  B, 
i^ji^dm  =  B  4-  c  ^  A. 

In  general,  the  sum  of  the  elements  of  the  maM  of  a 
body,  multiplied  by  the  squares  of  their  respecUve  distances 
from  any  line,  is  termed  the  moment  of  inertia  of  the  body 
with  n>spect  to  this  line.  Thus,  a,  b,  c,  will  be  the  mo- 
ments of  inertia  of  the  body,  with  respect  to  the  axes  of 
X,  y, ; ;  because,  for  example,  y*  -|-  '*  i*  ^^^  square  of  the  dis- 
tance of  dm  from  the  axis  of  x.  Wlien  these  lines  aie 
princi|>al  axes,  a,  b,  c,  are  termed  the  principal  moments  of 
inertia. 

By  placing  the  origin  of  the  coordinates  at  the  centre  of 
gravity,  and  by  making  the  principal  axes,  the  axes  of  the 
coordinates,  the  equations  of  motion  are  simplified,  because 
some  of  their  terms  by  this  means  disappear  ;  this  point  and 
these  axes  possess,  moreover,  other  important  properties  in 
dynamics,  which  we  shall  advert  to  in  the  sequel. 

369.  The  determination  of  the  moments  of  inertia  is  a 
problem  of  the  integral  calculus,  which  may  be  always  solved 
exactly,  or  by  the  method  of  quadratures. 
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The  simplest  example  is  the  calculation  of  the  moment  of 
inertia  of  a  homogeneous  rectangular  parallellopiped,  with 
reqpect  to  one  of  its  sides.  Let  its  three  adjacent  sides  be 
taken  for  the  axes  of  m,  y,  Zj  and  let  their  lengths  be  denoted 
by  a^bfC;  then  if  eadi  of  these  three  lines  be  divided  into  an 
infinite  number  of  infinitely  small  parts,  by  drawing  through 
all  the  points  of  division,  planes  parallel  to  the  feces  of  the 
parallellopiped,  these  three  series  of  planes  will  divide  it  into 
elements  which  are  infinitely  small  in  their  three  dimensions. 
The  volume  of  the  element  whose  three  coordinates  are 
s,y,  z,  will  be  evidently  dxdydz ;  therefore,  its  mass  will  be 

dm  =  pdxdydz ; 

p  being  the  density  of  the  parallellopiped,  which  is  supposed 
to  be  constant.  Consequently,  c  the  moment  of  inertia  with 
respect  to  the  side  which  is  taken  for  the  axis  of  z,  and  whose 
length  is  c,  will  be 

c  =  pSSS  (a» + y*)  dSrrfy  cfe. 

This  triple  integral  should  be  extended  to  aU  the  elements 
of  the  g^ven  parallellopiped,  and  then  integrated,  in  any 
order  we-please,  fiom  a;  =  0,  y  =  0,  z  zi  0,  to  x-=,a,  y^b^ 
z  :=  c;  from  this  there  results,  without  any  difficulty, 

(tr^bc  .  ab^c\ 
^  +  -3-> 

or,  what  comes  to  the  same  thing(a), 

c=iM(a«  +  6*); 

M  being  the  mass  of  the  body,  and,  consequently,  equal  to 
p{abe).  In  the  same  manner,  it  might  be  shewn  that  the 
moments  of  inertia  of  the  same  body,  with  respect  to  the  sides 
whose  lengths  are  b  and  a,  will  be  respectively 

B=:iM(c'-hd^     A=iM(6^+C^). 
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370.  For  a  second  example,  let  it  be  proposed  to  detennine 
the  moment  of  inertia  of  a  homogeneous  ellipsoid  with  respect 
to  one  of  its  three  axes  of  figure. 

Denoting  the  lengths  of  its  three  principal  diameters  by 
Sii,  26,  2  c,  if  the  directions  of  the  axes  of  the  coordinates 
«,  y,  z,  coincide  with  these  diameters,  the  equation  of  the  sor- 
fiiee  of  the  ellipsoid  will  be 

Its  moment  of  inertia,  with  respect  to  the  axis  of  z,  will  be 
expressed  by  the  same  triple  integral  as  in  the  preceding 
problem ;  the  constant  p  denoting  always  the  density  of  the 
body.     In  order  to  obtain  this  triple  integral,  which  should 
be  extended  to  the  entire  mass  of  the  spheroid,  we  shall  in* 
tegrate  first  with  respect  to  z,  x  and  p  being  conudered  as 
constant ;  then,  with  respect  to  y,  x  being  still  considered  as 
constant,  and  finally,  with  respect  to  x  itself.   We  may  follow 
any  order  we  please  in  these  three  successive  integrations  ;  in 
them  the  ellipsoid  is  supposed  to  be  divided  into  an  infinite 
number  of  elliptic  slices  parallel  to  the  plane  of  the  axes  of  y 
andz;  and  each  slice  to  bo  dividini  in  the  same  manner  into 
an  infinite  number  of  panillelIopi|KHlH  pai-allcl  to  the  axes  of  r, 
and  terminate<i  at  the  surface,  and  each  iKualloUopiped  into 
elementH  infinitely  small  in  their  three  dimensions.  The  limits 
of  the  integral  with  reA|)oct  to  z  will  he  the  two  values  of  thb 
rariable  which  are  funiiidie<l  by  equation  (a) ;  this  definite  in- 
tegral will  express,  in  a  function  of  xand  y,  the  moment  of  inertia 
of  any  one  of  the  parallellopipeds.     The  limits  of  the  integial 
relative  to  y  will  be  the  two  values  of  this  variable,  which 
belong  to  the  same  value  of  x,  in  the  equation  of  the  section 
of  the  ellipsoid  made  by  the  plane  of  x  and  y;  it  will  express 
the  moment  of  inertia  of  the  section  parallel  to  the  plane  of 
the  axes  of  y  and  ;,  whose  distance  from  this  plane  is  equal 
to  X.     Finally*  if  the  integral  reUtivc  to  x  be  taken  from 


OF  MOMENTS  OF  INERTIA  AND  OF  PRINCIPAL  AXES.       37 

r=— iito:B=:a,it  will  express  the  moment  of  inertia  of 
the  entire  ellipsoid. 

By  integrating  with  respect  to  z,  there  results 

{p? + y*)  zdzdy  4-  constant. 
Tlie  two  limits  furnished  by  equation  (a)  being 


^/TZ^^: 


Z  .      .         J,         ^, 


the  definite  int^^  will  consequently  be 


2pcx'VlZ^^dxdy+2pcy»  l/l  _  g  -  gdicrfy. 


I(  in  order  to  abridge,  we  make, 


the  integral  relative  to  y  of  the  first  part  of  the  preceding 
fonnola,  will  become 

From  the  equation  of  the  section  of  the  ellipsoid  by  the 
plane  of  the  axes  of  x  and  y,  namely, 

it  appears  that  y  =  ±  r  are  the  two  limits  of  the  integral  re- 
lative to  y ;  and  as(6) 


Jj;^/r»_y*dy=:J»f-, 


it  follows,  by  substituting  for  r^  its  value,  that 
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Therefore,  by  integrating  with  respect  to  x  from  or  :=  —  a  to 
a;  =  a,  we  shall  obtain 

by  merely  changing  the  letters,  we  shall  hare,  without  enter- 
ing on  any  new  calculations, 

consequently,  the  valoe  of  c  the  moment  of  inertia  with  naptU 
to  the  axis  of  z,  which  is  the  sum  of  these  two  last  integnb, 
wiUbe 

c=:li^(a»+AO. 

In  the  same  manner,  b  and  a,  the  moments  of  inertia  with 
respect  to  the  axes  of  x  and  y,  may  be  obtained.  The  mass 
of  the  ellipsoid  being  denoted  by  M,  we  shall  hape,  in  con- 
sequence of  the  value  of  its  volume  given  in  No.  89, 

__  ivpobc 


hence  it  appears,  that  the  three  moments  of  inertia  with  rmpad 
to  the  diameters  2a,  26,  2  c,  will  be 

These  diameters  are  the  three  principal  axes  of  the  body 
which  intersect  at  its  centre  of  gravity  ;  for  if  they  be  takes 
as  the  axes  of  the  coordinates  of  x,  y,  c,  the  three  integrab 
%xydm^  ^zxdm^  %yzdm^  extended  to  the  entire  ellipsoid  are 
cipher,  since  each  of  them  consists  of  elements,  which,  taken 
two  by  two,  are  equal  and  affected  with  opposite  signs. 

It  appears  from  the  preceding  values  of  a,  b,  c,  that  iJie 
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gmtest  and  least  of  them  are  those  which  belong  to  the  least 
and  greatest  of  the  three  diameters,  which  indeed  is  also  evi- 
dent, from  the  definition  of  moments  of  inertia. 

371.  Since  in  the  case  of  a  sphere,  a  =:  6  =  c,  the  three 
moments  of  inertia  become  equal  to  each  other,  and  their 

common  value  is  —  ficf.     If  the  radius  a  be  increased  by  an 

infinitely  small  quantity,  and  becomes  equal  to  a  +  da,  the 
corresponding  increment  of  this  moment  of  inertia  of  the 

iphere,   namely,  -^  pcfda^  will  express  the  moment  of  in- 

ertia  of  a  spherical  stratum,  whose  interior  and  exterior  radii 
are  respectively  a  and  a  +  da{c).  Now,  if  the  sphere  is  not 
honu)geneoiis,  but  only  consbts  of  concentrical  homogeneous 
strata,  so  that  r  denoting  the  radius  of  any  stratum  whatever, 
the  density  p  may  be  a  given  fimction  of  r,  in  order  to  obtain 
the  moment  of  inertia  of  the  entire  sphere  in  this  case,  that 

Q 

of  any  stratum  whatever,  namely,  -^  pi^dr  should  be  inte- 
grated with  respect  to  r,  and  the  integral  then  extended  to 
the  entire  radius  of  the  sphere ;  therefore,  denoting  this  radius 
by  c,  we  shall  obtain 


8_ 
3 


for  the  required  moment  of  inertia. 

It  evidently  appears  from  a  comparison  of  this  last  ex- 
pression, with  that  of  the  moment  of  inertia  of  a  homogeneous 
sphere  of  the  same  radius,  and  whose  density  is  equal  to  the 
mean  density  of  the  sphere  which  we  have  been  just  con- 
sidering, that  it  will  be  greater  or  less  than  in  the  case  of  the 
homogeneous  sphere,  according  as  the  density  p  increases  or 
decreases  from  the  centre  to  the  surface,  this  is  also  evident 
from  the  definition  of  moments  of  inertia. 

372.  In  the  case  of  a  homogeneous  body  terminated  by  a 
sor&oe  of  revolution,  the  determination  of  its  moment  of  in- 
ertia with  respect  to  the  axis  of  figure,  is  reduced  to  one  inte- 
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gndoa  depending  oa  the  gvnnmting  curve,  lo  tlua  caw.  t 
aolU  ilMniU  be  dceanpoKt)  into  orcalnr  rings  of  wi  infin 
■omU  ihkknew  mnd  breadth,  cftch  of  then  hariiiR  lt»  i 
In  1^  udft,  and  being  boanded  on  one  put  by  two  | 
parptfndieolar  to  the  axi«  i  and  on  the  other  pvrt,  by  t 
cylindrical  lurfoces,  of  wbicb  this  line  u  the  c 
Denoting  the  mdiua  of  the  interior  surface  by  r,  that  of  tl 
exterior  surfuce  hy  r  +  dr,  and  the  distance  of  the  two  p 
by  tlx,  the  volume  of  the  ring  will  bo  w(r  +  ilr)*tU—9 
or  ^wrdrili,  nf^Iecting  on  infinitely  iitnall  t4?Tni  of  ibell 
miet{tt).  Consequently,  Up  be  the  deniity  of  the  body,  ili 
•  will  be  iwprdnlx,  and  as  all  the  poinu  of  tUa  ring  an 
r*t  tlw  oame  distance  r  from  the  axis  of  the  figure,  Iwpi^^nbtf 
iSbm  product  of  this  maM  and  of  r*,  trill  cxprcM  ita  moment  of 
inertia  with  re^>ect  to  this  axis.  Therefore,  If  the  liaca  *M 
and  AH»  (fig.  1)  represent  this  axis  and  the  geneiating  e 
and  if  we  nak* 

Ap  =  z,    m  =  jr, 

the  moment  of  inertia  of  the  infinitely  slender  slice  of  t^ 
solid  of  revolution,  perpendicular  to  aii,  and  correspoading  !• 
the  point  r,  will  be  obtabed  by  integrotti^  ^wpf^drdx  fies  _ 
r  E=  0  to  r  =  y,  the  result  of  which  integration  ts  ^w; 
Hence,  tbercfbre,  if  we  denote  the  length  of  the  axis  kM  I 
tt  and  the  moaMtnt  of  inertia  of  the  entire  solid  by  ft,  \ 
valne  of  ft  will  be  obt^od  hy  tnt^rating  this  t 
^vpyMa,  from  «  =:  0  to  x  =  /,  and  it  will  give 


t*-\-^\¥*^- 


If  a  and  0  denote  given  valoes  of  r,  such  that  ■  ^  0  ai 
3  Z  /,  it  will  be  sufficient  to  integrate  from  «  =  «  to  <  =  j 
in  Older  to  obtain  the  moment  of  inertia  of  the  slice  of  the  si 
eompriacd  betwotn  two  planet  perpeodtatlar  to  the  axis,  1 
dances  at  tbcao  planes  from  the  point  a,  being  , 
fi.     If  tUa  body  b  a  solid  hollowed  otrt,  and  cnmprisml  h 
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tween  two  surfiu^es  of  revolution,  which  have  the  same  axis 
AB,  its  moment  of  inertia  will  be  obtained,  by  considering  this 
body  as  the  difference  of  two  solids  of  revolution,  and  by 
Caking  one  of  their  moments  of  inertia,  with  respect  to  the  com- 
mon axis,  from  the  other.     Finally,  if  the  moment  of  inert||i 
of  a  portion  of  the  solid  of  revolution,  comprised  between 
two  planes  drawn  through  the  axis  of  the  figure,  be  required ; 
it  is  evident,  that  this  moment  with  respect  to  this  axis,  will 
be  to  that  of  the  entire  solid  as  the  angle  between  the  two 
planes  is  to  four  right  angles(e). 

373.  If  the  generating  curve  amb  be  the  circumference  of 
a  circle  whose  radius  is  a,  the  value  of  y^  which  should  be 
substituted  in  formula  (b),  is  equal  to  2ax  —  j:^;  and  if  the 
moment  of  inertia  of  the  spherical  segment,  of  which  the  sa- 
gitta  is  ct,  with  respect  to  the  diameter  perpendicular  to  its 
base,  be  required,  we  should  integrate,  in  this  formula,  from 
X  =  0  to  X  =:  d,  from  which  there  results(y} 


;.  =  i,rp«'(^-a«+y). 


In  the  case  of  the  entire  sphere,  a=  2  a,  which  gives  /u  =      ^, 

as  before. 

If  AMB  be  a  right  line  passing  through  the  point  a,  and 
m^^^fig  with  the  axis  ab  an  angle,  of  which  the  tangent  is  0, 

we  shall  have 

yzz  Ox. 

If  this  value  be  substituted  in  equation  (b),  there  results, 
by  integrating  it  from  x  z:  a  to  j:  =  /3, 

^=Tl5,rpd*(/3*-a*). 

This  expression  will  be  the  value  of  the  moment  of  inertia  of  a 
truncated  cone,  with  respect  to  its  axis  of  figure.  If  a  and  b 
denote  the  radii  of  its  two  bases,  and  h  its  altitude,  we  shall 

have 

9a  ^  a,     OP^bj     ^  —  a  =  A ; 
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and  by  means  of  these  expressions,  the  preceding  value  of  fi 
may  l>c  made  to  assume  the  form(^) 

In  the  case  of  an  entire  cone,  6=0;  consequently, 

and  as  m  the  mass  of  the  cone  is  equal  to  ^vpha\  we  shall 
have 

When  bsz  Of  the  truncated  cone  will  become  a  cylinder, 
therefore,  we  shall  have 

and  as  M  the  mass  is  in  this  case  equal  to  trpAd*,  there  will 

result, 

^  =  i  Ma\ 

374.  If  tho  moment  of  inertia  of  a  body  with  respect  to  an 
axis  |)a8sing  through  the  centre  of  gravity  be  known,  the 
moment  of  inertia  of  the  same  body',  relatively  to  any  other 
axis  parallel  to  the  first  may  be  easily  obtained. 

In  fact,  if  the  origin  of  the  coordinates  be  at  the  centre 
of  gravity,  and  the  first  axis  be  that  of  the  coordinates  oTz, 
a  and  ft  the  coordinates  of  the  point  where  the  second  axis 
intersects  the  plane  of  the  axes  of  x  and  ^,  to  which  plane  it 
is  also  perpendicular,  and  if  a  be  the  distance  of  the  centre  of 
gravity  from  the  tiecond  axis,  r  the  distance  of  dm  any  ele» 
ment  of  the  Ixxiy  from  the  first  axis,  r'  the  distance  of  the 
same  material  |>oint  from  the  second  axis  ;  the  moment  of  in* 
ertia  Irhim  will  bo  known,  from  which  it  is  proposed  to  ob- 
tain that  of  Jr^r/iw,  these  inti^grals  being  supposed  to  be 
tively  extendeil  to  the  entire  mass  of  the  solid.     Now, 


/^=(r-.a)'  +  (y-/3)*=a:»4-y'-2ax-20y4.o«  +  ^»; 
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by  muldplying  by  dnif  int^^dng  and  observing  that 

x'  +  y«  =  r«,     a«  +  /3«  =  a«, 
we  shall  have 

but  since  the  centre  of  gravity  exists  on  the  axis  of  the  or- 
dinates  z,  the  integrals  yrdiUf  ^ydm  are  cipher  (No.  361); 
moreover,  ^dm  is  the  mass  of  the  entire  body  denoted  by  m  ; 
consequently,  the  preceding  equation  will  be  reduced  to 

Ir'^dm  =  If^dm  +  Ma». 

Thus,  the  required  moment  of  inertia  will  be  obtained,  by 
adding  to  the  given  moment  of  inertia  the  mass  of  the  body, 
multiplied  by  the  square  of  the  distance  of  the  centre  of  gra- 
vity from  the  new  axis. 

By  means  of  this  rule,  the  moment  of  inertia  of  a  homo- 
geneous sphere,  or  of  one  composed  of  concentrical  strata,  can 
be  immediately  obtained  with  respect  to  any  axis  whatever, 
since  this  moment  is  known  for  all  axes  passing  through  the 
centre  of  fig^e,  which  is  also  the  centre  of  gravity. 

In  any  body  whatever,  the  moment  of  inertia,  with  respect 
to  an  axis  passing  through  its  centre  of  gravity,  is  less  than 
with  respect  to  any  other  axis  parallel  to  this  last.  The  mo- 
ments of  inertia  of  the  same  body,  with  respect  to  all  axes 
parallel  to  each  other,  and  equally  distant  from  the  centre  of 
gravity,  are  equal  to  each  other ;  and  their  common  value  will 
increaise  according  as  their  distance  from  this  point  becomes 
greater. 

375.  The  moment  of  inertia  not  only  varies  with  the  ab- 
solute position  of  the  axis  to  which  it  is  referred,  it  also 
changes  with  the  direction  of  this  line.  In  order  to  shew  how 
this  direction  influences  the  magnitude  of  the  moment  of 
inertia  of  any  body  whatever,  we  will  investigate  an  expression 
for  that  of  the  mass  m  with  respect  to  an  axis  drawn  through 
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the  origin  of  the  coordinates,  and  which  makes  with  the  axes 

of  Xf  Pf  Zy  the  three  given  angles  o,  /3»  7. 

IfCt  p  be  the  perpendicular  let  fiiU  from  the  element  dm 

on  the  new  axis,  d  the  distance  of  this  material  point  from  the 

origin  of  the  coordinates,  S  the  angle  contained  between  the 

line  D  and  the  new  axis.     The  coordinates  of  dm  being  x,  y,  r, 

the  cosines  of  the  angles  which  the  direction  of  its  radius 

vector  D  makes  with  the  axes  of  these  coordinates,  will  be 

X   V   2^ 

-,-,-;  consequently,  we  shall  have  (No.  9) 

X  y  s 

cosS  =  -  cosa  + -cos/34--  COS7. 

D  D  "^        D  ' 

Moreover,  we  have 

p=D8inS;  p'z:  d'— (dcos8)'; 

hence  there  will  result,  by  substituting  for  d  cos  S,  the  pre> 
ceding  value  of  cos  S  multiplied  by  d,  and  putting  x*  -|-  y'+s' 
for  D«(*), 

p*  =  *»sin«a  +  y»sin«^  +  xHin^ 
—  2xycosa.cos/3  —  2xzcosocos7  —  2jfrcos^cos7 ; 
from  which  we  can  obtain 

^fi^dm  =  f\v?a%x^dm  +  sin'/3.Sy'c/jn  +un^$r'clH 

—  2cosa.cos/3.Sjy«A9i  ~  2cosaCOS7$xrilM 

—  2cosj3.cosYSyr</iii. 

By  means  of  this  formula,  the  moment  of  inertia  ^f^dm^  i^ 
lative  to  an  axis  of  a  given  direction,  and  passing  through  the 
origin  of  the  coonlinates  will  be  obtained,  when  the  six  inle* 
grals  S^c/m,  \y^dm^  ^z^dm,  %xydmy  ^xzdm^  %lfzdm^  relative  to 
the  axes  of  the  coordinates,  and  which  extend  to  the  entiiv 
mass  of  the  ImmIv,  are  known.  If  these  three  lines  arc  principal 
axes,  the  three  last  integraln  are  cipher  ( No.  36((),  and  the 
preci*ding  formula  will  be  re«luced  to 

Sphim  =  sin'aSx'c/jii  4.  wn'/^SyVw  +  sin'ySr'Ai. 
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But,  in  consequence  of  the  equation 

cos'a  4"  co8*/3  +  cos'y  =  1, 
sin^a  =z  cos'/S  +  008*^, 
sin'jS  =  co8*Y  +  cos^o, 
rin'y  =  cos'a  +  co8*/3 ; 

by  means  of  which  the  value  of  ^p^dm  may  be  changed  into 
the  following, 

^f^dm  =  (li/'dm  +  Iz^dm)  cos'a, 
+  (Iz^dm  +  Ir^dm)  cos«/3, 
+  {^a^dm  +  ly^dm)  cos'y ; 

hence  by  combining  each  couple  of  integrals  into  one,  and  de- 
noting the  moments  of  ineitia  with  respect  to  the  axes  of 
2,  jr,  z  by  A,  B,  c,  as  in  No.  368,  we  shall  finally  have 

Ip^dm  =  Acos'a  +  b  cos'jS  +  c  cos'y.  (c) 

Consequently,  the  moment  of  inertia  corresponding  to  any 
axis  whatever,  passing  through  a  given  point,  will  be  known 
immediately,  if  the  three  moments  of  inertia  relative  to  the 
three  principal  axes  which  intersect  in  this  point  are  given ; 
and,  by  combining  this  result  with  that  of  the  preceding 
number,  it  appears  that  the  determination  of  all  moments  of 
inertia  of  the  same  body,  will  depend  on  the  three  principal 
moments  of  inertia  of  its  centre  of  gravity.  Having  deter- 
mined, for  example,  (No.  370),  the  values  of  these  three  mo- 
ments of  inertia,  in  the  case  of  a  homogeneous  ellipsoid,  the 
moment  of  inertia  of  this  body  with  respect  to  any  axis  what- 
ever, may  be  considered  as  known. 

376.  The  greatest  and  least  of  the  three  principal  moments 
of  inertia  a,  b,  c,  which  occur  in  formula  (c),  are  also  the 
ICreatest  and  least  of  all  moments  of  inertia  of  the  same  body, 
with  respect  to  axes  passing  through  the  origin  of  the  co- 
ordinates.     In  fact,  if  A  be  the  greatest  of  the  three  quan- 
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titles  A»  iiy  c»  by  substituting  1  —  cos*f3  —  oot'y  for  cot^a  b 
equation  (c)  we  shall  have 

Ip^dm  =  A  —  (a  —  b)  cos'/3  —  (a  —  c)  cos'y  ; 

hence  it  follows,  that  whatever  be  the  values  of  the  anf^les  ^i 
and  Y,  ^p^dm  is  less  than  a.  In  like  manner,  r  being  the  leMt 
of  the  three  quantities  a,  b,  c,  if  equation  (c)  be  made  to  as- 
sume the  form 

$pVm  =  c  +  (a  —  c)  cos'a  +  (a  —  c)  cos^/J, 

it  is  evident  that  Ip^dm  is  constantly  g^reatcr  than  c. 

In  the  particular  case  in  which  the  three  quantities  a«  b,  c 
are  equal,  a  is  also  equal  to  ^p^dm,  whatever  be  the  direction 
of  the  axes  to  which  the  moment  of  inertia  ^cIbi  is  referred ; 
therefore  in  this  case,  the  moments  of  inertia  are  equal  far  all 
axes  passing  through  the  origin  of  the  coordinates.  This  is 
the  case  of  a  homogeneous  sphere,  or  of  one  composed  of  con- 
centrical  strata,  when  the  origin  of  the  cooniinatos  is  placed  at 
its  centre ;  it  obtains  also  in  the  case  of  the  cube,  of  the  re- 
gular  octacdron,  and  of  the  other  regular  homogeneous  solids, 
the  origin  of  whose  coordinates  being  always  supposed  to  be 
at  their  centre  of  figure,  the  three  principal  moments  of  inertia 
cannot  differ  from  each  other. 

If  we  have  only  a  =  b,  equation  (c)  will  be  reduced  Id 

Ip^dm  =:  Asin^y  -f  bcos'y  ; 

and  as  this  value  of  J/^Vm  is  independent  of  the  angles  a  and 
/3,  the  moment  of  inertia  will  be  the  same  for  all  axes  drawn 
through  the  origin  of  the  coordinates,  and  which  make  the 
same  angle  with  the  axin  of;,  lliis  is  the  case  of  a  solid  of 
revolutiiMi  when  this  right  line  is  its  axis  of  figure. 

It  a|>|H»ani  from  No.  374,  that  the  least  of  all  mouMmts  of 
iiu*rtia  ap|H*rtainiiig  to  the  same  body,  is  that  which  belongs 
to  one  oi  the  three  prinei|Kil  axes  tliat  inU*rsect  in  its  cvniiv 
of  gravity.     Thus   f«»r  example,   the  least  of  all  mooK'nts  ol 
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inertia  of  a  homogeneous  ellipsoid,  is  that  which  belongs  to  the 
greatest  of  its  three  rectangular  conjugate  diameters. 

377.  In  what  has  been  stated  in  the  preceding  numbers,  it 
has  been  taken  for  granted,  that  in  every  body  three  axes  exist, 
which  poMess  the  properties  that  have  been  ascribed  to  prin- 
cipal axes ;  we  now  proceed  to  demonstrate  their  existence, 
and  to  determine  their  direction  for  each  point  of  a  body  of 
any  form  whatever ;  but  for  this  purpose,  it  is  necessary  to  ad- 
vert to  the  general  fbrmulad  for  the  transformation  of  coordi- 
nates, which,  moreover,  we  shall  have  occasion  to  make  use  of  in 
other  cases.  Let  x,  y,  z,  be  the  three  coordinates  of  any  point 
M ,  referred  to  the  rectangular  axes  ox,  oy,  oz  (fig.  2),  and  let 
Ziy  jfi,  2|  be  the  coordinates  of  the  same  point  with  respect  to 
three  other  rectangular  axes  oxi,  o^i,  ozi,  having  the  same 
mpsk.  From  the  point  m,  let  the  perpendiculars  mp  and  mk 
be  let  fidl  on  the  axis  ox  and  on  the  plane  of  the  axes  of  X\  and 
jTi,  and  from  the  point  k,  a  perpendicular  kh  on  the  axis  ox^ 
to  that 

opz:x,     OH=:af|,    KH=:{fi,     MK=r«i. 

The  projection  on  the  axis  ox,  of  the  line,  which  is  made  up 
of  MX,  KH,  HO,  will  be  op ;  and  leis  the  projections  of  its  res- 
pective parts  OH,  KH,  MK,  will  be  equal  to  these  lines,  multi- 
plied by  the  cosines  of  the  angles  which  the  axes  of  Xi,  yi,  z^ 
make  with  the  axis  ox,  by  taking  their  sum,  we  shall  have 

X  =  Xi  COSXOXi  -f-  yiCOSXO^l  +  XiCOSXOZ|. 

In  the  figure  these  three  angles  are  supposed  to  be  acute, 
and  the  three  coordinates  Xi ,  yi ,  2r, ,  to  be  positive ;  in  which 
case  their  projections  fall  on  the  direction  itself  of  ox,  and 
their  sum  makes  up  the  absolute  magnitude  of  ox ;  but  it  is 
easy  to  be  assured  that  this  equation  will  subsist  in  all  cases, 
regard  being  had  to  the  signs  of  the  coordinates  Xi,  ^i,  i^i,  of 
the  cosines,  and  of  the  abscissa  x.  For  example,  it  is  evident 
that,  if  the  abscissa  Xi  is  negative,  and  the  angle  xoxi  acute. 
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coBxori  =  r. 


or  if  this  abscissa  is  positive,  and  this  angle  obtuse,  the  pro- 
jection  of  oh  will  fall  on  the  production  of  ox,  and  the  absolute 
magnitude  of  this  value  ought  to  be  subtracted ;  and,  on  the 
other  handy  it  is  evident  that  it  ought  to  be  added,  when  this 
abscissa  X|  being  negative,  the  angle  xoxi  is,  at  the  same  time, 
obtuse ;  in  both  cases,  this  agrees  with  the  sign  of  the  pro- 
duct XfCOSXOXi. 

In  like  manner  it  is  evident  that  the  projections  of  this 
same  line  made  up  of  mk,  kh,  ho,  on  the  axes  ojr  and  oz,  or 
on  their  productions,  are  always  equal  to  y  and  z.  This  being 
so,  if  we  make 

cosxoxi  =  a,      cosxoyi  =  &, 

cosyoxi  =  a\    cosyo^i  =  y, 

coszoxi  =  a'\    cosroyi  =  b'\    cosxoxi  =  €^\ 

we  shall  have 

x  =  aX|  +  fty, +rz,, 

y  =  ax,4.6'y, +c'::i,  (1) 

These  nine  coeflBcients,  a,  by  r,  a\  &c.,  are  connected  together 
by  the  six  following  equations : 

a«4.a'^  +  a"^=  1,    ab  +  a'b' +  a'b' zz  0, 

6«4.ft'«4.6"2=  1,     ar +  aV  +  a'V'  =  0,  (2) 

r«  +  c"  +  c"«=l,     be  +  b'c' +  b"c"  =  0. 

The  first,  for  example,  results  from  this,  that  a,  tf^,a'',  are 
the  cosines  of  the  angles  which  the  same  line  0X|  makes  with 
the  three  rectangular  axes  ox,  oy,  oz ;  and  the  fourth  firom 
this,  that  the  line  oX| ,  and  the  line  oyi ,  are  perpendicular  to 
each  other.  These  six  equations  may  likewise  be  obtained  by 
substituting  the  values  of  x,  y,  z  in  the  equation 

x»  -f  y>  -f  x»  =  X|«  +  y,«  +  x,«, 

each  member  of  which  is  the  square  of  oM,  and  which  should 
consequently  be  identical. 
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Conversely,  we  can  by  means  of  equations  (2),  deduce 
firom  equations  (1), 

yi  =  &c  +  6V  +  i'%  (3) 

z,  =  cj:  4-  c'y  4-  &'z ;  J 

and  equations  (2)  may  be  replaced  by  the  following  :(t) 

a*  +  ^  +  c*  =  1,      oo'  +  W  +  cc/  =  0, 

A  comparison  of  these  formulsB  with  those  of  No.  277) 
shews  clearly  the  analogy  which  subsists  between  the  projec- 
tions of  right  lines  and  those  of  plane  surfaces,  from  which 
results  the  identity  of  the  composition  of  forces  represented  by 
porti<ms  of  lines,  with  the  composition  of  moments  represented 
by  plane  areas* 

378.  In  the  transformation  of  coordinates,  six  of  the  nine  co- 
efficients, a,  i,  c,  &c.,  should  be  therefore  considered  as  functions 
of  the  three  others,  which  can  be  determined  either  by  equations 
(2)  or  (4) ;  but  it  will  be  more  convenient  to  express  these 
nine  coefficients  by  means  of  three  new  quantities,  by  formulas 
which  will  satisfy  equations  (2)  or  (4). 

For  this  purpose,  let  the  line  non^  (fig.  3)  be  the  inter- 
section of  the  plane  of  the  axes  of  Xx  and  y^  with  the  plane  of 
the  axes  of  x  and  y,  and  let 

Nox  =  1^,     N0X|  =  ^,     zozx  =:  0 ; 

these  three  angles  yp^  ^,  0,  will  determine,  without  any  ambi- 
guity ^  the  position  of  the  axes  of  Xi,yi,  2:1,  with  respect  to 
those  of  x,  y,  z,  provided  that  the  direction  in  which  these 
angles  are  measured  is  previously  agreed  on.  For  greater 
convenience,  we  shall  suppose  that  the  plane  of  the  axes  of 
zandy  is  horizontal,  and  that,  consequently,  the  axis  of  2  is 
vertical^  and  that  the  positive  ordinates  relating  to  this  last  axis, 
are  estimated  in  the  direction  of  gravity. 

VOL.  II.  H 
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'Vhe  angle  9  will  eitentl  from  icro  to  ISO; 
a*  it  U  acate  or  obtiuc,  the  axb  o;,  will  be  ntiMted  bslow  a 
above  Uw  {ilone  of  llic  axes  of  x  and  |r ;  in  the  caae  of  9  =  i 
Of,  wilt  coinciclc-  witb  lu,  ani]  when  9  =  180*,  o£|  will  e 
ddc  with  tho  [>ro(Iuctiou  of  qz. 

in  the  motion  of  a  solid  body  about  the  point  o,  the  a 
ojT, ,  oy, ,  or, ,  arc  supposed  to  bc/Ued  in  iU  tHterior  m 
abU  witb  it,  and  the  axe«  oz,  oy,  i>2|  an  nuppoaed  W  ba^ 
I  in  <ptuv,  and  eomtequentty  immoveiAU.     The  oagte*  if  and  I 
nay  then  be  either  poeitire  or  iw^^ative,  and  may  b 
one  or  more  cireumlen:nces ;  but,  at  any  taatai 
thai)  always  bare 

0  =  3)tT  +  «,     f  s  Snr  +  r. 

In  wMdi  n  and  i  denote  any  wbc^  nmnben  whalerer,  < 
poaitiTc,  ncgatire,  or  cipher,  u  and  r  bong  podtire  « 
leM  than  2:r.  Now,  let  the  angle  u  be  ncan 
from  the  line  ux,  in  the  dirccliow  indicated  by  the  lanillmaj 
that,  fur  esiunplc,  the  line  on  will  coincide  with  om  wba^ 
■1  =  0,  witli  the  production  of  ay  when  a  rz  IH)",  witb  that  af 
ox,  when  a  ::  180°,  and  with  ny  whrn  a  =  S70'.  Let  the 
angle  v  be  moarared,  redcnning  from  om,  ahavt  the  plane  of  the 
axea  of  X  and  jr,  ao  that  the  axis  ru,  may  be  ahore  thk  plane, 
when  a  i>  leaa  than  180*,  and  below  it  when  r  i*  fraater  ihaa 
180*.  In  the  caae  of  e  =  0,  the  axi»  ox,  will  euinctde  with 
the  line  uM,  and  when  v  s  IMO",  with  ox'  the  prndaetma  of 
In  all  caaes,  the  angle  0,  whether  acute  or  obtnae,  will 
|»1w  equal  to  the  loUd  angle  eontatmil  by  the  plana  of  iha 
raxeaof  X  and  jr  and  oftheaxea  of  x,  and  y,,  and  therafaii  k 
lli  equal  to  the  angle  wboae  edge  »  oH,  and  wboM  bcca  ■* 
a  nnglm  vox  and  kox,  ,  reduced  to  their  parta  a  and  r.  la 
the  figure  the  three  anglea  a,  v,  0  are  auppowd  to  bv  a 

Thb  being  prcnuwd.  when  the  angle  i^  i«  given,  let  ili^J 
pan  ■  be  laid  off  on  the  horizontal  plane,  reckoning  ktm.  ij 
wda  ox,  in  the  direction  of  the  sagitta  J ;  tbia  will  d 
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tlie  pontkm  of  the  line  on.  The  angle  ^  being  also  given,  let 
its  part  V  be  first  laid  off  on  the  horizontal  plane,  reckoning 
from  the  line  on  in  the  direction  of  the  sagitta  s\  that  is  to 
say,  in  an  opposite  direction  from  that  of  s ;  then,  the  plane 
of  the  angle  ^  should  be  made  to  revolve  about  on,  in  such  a 
manner  that  the  part  of  ^  adjacent  to  on  should  be  raised 
above  the  horizontal  plane.  When  this  plane  shall  have  de- 
scribed the  given  angle  0,  the  other  side  of  the  angle  ^  will 
be  the  true  position  of  the  axis  oxu  which  will  be  above  or 
below  the  horizontal  plane,  according  as  t;  Z  180^,  or  r  >  180®. 
If  the  angle  v  be  increased,  in  its  plane,  by  90®,  we  shall  have 
the  position  of  the  axis  oy^ ,  and  if  a  perpendicular  be  erected 
to  this  plane,  it  will  determine  the  axis  02:1,  the  direction  of 
wUch  will  be  below  or  above  the  horizontal  plane,  according 
as  the  angle  9  is  acute  or  obtuse. 

Tlie  three  axes  0X1,  o^i,  02^1,  being  thus  completely  deter- 
mined with  respect  to  the  axes  ox,  oy,  or,  by  means  of  the 
angles  jfff  ^,  9,  it  is  requisite  that  the  nine  cosines  a,  6,  &c., 
ihoold  be  functions  of  these  three  angles ;  and,  in  fact,  if  the  di- 
rectioiiSy  which  have  been  just  explained,  be  assigned  to  these 
anglesy  there  results 

a  =  cos  9  sin )//  sin  ^  4"  cos  yp  cos  ^, 

b  =  cos  Omk\p  cos  ^  —  cos  xfj  sin  ^, 

e  ==  sin  9  sin  \^, 

€i'=:cos0cosi/^sin^  —  sin  1/^  cos  ^, 

Af'  =  cos  0  co^yp  cos  ^  4-  sin  1/^  sin  ^,  )  (5) 

c'  =  sin  0  cos  \^, 

a^=  —  sinOsin^, 

b^  =z  ~  sin  0  cos  ^, 

c''  =  cos  0. 


It  is  easy  to  verify  these  values  of  a,  by  &c.,  by  shewing 
that  tbey  render  equations  (3)  and  (4)  identical,  and  that  no 
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relatioii  between  the  angles  \^,  ^,  9,  can  be  deduced  fron 
them* 

379.  Although  these  formul»  (5)  ore  generally  knofm^  it 
still  may  not  be  useless  to  point  out  how  they  may  be  obtained. 
From  a  known  property  of  spherical  triangles,  it  is  erident 
that  if  Q,  /3,  jj  be  its  three  sides,  and  a  the  spherical  angle 
opposite  to  the  side  o,  then 

cos  a  =  cos  A  sin /3  sin  Y  -f-  cos^cosy. 

Now,  if  a  sphere  be  conceived  to  be  described  from  the 
point  o  as  centre,  and  with  any  radius  whatever,  there  will 
be  traced  on  its  surfiice  a  triangle  formed  by  the  three  arcs 
which  measure  the  angles  nox,  noxi  ,  xoX| ,  in  which  the  angle 
opposite  to  the  last  side  will  be  equal  to  0  ;  therefore,  as 
NOX  =  rfj  and  NOXi  =:  ^,  we  shall  have 

cosxoxi  =:azi  cos0sin\^sin9  +  cos^cos^. 

As  this  equation  obtains  for  any  values  whatever  of  ^  and 
^,  it  must  obtain  when  ^  becomes  ^  +  9^ !  then,  the  axis 
oyi  will  take  the  place  of  oxi,  the  angle  xoX|  will  become  xojfi, 
and  we  shall  have 

cosxo^i  zi  b  =  cos  9 sin \^  cos  ^  —  cos^sinf. 

In  like  manner,  by  substituting  ^  -f  9^  in  place  of  ^  ia 

the  preceding  equation,  the  axis  ox  will  be  changed  into  the 

axis  oy,  and  the  angle  xox, ,  will  become  yox^ ,  so  that  we  shaD 

have 

cosyoxi  =  a^=  cos9cos\^sin^  —  sin^^cosf. 

If  we  substitute  at  once,  in  the  preceding  equation,  ^4.90^ 
and  f  +  90°  in  place  of  \p  and  f ,  the  angle  xox,  will  be  re- 
placed by  the  angle  yoyi,  and  there  will  result 

cosyoy,  =:  6' =  cos  9  cos  \^  cos  f  +  sin  \^  sin  ^. 

In  like  manner,  in  the  case  of  the  spherical  triangle, 
the  three  sides  of  which  measure  the  angles  nox,  noxi* 
xozi,  the  angle  opposite  to  the  last  side  is  90^— 9; 
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OFcr,  Koa:  =  xp  and  vozi  =  90°.  Therefore,  by  substituting 
90®—  0  for  A,  «/r  for  /3,  90®  for  y,  and  xozi  for  a,  in  the  general 
equation,  there  results 

cos  xozi  =  c  =  sin  0  sin  i/^ ; 

hence  likewise  we  infer, 

cosyozi  =:  c^zi  sin  Ocos^, 

by  substituting  xp  +  90®  for  rp ;  in  which  case  the  axis  ox  is 
changed  into  oy,  and  the  angle  xozi  into  yozi. 

finally,  in  the  spherical  triangle,  the  sides  of  which 
measure  the  angles  N02:,  voxuzoxi,  the  angle  opposite  to 
this  last  side  is  equal  0  4-  90®,  and  we  have  N02:  =  90®  and 
NOXi  =  f.  If,  therefore,  we  make  a  =  90®  +  0,  /3  =:  90®, 
7  zi  ^,  a  =  zoxi  in  the  general  equation,  we  shall  have 

cos  MOXi  =  a'^  =:  —  sin  9  sin  ^. 

U,  in  this  result,  ^  +  90  be  substituted  in  place  of  ^,  the 
axis  oxi  will  be  changed  into  oyi,  and  the  angle  zoxi  into 
zojfi;  consequently,  we  shall  also  have 

CMZoyi:=ib'^^  —  sinOcos^. 

With  respect  to  the  ninth  cosine  &\  we  have  evidently 

cf'^  coBzozi  =  cos  9. 

380.  If  we  now  suppose  that  the  axes  of  the  coordinates 
'i>  yi>  ^19  v^  principal  axes,  which  intersect  at  the  point  o  ; 
by  their  definition  (No.  368),  we  shall  have 

lxipidm  =  0y    IxiZidmzzOy    lyiZidm^zO;         (a) 

and  it  will  be  necessary  for  us  to  prove  that  these  three  equa- 
tions famish  always  real  values  for  the  angles  \^,  ^,  0. 
By  making,  in  order  to  abridge, 

x  =  xcos\^  —  ysint^, 
X  =  X  cos  Oniayp  +  y  cos  0  cos  i//  —  «  sin  0, 

and  substituting  formulae  (5)  in  equations  (3),  we  shall  have(A) 
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X|  =  T  sin  ^  +  X  COS  f , 

yi  =:  Y  COS  ^  —  X  sin  ^1 

Z|  =  xsin0sin\^-4-ysin0co6^  +  zcosO. 

By  means  of  these  values,  the  first  equation  (a)  aiwnmcs 

the  fonn 

sin  2^S(x'—  T*)  dk  =  2cos  2i^lxYdm,  (b) 

and  the  two  last  become 

cos^^Tric/m  ^  tin  f^xzidm  ^  0^ 
nin^^YZidm  +  cos^^xziibi  =  0. 

If  these  last  equations  be  multiplied  by  cos  ^  and  sin  f,  or 
by  —  sin  ^  and  cos  ^,  and  then  added,  they  will  be  replaced 
by  the  following,  namely, 

Irzidm^Oy    ^zziibisO, 

which  do  not  contain  the  angle  ^.   By  substituting  for  x«  t,  «, , 
their  req)ectiye  values,  and  making 

ISfzdm  =/^,    Izxdm  =  ^,    S^'"  =  *'  * 

these  six  integrals  being  supposed  to  extend  to  the  entire  mass 
of  the  body  in  question,  there  result8(f) 

(/sin'^  4-  2A'sin yp cos rp-^-gcos^xjj  —  A)sin  Ocoaf 
+  (y' sin  1^  4./^co8  \^)  (cos*  9  -  sm»  9)  =  0, 

[A'  (cos*  ^  —  sin*  xf,)  +  (/—  ^)  sin  \^  cos  ^]  an  0 
4-(^^cos\^  — y*sin\^)cos9  =  0; 

now,  if  we  inake(m) 

tan  X  =  11,    sin \I  =     ^  ,     sin^  r:     ^ , 

the  second  of  these  two  equations  will  give 
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and  die  first  will  assume  the  form 

V  !  +  «■' 
+  9'u+f=(/u+/^  tangle. 

By  nibstitating  for  tang  9  its  Value,  it  becomes 

its  first  member  b  the  same  thing  as 
cooseqiientlyy  we  shall  have  finally, 


+  (9'u+r)(fu^g^^zzO.  '^''^ 


Tbus,  equations  (a)  are  replaced  by  equations  (b),  (c),  (d). 
Now,  as  this  last  is  of  the  third  degree,  it  will  have  at  least 
one  real  root ;  there  will  be,  therefore,  one  real  value  of  u 
or  tang  ^,  to  which  will  correspond  an  angle  xf/  less  than  Jir, 
and  another  equal  to  the  first  increased  by  ir,  which  will 
appertain  respectively  to  on  and  on',  the  two  parts  of  the 
intersection  of  the  unknown  plane  of  the  axes  of  Xi  and  yi , 
with  the  given  plane  of  the  axes  of  x  and  y.    By  reason  of  the 

radical  v^  1  +  u\  equation  (c)  will  then  give  two  values  of 
tang  0,  that  are  equal  but  of  opposite  signs,  which  appertain 
to  an  acute  angle  and  its  supplement,  and,  consequently,  to  the 
a3us  0Z|,  and  to  its  production.  Finally,  from  equation  (b) 
there  results  a  real  value  of  tang  2^,  to  which  two  values  of  ^ 
wQl  correspond,  one  of  which  will  be  less  than  ^ir,  and  the 
other  will  be  equal  to  the  first  increased  by  ^ir.  The  first 
being  taken  for  the  value  of  the  angle  noxi,  the  second  will 
be  that  of  Noyi ;  and,  in  fact,  every  thing  being  similar  with 
respect  to  the  axes  oX|  and  oyi,  they  ought  to  be  determined 
by  the  same  equation. 
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Thus  it  appears,  that  the  three  roots  of  equation  (d)  mutt 
be  real,  and  that  they  will  represent  the  tangents  of  the  angles 
comprised  between  the  slxU  ox  and  the  three  lines,  which  aie 
the  intersections  of  the  planes  of  the  axes  of  the  coordinates 
'i»  Jfif  *i  ^ith  the  plane  of  the  coordinates  x  and  jf ;  for  these 
three  tangents  must  be  furnished  by  the  same  equation,  since 
in  the  calculation  there  is  no  difference  in  the  manner  in  which 
the  three  principal  axes,  the  position  of  which  is  sought,  are 
expressed. 

From  the  preceding  analysb  it  follows,  that  for  a  giTen 
point  o  there  always  exist  three  principal  rectangular  axes, 
which  intersect  in  this  point,  and  that  in  general  this  system  of 
principal  axes  is  unique.  In  order  that  there  should  be  tevcral 
such  systems,  the  degree  of  equation  (d)  should  be  higher 
than  the  third,  and  it  should  have  three  times  as  many  real 
roots  as  there  are  systems;  however,  in  certain  cases,  the 
equations  on  which  the  values  of  xf/y  f ,  0  depend,  beeoaie  iden* 
tical,  and  then  the  number  of  the  principal  axes  b  infinite* 
These  particular  cases  might  be  determined  by  a  particular 
discussion  of  the  equations  in  question,  but  they  can  be  ob- 
tained with  g^reater  facility  by  means  of  the  following  oon- 
siderations. 

381.  By  formulae  (1)  and  equations  (a),  which  chandcriae 
the  principal  axes  oX|,  oy,  ozi,  we  have  evidently 

Ixydm  =  aa'^x.^lm  +  U/^y.^dm  +rc'Sr»*rfsi, 

llfzdm  =  a'a"Sx,V«  +  l/lT^y.^dm  +  r'c"Sr,«rfsi. 

Now,  if  the  thnv  intogral*  St,V//i,  JyiVm,  ^Zi^dm  are 
equal,  thi-ne  vulues  of  J  ryf/m,  ^zxdm^  ^yzdm  become  lero,  ia 
virtue  ofoquutionH  (4);  ctmseciUiMitly,  in  thin  caAe,  the  lines 
ox,  oy,  i)z  conMitute  a  Hccotid  nystom  of  princijial  axes;*aml 
as  their  direction  with  reH|H'ct  to  the  axes  oX|,  oy,,  o;  is  en* 
tirely  uudctermincd,  it  follows  that  oil  systems  of  rectangular 
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axes  which  can  be  drawn  through  the  point  o,  are  principal 
axes.  In  this  case  the  three  principal  moments  of  inertia  are 
equal,  for^  since 

it  follows  that 

If  only  two  of  three  principal  moments  of  inertia  are  equal, 
for  example,  those  which  refer  to  the  axes  oo?!  and  oyi,  so 
that 

there  will  stiU  exist  an  infinite  number  of  systems  of  principal 
axes,  which  will  have  all  one  axis  in  common,  namely,  02^1. 
In  fiict,  in  this  case,  the  two  integrals  ^yi^dm  and  ^xi^dm  will 
be  equal ;  and,  in  virtue  of  the  last  equations  (4),  the  values  of 
Irydm^  ^zzdm^  ^yzdm  may  be  made  to  assume  the  form(n) 

^xydm  =  c&(^Zxdm  ^^x^dm)y 
Izxdm  =  cd*(^z^dm  —  \x^dm)s 
\yzdm  =  &d'{^z^dm  —  ^x^dm). 

Now,  if  the  axis  oz  be  supposed  to  coincide  with  the  prin- 
cipal axis  ozx ,  the  angles  xozx  and  yoz^  will  be  right,  and  we 
^hall  have  r  =  0,  c'  =  0,  consequently 

^xydm  =  0,     ^zxdm  =  0,     ^yzdm  =  0. 

Therefore,  in  this  case,  every  system  which  consists  of  the 
axis  o^i  and  of  two  other  rectangular  axes  drawn  arbitrarily 
through  the  point  o,  in  the  plane  y^ox^ ,  will  be  a  system  of 
principal  axes. 

Finally,  when  the  three  principal  moments  of  inertia  are 
unequal,  we  may  be  certain  that  there  is  only  one  system  of 
principal  axes :  for  a,  being  the  greatest  of  these  three  unequal 
moments,  if  there  was  a  second  system  of  principal  axes,  and 
if  A^  be  the  greatest  of  the  three  moments  which  refer  to  it, 
\i\  theorem  of  No.  376,  we  should  have,  at  the  same  time, 

VOL.  ir.  I 
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A  >  a'  and  a'  >  a,  which  is  impoHsible ;  consequently,  the 
supposition  of  a  second  system  of  principal  axes  is  iiUMl- 
missible. 

382.  Those  points  of  a  body,  for  which  the  three  principal 
moments  of  inertia  (when  there  are  such)  and,  consequently, 
all  moments  of  inertia,  are  equal,  |K>Hsess,  as  will  be  teen  in 
the  sequel,  a  remarkable  property  with  res(NHrt  to  the  rotation 
of  this  body ;  it  will  therefore  be  useful  to  determine  them, 
which  can  be  eflfected  in  the  following  manner. 

Let  the  ori|^in  of  the  coordinates  x,  ^,  r  be  placed  at  the 
centre  of  gravity  of  the  bo<Iy,  and  let  these  coordinates  be  re- 
ferred to  the  three  princi|)al  axes  which  intersect  at  this  point; 
if  A,  D,  c  denote  the  moments  of  inertia  relative  to  the  axes  of 
•^9  y«  ^y  we  shall  have  (No.  368) 

^xdm  =  0,     lydm  =  0,     ^zdm  =  0, 
^i/rc/m  =  0,    ^zxilm  =  0,  ^xi/dm  =  0, 
S(y -f  y^)f///i  =  A,     S(x'  +  r')r/m  =  B,     l(x'+!f')dm  =  c: 

in  all  thi»sc  exprt**isioiiH  the  integruU  are  tsupposed  to  extend 
to  the  en  tin*  ma**?*  of  the  body. 

o»  /3,  7  biinir  the  unknown  c<M)rdinate^  of  one  of  the  re- 
quiri»d  points  roforred  to  the  axes  of  x.  i/,  r,  so  that  for  thi* 
|)articular  point  x  =  a,  //  =  /3»  •  =  y^  if  the  orij^in  of  the 
coordiiiati's  he  transferred  thither,  \«ithout  chan^int^  their 
tliroctioii,  then  the  c<H>rdinates  of  dm  will  bi^come  r  —  «• 
.V-"  /^^  *  ""  7*  ^^"t  if  the  moHR'nts  of  iiuTtia  relative  to  all 
right  lines  uhii'li  pass  through  this  m-w  origin  be  e<|ual,  all 
theM>  linrs  munf  Ik*  principal  axc^,  for,  l>\  the  prec<*ding  num- 
ber, one  of  thi»se  conclitions  is  a  necessary  consequence  of  the 
other.  Therefore,  the  aX4*s  of  the  coonlinates  x  —  «,  JT  **  f3« 
r  —  7.  Ik'ing  principal  axes,  we  shall  have 

S(x— o)(^— f'))rf/ii  =  Jryr/wi— a$y<///i— /JJxc/m  -♦-  afi^dmszO, 
$(r— 7)  (r— a)r/w  =  Ixzdm^y^rdtn  —  a^Mdm  +  7aS^<*i  =  0, 
S(y— ^3  =  (Z'-'y)dmz=^ifzdm^(i^:dm^yliidm  -^ liy^dm  =  0; 
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which,  in  virtae  of  the  preceding  equations,  are  reduced  to 

a/3  =  0,     ya-  0,     jSy  =  0. 

Now,  in  order  to  satisfy  these  equations,  two  of  the  three 
quantities  a,  /3,  y,  should  be  cipher.  If,  therefore,  the  re- 
quired point  exists,  it  must  be  found  on  one  of  the  axes  of  the 
coordinates  x,  y,  z,  that  is  to  say,  on  one  of  the  three  principal 
axes  which  intersect  in  the  centre  of  gravity. 

If  we  suppose  /3  =  0,  y  =  0,  which  implies  that  the  re- 
quired point  exists  on  the  axis  of  x,  at  a  distance  a  from  this 
centre,  then  the  moments  of  inertia  relative  to  this  point,  will 
be  A  with  respect  to  the  axb  of  or,  and,  in  virtue  of  theorem  of 
No.  374,  B  -|-  Ma'  and  c  -|-  Ma',  with  respect  to  parallels  to  the 
axes  of  y  and  z,  m  denoting,  as  before,  the  mass  of  the  body. 
Ccmsequently,  by  the  condition  of  the  problem,  we  shall  have 

B  +  Ma'  =  C  +  Ma'  =  A ; 

but  in  order  that  these  equations  may  be  possible,  we  must 
have  B  =  c ;  and  when  these  two  quantities  are  in  point  of 
bet  equal,  we  shall  have 

Ma'  =  A  —  c  ; 

therefore,  in  order  that  the  quantity  a  may  be  real,  wc  must 
have  A  >  c  ;  if  this  be  the  case,  a  will  have  two  real  values, 
equal  and  affected  with  contrary  signs,  namely, 


=.^ 


M 


(«) 


coiuequently,  there  are  two  points  which  possess  the  required 
property,  and  they  will  be  situated  on  the  axis  of  x,  at  equal 
distances  on  opposite  sides  from  the  centre  of  gra\nty. 

Thus  it  appears  that  when  a,  b,  c,  the  three  moments  of 
inertia  of  a  body,  relative  to  the  principal  axes  which  intersect 
in  the  centre  of  gravity,  are  equal,  there  is  no  other  point  of 
the  body  for  which  all  the  moments  of  inertia  are  equal ;  but 
if  two  of  these  three  moments  are  equal,  and  if  the  unequal 


GO       OF  MOMENTS  OF  INBRTIA  AND  OF  PRINCIPAL  AXBS. 

moment  is  the  g^reatest  of  the  three,  there  exists,  on  the  axb 
of  the  g^atest  moment,  two  points,  for  which  all  moments  of 
inertia  are  equal,  and  the  position  of  these  points  is  determined 
by  formula  (e). 

383.  If  these  results  be  applied  to  the  homogeneous  elKp- 
soid,  it  will  appear  at  once,  that  in  the  case  of  an  ellipsoid, 
the  principal  diameters  of  which  are  unequal,  there  is  no  point, 
either  within  or  without  thb  body,  with  respect  to  which 
all  the  moments  of  inertia  are  equal ;  but  if  the  body  be 
an  ellipsoid  of  revolution  generated  by  the  revolution  of  an 
elli|>se  about  its  lesser  axis,  there  are  two  points  on  this  axis 
or  on  its  production,  which  possess  the  property  in  question ; 
for,  in  this  case,  two  of  the  three  moments  relative  to  the  prin- 
dpal  diameters  will  be  equal,  and  as  the  unequal  moment 
corresponds  to  the  least  diameter,  it  will  be  the  greatest  of  the 
three. 

If  a  and  b  denote  the  semiaxes  of  the  generating  ellipse, 
and  if  a  bo  less  than  6,  so  that  a  may  be  the  semiaxis  of  re> 
volution,  we  shall  havc(o) 

A  =:  f  M^>*,     B  =  c  =  }  M  (a^  +  //). 

If  in  the  formulse  of  No.  370  we  suppoi^.^  A  =  r,  then  we 
shall  liave  by  formula  (e) 


a-  T.   V  ? — , 


for  the  distance  of  the  required  points  from  the  centre  ot  the 
ellipsoid.  According  an  ^'>6rt',  or  h^ /^  i\a\  these  points 
will  |)e  found  without  the  IhmIv  on  the  pnniuction  of  the  axis 
of  revolution,  or  within  this  l>ody  on  the  axis  itseb*;  in  the 
ca!*i»  of  h*  =  <)«',  these  two  |>oints  will  be  found  on  the  sur&ce, 
and  they  will  eoiiioidi*  with  the  polini  of  the  ellipsoid. 

The  priiiei|ml  axen  of  a  nvtangular  |)ardllelopi[MHi,  which 
intersei*t  at  its  cviitre  of  gravity,  are  evidently  parallel  to  it« 
«i<les.  Therefore,  it  /i,  A,  r  denote  respectively  half  the  length^ 
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of  its  three  adjacent  sides,  the  moments  of  inertia  relative  to 
these  axes  may  be  deduced  from  those  of  No.  369,  which  refer 
to  its  sides,  by  substituting  in  them  2  a,  26,  2  c,  in  place  of 
a.  A,  c,  and  then,  by  the  theorem  of  No.  374,  subtracting  from 
them  the  products  m  (6*  +  c^),  m  (c*  +  a*),  m  (a*  +  6^.  By 
this  means,  we  shall  have 

a  =  Jm(V+c>),    B  =  jM(c*  +  a»),     c  =  iM(a*  +  6»); 

M  denoting  always  the  mass  of  the  parallelopiped,  the  volume 
of  which  is  8aic.  Therefore,  if  in  order  to  render  the  mo- 
ments of  inertia  b  and  c  equal,  we  suppose  6  =  c,  and,  more- 
over, a  Z  6,  in  order  that  a  may  be  greater  than  b  or  c,  equa- 
tion (e)  will  then  give 


=v^ 


a* 


3      ' 

and  according  as  6>2a,  6=  2a,  or  6Z  2a,  the  two  re- 
qiured  points  will  be  situated  without  the  body,  at  its  surface, 
or  in  its  intenoT(p). 


CHAPTER  III. 

OP  THB  MOTION  OF  A  SOLID  BODY  ABOUT  A  FIXED  A115. 

I.   Uniform  Motion  of  Rotation. 

384.  WuBN  a  system  of  material  points,  connected  loge> 
ther  in  an  invariable  manner,  turns  about  a  fixed  axis,  to  which 
they  arc  also  invariably  attached,  they  describe  circles  perpen- 
dicular to  this  axis,  the  centres  of  which  exist  on  thb  line. 
The  arcs  described  in  the  same  time  by  two  different  points, 
are  similar  and  contain  the  same  number  of  de^prees;  their 
absolute  velocities  are  to  each  other  as  their  distances  frooi 
thb  axis ;  and,  by  the  angular  velocity  of  the  system,  is  meant 
the  absolute'  velocity  of  those  |>ointH,  whose  dbtance  from  the 
axis  is  unity.  If  it  be  denoted  by  cai,  and  the  distance  of  any 
point  whatever  from  the  axis  of  rotation  by  r.  the  absolute 
velocity  of  this  (>oint  will  be  rm.  This  quantity  w,  that  is 
common  to  all  the  i)oints,  will  vary  with  the  time,  when  the 
points  of  the  system  are  acted  on  by  motive  forces,  which  will 
pro<luce  a  variable  motion ;  it  will  remain  constant  in  the  case 
of  uniform  motion,  prcHluced  by  percussions  simultaneously 
nuule  on  different  parts  of  the  system,  and  which  is  then  aban- 
doned to  itself.  It  is  this  last  case  which  we  propose  fint  to 
discuss. 

385.  Let  m,  m',  m",  &c.,  be  the  masses  of  the  material 
points  which  are  coiisidored,  and  r,  r\  f\  Ace.  their  distances 
from  the  axis  of  rotation.  Then,  if  simultaneous  |M?rcusaioQs 
be  made  on  all  these  |>oints,  each  of  them  shouhi  be 
posed  into  two  otheni,  one  |>arallel  to  the  axis,  the  other 
ing  in  the  direction  of  a  plane  |HT|>endicular  to  thb  line: 
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the  effect  of  the  first  will  be  destroyed  by  the  resistance  of  the 
fixed  axis,  it  is  not  necessary  to  take  it  into  account.  Let 
r,  t/,  rf\  &c.,  be  the  velocities  in  the  directions  of  planes  per- 
pendicular to  the  fixed  axis,  which  would  be  impressed  on 
»,  m\  wf\  &c.,  if  these  material  points  were  entirely  free.  If 
the  angular  velocity  of  the  system,  which  results  from  their 
connexion,  be  denoted  by  oi,  these  points  will  be  actuated  by 
the  velocities  rw,  r'oi',  r^V,  &c.,  whose  directions  are  perpen- 
dicular to  the  axis  and  to  the  radii  r,  r',  r'^,  &c. ;  and  then,  by  the 
principle  of  No.  353,  there  will  be  an  equilibrium  between  the 
quantities  of  motion  mv,  mV,  mV^  &c.,  estimated  in  their 
respective  directions,  and  the  quantities  of  motion  mrtt)^  fnYw\ 
m^r^my  &c.f  taken  in  a  direction  opposite  to  that  of  the  actual 
motion  of  the  system. 

In  order  to  obtain  the  equation  of  this  equilibrium,  let  the 
points  m,  fit^,  m^',  &c.,  and  the  directions  of  the  velocities  which 
are  considered,  be  projected  on  a  plane  perpendicular  to  the 
fixed  axis.  Let  oz  be  this  axis  (fig.  4),  and  let  the  plane  of 
projection  pass  through  the  point  o ;  likewise,  let  p  be  the 
projection  of  m  on  this  plane,  pa  the  projection  of  the  velocity 
r,  px  that  of  the  velocity  rw,  which,  by  supposition,  is  per- 
pendicular to  the  radius  r  or  op.  Likewise  let  of,  the  per- 
pendicular let  fall  from  o  on  the  line  pa,  be  denoted  by  p ;  the 
moments  of  the  forces  mv  and  mroi,  projected  in  the  directions 
of  PA  and  PN,  will  be  mvp  and  mr^u) ;  and  if/?',//',  &c.,  denote 
in  the  same  manner  the  perpendiculars  let  fall  from  o  on  the 
projections  of  the  other  velocities  t/,  t/',  &c.,  (by  No.  267)  the 
required  equation  of  equilibrium  will  be 

mr'u}  +  rn'r^'u)  +  wV^ci  +  &c. 
=  mvp  +  wV/;'  +  in'^r"//'  -|-  &c. 

When  some  of  the  simultaneous  percussions  tend  to  make 
the  system  to  turn  in  one  direction,  and  others  in  an  opposite 
direction,  the  moments  of  each  of  these  must  be  affected  with 
contrary  signs  in  the  second  member  of  this  equation.     The 
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system  will  turn  in  the  direction  of  the  forces,  which,  in'le- 
pendently  of  the  consideration  of  the  sign,  will  furnish  the 
greatest  sum  of  moments.  If  the  sum,  whether  positire  or 
negative,  of  all  these  moments  affected  with  suitable  signs, 
be  denoted  by  l,  we  shall  obtain,  by  means  of  the  preceding 
equation, 

w  zz 


in  which  S  indicates  a  sum  that  extends  to  all  the  pCHnts  of 
the  system. 

If  all  the  velocities  r,  r',  r",  &c.,  are  equal,  l  will  be  the 
product  of  their  common  value  r  and  of  the  sum  mp  +  m'/f" 
+  m"p*'  -|-  &c. ;  if,  besides,  all  these  velocities  are  parallel  to 
each  other,  and  if  through  the  axis  or,  a  plane  is  drawn  pa- 
rallel to  their  common  direction,  p,  p\  //',  &c.,  will  be  the  dii> 
tances  of  the  points  m,  m\  m'\  &c.,  from  t'lis  plane ;  and,  with 
regard  to  the  signs  with  which  the  terms  of  l  are  affected,  these 
perpendiculars  must  be  considered  to  be  positive  or  negative, 
according  as  the  points  m,  m\  m'\  &c.,  are  situated  on  the 
or  other  side  of  this  plane.  Hence  if  the  sum  of  the 
m,  fir,  in'\  &c.«  be  denoted  by  m,  and  if  the  distance  of  its 
tre  of  granty  from  this  plane  (which  may  be  either  positive 
or  negative)  Im?  denoted  by  //,  we  shall  have  (No.6d) 

mp  +  m'p'  +  m"p"  +  &c.  =  My ; 

consi*quentIy  l  =  Mivy,  and  the  value  of  m  will  become 

Mr  a 
(■I  ^  ^ , 

If  the  veloeity  r  is  only  impresst^l  on  some  of  the  points  of 
thesystrm,  and  if  no  vt»loi*ity  is  din»ctly  communicated  to  the 
other  |H>ints,  ue  hhall  have,  in  the  same  manner, 

it)  ^  --    — . ; 

^  iH'iiiir  the  Hum  of  the  masses  actuatt^l  by  the  velocity  9,  and 
/tlie  <li«.tance  of  the  centre  of  i^nivity  of  this  |iart  of  the  »)•*- 
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tern,  from  the  plane  drawn  through  the  fixed  axis,  parallel  to 
the  direction  of  r. 

386.  If  the  system  of  points  m^  m\  m"^  &c.,  be  supposed 
to  constitute  a  solid  body,  it  is  then  sufficient,  in  the  preceding 
formulse,  to  change  the  mass  m  of  any  point  whatever,  into 
the  differential  element  of  the  mass  of  the  body,  (which,  as 
usual,  we  shall  denote  by  dm\  and  the  sum  2  into  an  integral. 
Hence  the  quantity  Sntr^  will  become  the  integral  JrVm, 
extended  to  the  entire  mass  of  the  body,  and  it  will  express  its 
moment  of  inertia  with  respect  to  the  axis  of  rotation ;  conse« 
qoently,  the  last  formula  will  be  changed  into  the  following : 

This  formula  is  applicable  to  the  case  of  a  solid  body  retained 
by  a  fixed  axis,  and  struck  by  another  body,  which  after  the 
impact  attaches  itself  to  the  first,  so  that  then  the  two  bodies 
eonstitute  only  one,  turning  about  the  fixed  axis  with  an  an- 
gular velocity  w.  The  mass  of  the  striking  body  is  /k,  its  ve- 
locity before  the  impact,  which  is  common  to  all  its  points 
and  perpendicular  to  the  direction  of  the  fixed  axis,  is  v,  andy* 
expresses  the  dbtance  of  its  centre  of  gravity  from  a  plane  pa- 
rallel to  the  direction  of  this  velocity,  and  passing  through 
the  axis  of  rotation.  The  integral  \r^dm  should  be  extended 
to  the  two  masses  which  are  united  together  after  the  impact. 
If  the  striking  body  does  not  remain  attached  to  the  other  after 
the  impact,  the  determination  of  the  angular  velocity  of  this 
last  is  a  different  problem,  the  solution  of  which  will  be  given 
in  a  subsequent  chapter. 

When  the  body  retained  by  a  fixed  axis  is  struck  simul- 
tineously  by  several  masses,  such  as  /i,  /i^  yi"^  &c.,  actuated 
by  the  velocities  r,  v\  r",  &c.,  whose  directions  are  perpen- 
dicular to  that  of  the  axis,  and  which  are  united  to  this  body 
ifter  the  impact,  the  expression  for  oi,  the  resulting  angular 
Tekcity,  will  be 

VOL.  II.  ^ 
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"- ps; • 

in  which  expmrion,  the  integrml  mosl  be  extended  to  the 
totml  mass  tsAf^f^f^  &c.,  denote  the  distmnees  of  the  cen- 
tres of  grarity  of  ^, ^\ il*^  &c^  from  planes  drawn  throogfa 
the  axis  of  rotation,  parallel  to  the  directions  of  the  velocities 
9,  r^,  r^,  &c.  If  the  fir!^t  term  of  the  numerator  of  thb  for- 
mala  be  affected  with  the  sign  -f ,  the  other  terms  should  be 
affected  with  the  signs  +  or  ^,  according  as  the  correspond- 
ing percussions  tend  to  produce  a  revolution,  in  the  direction 
of  that  which  corresponds  to  the  first  term,  or  in  a  contrary  di- 
rection. Wlien  M=i  0,  the  system  will  remain  at  rest,  and  all 
the  percussions  will  constitute  an  equilibrium.  If  the  percus- 
nons,  instead  of  being  simultaneous,  were  saccettive,  the 
value  of  M,  after  all  the  impacts  had  ceased,  would  be  still  fur- 
nished by  the  preceding  formula ;  for  after  the  first  impact  the 
motion  is  the  same  at  each  instant,  as  if  this  impact  took  place 
then ;  consequently^  we  may  suppose  that  it  took  place  at  the 
instant  of  the  second  impact,  in  order  to  determine  the  angular 
velocity  after  the  second  percussion  ;  and  so  on  in  succession. 

387.  When  the  rotator)'  motion  commences  about  %Jixti 
axis,  this  line  experiences  percussions  which  it  is  important  to 
determine ;  they  are  due  to  the  quantities  of  motion  that  are 
lost,  at  each  epoch,  by  the  different  points  of  the  body,  which 
quantities  of  motion,  as  they  constitute  an  equilibrium  by 
means  of  the  fixed  axis  must  consequently  be  rc«luccd  to  per- 
cussions,  whose  directions  either  meet  this  axis  or  Are  parallel 
to  it.  The  parallel  percussions  may  be  immediately  determined; 
they  are  the  components  in  this  direction,  of  the  quantities  of 
motion  which  have  been  impressed  on  the  body ;  as  has 
stated  in  No.  385,  we  shall  not  take  them  into  account; 
we  shall  suppose  that  the  rotator}*  motion  has  been  prodoeoi 
by  an  impact  perpendicular  to  the  direction  of  the  fixed 
to  which  formula  ( I )  rt*fer^.     Let  the  point  p  be  the 
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of  gravity  of  /i,  the  line  pa  the  direction  of  its  velocity  before 
the  impact,  so  that  of,  the  distance  of  this  line  from  the  axis 
oz,  may  be  denoted  byyi  In  the  plane  perpendicular  to  this 
fixed  axis,  and  comprising  the  line  pa,  let  there  be  drawn 
through  the  point  o  of  this  axis,  two  other  rectangular  axes 
ox  and  oy.  Let  x,  y,  z  be  the  three  rectangular  coordinates 
of  </m,  referred  to  the  axes  ox,  oy,  oz ;  as  roi,  the  velocity  of 
this  material  point,  is  perpendicular  to  the  radius  r,  and  pa- 
rallel to  the  plane  of  the  axes  of  x  and  y,  it  is  easy  to  perceive 
that  the  cosines  of  the  angles  which  it  makes  with  these  three 

axes  are  —  ~,  -,  and  zero,  the  rotation  being  supposed  to  have 

place  in  the  direction  of  the  sagitta  s ;  it  may  consequently 
be  decomposed  into  two  velocities  —  yoi  and  xoi,  parallel  to  the 
axes  ox  and  oy(a).  Hence  the  components  of  the  quantities 
of  motion  of  all  the  points  of  the  body  along  these  directions  will 
be  —  m%ydm  and  w\xdm^  or  what  comes  to  the  same  thing, 

—  Mifyi,  and  i#mX|,  in  which  m  denotes,  as  before,  the  entire 
maas  after  the  impact,  and  x,  and  y,  the  values  of  x  and  y, 
which  belong  to  its  centre  of  gravity.  The  sums  of  the  mo- 
ments of  all  these  quantities  of  motion,  with  respect  to  the 
plane  of  the  axes  of  x  and  y,  will  be  —  oi^yzc/m  and  ia^xzdm ;  by 
No.  54,  they  should  be  equal  to  the  moments  of  the  total  forces 

—  ^\fdm  and  bi^xi/iit,  with  respect  to  the  same  plane,  that  is 

to  say,  to  —  iMiViyyZ*  and  uiyiXyZ"^  2^ and  z^Menoting  the  distances 

of  these  two  forces  from  this  plane ;  consequently  we  shall 

have 

uyyz!  zz  lyzdm,     5ix,y  =  Jxzrfwi,  .  (2) 

by  means  of  which,  these  two  quantities  z'  and  s/'  (which 
may  be  either  positive  or  negative)  can  be  determined. 

This  being  established,  the  quantities  of  motion  lost  by  all 
the  points  of  the  mass  m,  and  which  constitute  an  equilibrium 
bj  means  of  the  fixed  axis,  may  be  replaced  by  a  force  cuMy, , 
parallel  to  the  axis  of  x,  and  situated  at  the  distance  x^  from 
the  plane  of  the  axes  of  x  and  y,  by  a  force  —  cumx,  ,  parallel 
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to  the  axis  of  y,  and  sitoated  at  the  distance  zT  from  this 
plane,  and  by  the  force  ;ir,  which  retains  its  proper  directioii, 
namely,  from  the  point  p  towards  the  point  a.  These  three 
forces  can  be  at  least  reduced  to  two,  which  will  meet  the 
fixed  axis,  and  they  express  the  percussions  that  it  experiencct» 
perpendicularly  to  its  length.  When  these  three  forces  ire 
reducible  to  one,  the  axis  will  experience  an  unique  percussion, 
and  it  is  sufficient,  in  order  that  the  axis  may  resist  it,  that 
the  point  where  it  will  be  met  by  this  force,  should  be  sup- 
posed fixed. 

388.  If  the  line  o;  be  one  of  the  three  principal  axes  of  M, 
which  intersect  in  the  point  o,  we  shall  have 

\xzdm  z=  0,     \yzdm  =  0. 

Hence  in  this  case  the  distances  zf  and  z^  are  cipher,  aikl  tlie 
forces  iiiMy, ,  —  mmX|  ,  and  also  the  force  /iir,  will  all  exitl  in  tlie 
plane  of  the  axes  of  x  and  y,  in  consequence  of  which,  tlie 
unique  percussion  to  which  they  will  be  reduced,  will  pMS 
through  the  point  o.  In  order  to  determine  its  magnitude 
and  position,  if  r  be  this  force,  a  and  h  the  angles  that  it 
makes  with  the  axes  of  x  and  y,  a  and  /3  the  angles  which  tlie 
line  PA  makes  with  parallels  to  these  axes,  drawn  through  the 
point  p,  we  shall  have 

Rcosa  =  ;ivcosa  -|-  ^^Myi, 
Rcosft  =  fivamfi  »  ihMXi  ; 

and  as  the  value  of  «»  b  given  by  formula  (1),  and  jr,  and  y,, 
the  coordinates  of  the  centre  of  gravity  of  m,  are  also  known, 
every  thing  is  known  in  these  values  of  the  two  components 
of  the  force  R. 

Since  this  resultant  must  pass  through  the  point  o,  the 
sum  of  the  moments  of  its  three  components,  with  reqwct  to 
this  point,  must  be  equal  to  cipher ;  now  if  x*  and  y^  be  the 
dbtances  of  the  forces  ^^My,  and  —  mMx,  from  the  axes  ox  aad 
oy,  respectively  parallel  to  these  lines,  there  will  result*  i^ 
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gvd  being  had  to  the  durection  in  which  these  two  forces  and 
the  percussion  jav  tend  to  make  the  body  to  turn  about  the 
point  o, 

/* denoting,  as  before,  of  the  perpendicular  let  fall  from  the 
pcnnt  o  on  the  line  pa.  In  fact,  it  is  easy  to  verify  this  result ; 
for,  considering  the  moments,  with  respect  to  the  planes  of  the 
axes  of  X  and  z,  and  of  y  and  z,  of  all  the  quantities  of  motion 
parallel  to  these  planes,  the  sums  of  which  are  —  oiMy^  and 
mM^i  ,  we  shall  hare 

and  these  values,  combined  with  those  of  oi,  render  the  pre- 
ceding equation  identical(6). 

In  order  that  the  fixed  axis  may  not  experience  any  per- 
cussion, it  is  easy  to  perceive  that  the  distances  2/  and  zf' 
ihould  in  the  first  place  be  cipher,  and  in  virtue  of  equation 
(2),  this  cannot  be  the  case,  unless  the  line  oz  be  one  of  the 
principal  axes  which  intersect  in  the  point  o,  as  we  have  sup- 
posed. This  condition  being  satisfied,  it  is  moreover  neces- 
sary that  the  force  R  should  be  cipher ;  this  implies  that 

/icosa  =  —  oiM^i ,     fi  cos/3  =  oiMori. 

From  which  there  results 

^^+1  =  0; 
yxcmp 

this  equation  shews  that  the  line  pa  must  be  perpendicular  to 
the  plane  passing  through  the  fixed  axis  and  through  the 
centre  of  gravity  of  m.  Moreover,  if  r^  denotes  the  distance 
of  this  point  from  this  axis,  the  preceding  equations  will  give 

and  by  substituting  for  6)  its  value  furnished  by  equation  (1), 
thef«  will  result 
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Hence,  when  a  solid  body  retained  by  a  fixed  axis,  is  struck 
by  a  second  body,  the  mass  of  which  remains  attached  to  the 
first,  in  order  that  the  fixed  axis  may  experience  no  percusaioii« 
it  is  necessary,  first,  that  the  direction  of  the  shock  be  in  the 
plane  of  the  two  lines,  which,  with  the  fixed  axis,  constitute  a 
rectangular  system  of  principal  axes  of  the  body  made  up  of 
the  two  masses  united  together ;  secondly,  that  its  direction 
be  perpendicular  to  the  plane  passing  through  the  centre  of 
gpravity  of  this  body  and  the  fixed  axis ;  thirdly,  that  this  di- 
rection PA  should  meet  this  plane  in  a  point  of  which,  fy  tlie 
distance  from  the  axis  of  rotation,  is  furnished  by  the  preceding 
formula.  This  point  is  what  is  termed  the  centre  ofper^ 
cussion. 

389.  While  a  solid  body  turns  about  a  fixed  axis,  tlie 
centrifugal  forces  of  its  diflferent  points  produce  on  this  axis 
pressures  which  we  now  proceed  to  determine ;  they  are  tlie 
only  pressures  that  have  place  when  the  motion  is  unifonn,  in 
which  case  the  points  of  the  body  are  not  solicited  by  any 
motive  forces. 

If  the  preceding  notations  be  retained,  rw^dm  will  express 
the  centrifugal  force  of  the  element  dm  which  describes  a  ctr- 
cle,  whose  radius  is  r,  with  a  velocity  rio ;  and  as  this  force  acts 
in  the  direction  of  the  production  of  r,  the  cosines  of  tlie 

anirles  which  it  makes  with  the  axes  of  x,  y^  c,  will  be  -,  ^ 
o  ^  r  r 

and  zero.  If,  therefore,  it  be  transferred  to  the  point  where  its 
direction  meets  the  axis  or,  it  may  be  replaced  by  two  forces 
comprised  in  the  planes  xoz  and  yoz,  respectively  parallel  to 
the  axes  ox  and  oy^  and  equal  to  xw^dm^  yj^dm.  As  the 
same  thing  obtains  for  all  the  other  elements  of  the  body,  it 
follows  that  the  axis  or  will  be  urged  along  these  directions, 
by  forcHHi,  whosi>  values  are  ^^^xdm^  ^^^ydm^  or,  what  b  the 
same  thing,  ^i^mx,,  <ii'My, ,  as  is  evident  from  the  preceding 
notations.  It  appears  also  that  z'  and  y,  the  distances  of 
these  two  total  pressures,  from  the  plane  of  the  axes  of  x  and 
jf,  are  given  by  the  equations 
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yuc^^  =  %xzdm,     My.zf'  z=  J  yzdm^  (3) 

which  are  the  inverse  of  equations  (2)  that  are  relative  to  the 
percii9sions(c). 

When  zf  =  2",  the  two  pressures  ci>*Mar,  and  ta^viy^  will  be 
applied  to  the  same  point  of  the  axis  oz^  they  can  then  be  re- 
duced to  one  force  perpendicular  to  this  line,  which  acts  in 
the  direction  of  a  plane  that  comprises  the  centre  of  gravity 
of  the  body,  and  its  value  will  be  w^mr^ ;  r^  denoting  the  dis- 
tance of  this  centre  from  the  fixed  axb. 

This  will  always  be  the  case  when  oz  is  one  of  the  prin- 
cipal axes  that  intersect  in  the  point  o ;  for  then  the  second 
members  of  equations  (3)  will  be  cipher,  and  we  shall  have 
z'  =:  0  and  zf'  zz  0.  The  unique  pressure,  which,  during  the 
rotatory  motion,  the  axis  experiences,  will  therefore  pass 
through  the  point  o ;  hence,  in  order  that  the  pressure  may  be 
destroyed,  and  that  the  axis  may  be  immoveable,  it  will  be 
sufficient  if  this  point  is  fixed.  Therefore  for  every  point  o 
belonging  to  a  solid  body,  or  invariably  connected  with  it, 
there  are  always  three  rectang^ar  axes  passing  through  this 
point,  about  which  the  body  can  turn,  without  these  axes 
undergoing  any  displacement,  just  as  if  they  were  entirely 
fixed. 

Such  is  the  property  relative  to  the  uniform  motion  of  ro- 
tation, which  the  lines  that  have  been  termed  principal  axes 
possess.  It  belongs  to  them  exclusively ;  for  if  the  body  turns 
about  a  line  oz,  which  is  not  one  of  the  principal  axes  relative 
to  the  fixed  point  o,  the  two  pressures  u)^vlx^  and  ai^My,  will, 
in  general,  be  irreducible  to  one ;  or  if  they  are  reducible  to 
one,  because  zf  zz  z!\  this  unique  pressure  will  pass  through  a 
point  different  from  o ;  consequently,  in  order  that  the  pres- 
sures doe  to  the  centrifugal  forces  may  be  destroyed,  and  that 
the  axis  of  rotation  be  not  displaced  during  the  motion,  it  is 
necessary  that  a  second  point  be  supposed  fixed,  but  this 
implies  that  the  entire  axis  is  fixed.  When  a  body  retained 
by  a  fixed  point  o,  and  not  acted  on  by  any  motive  force,  com- 
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mences  to  torn  aboat  one  of  these  axes  which  intenect  in  this 
point,  the  motion  will  continue  indefinitely  about  thb  line. 
This  will  be  the  ca5e,  for  example^  when  the  body  is  put  in 
motion  by  an  impact,  the  direction  of  which  b  in  the  plane 
paanng  through  the  other  two  principal  axes  relatire  to  this 
point  o,  for  then  it  appean,  by  what  has  been  established  in 
the  preceding  number,  that  the  percussions  which  the  axis 
experiences,  the  fir»t  instant^  will  be  reduced  to  one  which, 
passing  through  this  fixed  point,  will  be  destroyed  by  its  re- 
sistance.    If  o  be  one  of  the  particular  points,  for  which  all 
moments  of  inertia  are  equal,  the  axis  about  which  the  body 
will  begin  to  turn,  will  be  necessarily  a  principal  axb ;  and  in 
wkateter  manner  the  body  is  set  in  motion  about  this  fixed 
point,  the  axis  of  rotation  will  remain  immoveable.    Thus,  an 
ellipsoid  of  revolution,  or  a  parallellopiped  retained  by  one  of 
the  points,  the  position  of  which  has  been  determined  already 
in  No.  383,  will  always  turn  about  a  fixed  axis.     This  will 
also  be  the  case  with  respect  to  a  sphere  when  its  centre  is 
fixed,  or  a  cube  retained  by  the  point  situated  at  the  inter* 
section  of  its  three  diagonals ;  and,  moreover,  in  these  two 
last  cases,  the  fixed  point  being  the  centre  of  gran ty,  the  axis 
of  rotation  will  remain  immoveable,  although  the  body  should 
be  supposed  to  be  acted  on  by  gravity.     In  general, 
tive  forces  that  act  on  the  body,   will,  like  the  centril 
forces,  pro<luce  pressures  on  the  axis  of  rotation,  which  will 
tend  to  displace  it,  wiicn  they  are  not  reducible  to  one  sole 
force,  pa<«sing  through  the  fixed  point. 

390.  If  the  line  oz  U  one  of  the  three  principal  axea  which 
intersect  at  o,  the  centre  of  gravity  of  the  body  that  is  comi* 
dered,  it  will  l>e  also  one  of  the  thrtn*  principal  axes  of  this 
same  bo<ly  fur  any  point  whatever  of  its  direction.  In  f»eu  if 
CO,  the  dintanct*  of  this  centre  from  the  |M>int  o,  be  denoted 
by  7»  and  if,  without  clian<;ing  the  prectNiing  direction  of  the 
cooniinat(*s  x,  y,  r,  their  origin  be  transferred  to  tlie  point  o, 
those  of ///A  any  element  whatever  will  become  x,  y,  r  —  7, 
and,  by  the  definition  of  principal  axtMs  we  shall  have 
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^x(Z'^y)dfnzz  ^xzclm  —  7  ^xdm  zz  0, 
Sy  (^  —  7)  rfm  =  ^yzdm  —  y^ydm  =  0. 

Moreover,  as  the  point  g  is  on  the  axis  of  the  ordinate 
z,  we  hare  ^xdm  zz  0^  and  ^ydm  =:  0 ;  consequently,  we 
shall  bare  ^yzdm  zz  0,  ^xzdm  =  0^  from  which  it  appears, 
that  oz  is  one  of  the  three  principal  axes  that  intersect  at  the 
point  o. 

The  direction  of  the  two  other  principal  axes,  in  the 
plane  of  the  axes  of  x  and  y,  can  be  determined  by  the  trans- 
fivmation  of  the  coordinates.  Let  x'  and  y'  be  those  of  dm 
with  respect  to  these  two  other  axes,  we  must  have 

^x^y^dm  =  0,     lafzdm  =  0,     ^y'zdm  zz  0 ; 

and  if  0  be  the  angle  contained  between  the  axis  of  ^r'  and  that 
of  X,  we  shall  have 

a/=:  a:cosO  —  ysind,     y^  =  xsin  6  +  ycosO'; 

now,  if  these  values  be  substituted  in  the  preceding  equations, 
the  two  last  must  disappear,  because  Jrz:2:i/;;t=0,and  Jyzdm=0; 
the  first  becomes 

(cos*  0  —  sin*  6)  ^xydm  -f  sin  0  cos  0  {^x^dm  —  ly^dm)  =  0, 

from  which  the  value  of  0  may  be  obtained.  The  values  of 
the  integ^rals  which  this  equation  contains,  may  change  with 
the  position  of  the  point  o ;  so  that  the  direction  of  one  of 
the  principal  axes  being  supposed  to  be  that  of  the  axis  oz, 
the  directions  of  the  two  others  will  not,  in  general,  always 
remain  parallel  to  themselves. 
As  the  four  equations 

^xdm  zz  0,     Ixzdm  =  0,     ^ydm  zi  0,     ^yxdm  zz  0, 

obtain  simultaneously,  it  follows  firom  the  two  first,  that  the 
parallel  pressures  existing  in  the  plane  of  the  axes  of  x  and  z, 
wfaidi  arise  from  the  centrifugal  forces,  may  be  reduced  to 
two  equal  and  directly  opposite  forces;  and  in  virtue  of  the 

VOL.  fl.  L 
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two  last  equation!},  the  same  thin^  is  true  with  respect  to  the 
components  existing  in  the  plane  of  the  axes  of  y  anil  z. 
Consequently,  when  the  body  turns  about  one  of  the  thrve 
principal  axes  which  intersect  in  its  centre  of  gravity,  the 
centrifugal  forces  of  all  its  points  produce  no  pressure  on  the 
axis  of  rotation,  and  if  the  motion  commences  about  such  an 
axis,  it  will  continue  indefinitely,  although  this  axis  has  no 
fixed  point,  provided  that  the  boily  is  not  acte«i  upon  by  any 
motive  force.  This  result  is  evident  in  the  case  of  an  elli|K 
soid,  which  turns  about  one  of  its  three  axes  of  figure ;  for 
every  thing  being  sup|H>sed  symmetrical  al>out  each  of  these 
lines,  there  is  no  reason  why  it  should  experience  a  pressure 
in  one  direction  rather  than  in  the  opposite. 

II.   I'anahle  Motion  of  Rotation. 

3111.  Let  the  element  of  the  mass  of  the  body  which  re- 
vtdves  about  the  fixetl  axis  oz  (fig.  5)  be  denoted  by  dm^ 
through  a  point  o  taken  arbitrarily  on  thin  line,  let  two  other 
fixed  axei»  ox  and  oy  be  drawn  |H*r|H*ndicular  to  each  other 
and  to  the  axis  oj ;  and  at  the  end  of  /  any  time  uhate%'er, 
let  Xy  y^  Zy  denote  the  three  coordinates  of  iim  refenvtl  to  the»e 
axes  ojr,  o^,  oz.     At  the  same  instant,  the  eom^Hiiients  of  the 

velocity  imrallel  to  the^*  lines  \iill  be    .  ,    ;  ,  -r.  Now»what- 
^  *  dt    dt   dt  * 

ever  Ik*  the  nature  of  the  forces  appliiHi  to  the  element  dm^ 

they  may  be  diH.*omposed  [Kirallel  to  these  same  a.\i*!» ;  and,  at 

the  end  of  the  time  /,  let  the  coin[K>neiitH  of  the  given  acce- 

leratiii^  force  which  acts  on  this  material  point,  estimatrd  in 

the  |M>^itive  directions  of  x,  j/,  r,  be  x,  v,  z,  res[>ecti%-ely.     If 

thiH  |M»int  \%as  fret*,  the  coni|>oiientH  of  the  velocity,  namely, 

TT'  ii^  dt'  ^""'^  *^"  iiicreaMid  by  \dty\dtyZdt^  during  tilt 
instant  dt  (No.  147);  but   these  functions  of  the  time 


really  iiicreasitl  by   their  differentials  c/ /,'',#/.'/,  J  -*;euiH 

dt        dt        elf 
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nequently,  the  velocities  lost  during  the  instant  dt^  in  the 
directions  of  the  coordinates,  will  be 

^  dx  ^,       ,  d}/  ,         ,  rfz 

xdt—d.-y-y      \dt  —  d,-^^      zdt  —  d.-^. 
at  at  at 

Multiplying  them  by  dm^  and  then  dividing  by  dt^  there 
will  result 

(x-g)rfm,    (y-g)rf«t,    {^'^ym. 

which  will  be  the  values  of  the  components  of  the  force  lost  by 
the  element  dm^  during  this  instant  dty  in  consequence  of  its 
connexion  with  the  other  points  of  the  body  and  with  the  axis 
of  rotation.  Therefore,  in  virtue  of  the  principle  of  No.  350, 
an  equilibrium  must  obtain  about  this  fixed  axis,  between  simi- 
lar forces  applied  to  all  the  points  of  the  body. 

In  order  to  obtain  the  equation  of  this  equilibrium,  it  will  be 
suflBdent  to  substitute  the  two  first  of  the  three  preceding  forces 
in  the  place  of  p  cos  a  and  p  cosjS,  in  the  first  term  of  equation 
(5)  of  No.  266,  and  then  to  put  equal  to  cipher,  the  sum  of 
the  values  of  this  quantity  for  all  the  points  of  the  body,  which 
sum  will  be  an  integral  extended  to  the  entire  mass.  If  the 
differentials  be  placed  in  the  first  member,  and  the  given 
forces  in  the  second  member  of  this  equation,  the  required 
equation  will  be 

which  will  be  that  of  the  motion  of  rotation  about  the  axis 
of  the  ordinate  z. 

392.  Let  the  angular  velocity  at  the  end  of  the  time  t  be 
denoted  by  cii,  which  we  shall  consider  to  be  positive  or  nega- 
tive, according  as  the  motion  of  rotation  is  in  the  direction  of 
the  sagitta  «,  or  in  the  opposite  direction ;  likewise,  let  r  be 
the  radios  of  the  circle  described  by  dm^  or  the  perpendicular 
let  fidl  from  this  point  on  the  axis  oz ;  Vb)  will  be  equal  to 
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the  absolute  velocity,  and  the  values  of  its  two  components  in 
the  direction  of  x  and  y  will  be 

dx  dy 

In  fsLCty  if  p  be  the  projection  of  dm  on  the  plane  of  the 
axes  of  X  and  y,  and  if  the  radius  op  be  drawn,  and  also  qpf', 
perpendicular  to  op,  it  will  intersect  the  axes  ox  and  oy  in  Q 
and  q\  and  we  shall  have 

opzzr,     cosxQP=— -,     cosyQV^-; 

now  as  the  direction  of  the  velocity  r*i  is  parallel  to  the  line 
QPP^,  it  must  be  multiplied  by  these  cosines,  in  order  to  obtain 

the  value  of  its  components  --t-  and  -^ . 

From  the  equation  x*  +  y*  =  r",  we  obtain(</) 

xdy  —  ydx  z:  r^^t.  (2) 

If  this  last  be  diflferenced  with  respect  to  I,  there  will  mult, 
because  the  radius  r  is  constant, 

xd^y  —  ytPx  =:  r^dwdt ; 

and  as  c/ci;  is  a  quantity  common  to  all  the  points  of  the  body, 
it  must  l>o  considered  as  constant  in  the  integration  relative 
to  dfriy  conHccjuently,  eciuation  (1)  becomes 

—^  ^r'^dm  =:  $(ty  — yx)  dm  :  (3) 

by  mean«i  of  which,  the  value  of  </cai,  corresponding  to  a  given 
[M>>ition  of  the  IkmIv,  can  lie  determined. 

Let  the  accelerating  force  which  acts  on  dm  be  decooH 
|M>!M*d  into  two  others,  one  [mrallel  to  the  axis  or,  and  the 
other  comprised  in  a  plane  |H*r|)entlicular  to  thi»  line ;  as  the 
fir^t  does  not  contribute  to  pnNiuce  the  motion  of  rotation,  it  is 
not  neceMar}'  to  take  it  into  account ;  and  the  second,  which  we 
^hall  denote  by  ^,  \\ill  l>e  the  resultant  of  the  forces  xandv. 
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If  Xy  T,  ff  be  projected  on  the  plane  of  the  axes  of  x  and  y, 
and  if  PC  be  the  direction  of  0  thus  projected  ;  and  h  the  per- 
pendicular OH^  let  hl\  from  o  on  PC  or  on  its  production ;  by 
considering  the  moments  with  respect  to  the  point  o,  we  shall 
have  (No.  46) 

a:Y  —  yx  =  ±  A^, 

the  sign  of  the  second  member  of  this  equation  will  be  +  or 
— ,  according  as  the  force  0  tends  to  make  the  body  to  turn 
in  the  direction  of  the  sagitta  s,  or  in  the  opposite  direction. 
If  we  denote  by  S  the  angle  q'pc  which  the  line  PC  makes 
with  PQ^  the  perpendicular  to  the  radius  op,  and  drawn  in  the 
direction  indicated  by  the  sagitta  Sj  this  angle  will  be  acute  or 
obtuse,  according  as  the  second  member  of  the  preceding 
equation  is  affected  with  the  upper  or  lower  sign ;  and  as  op  =  r, 
we  shall,  therefore,  have  always 

±  A  =  rcosS; 
by  means  of  these  values,  equation  (3)  will  become 

-i-$r*rfmz=  ^r^cosScfm. 

Now,  if  the  given  forces  act  on  the  body  only  during  a 
very  short  interval  of  time,  and  if  notwithstanding,  they  are 
capable  of  producing  in  this  short  interval,  given  velocities 
which  are  of  a  finite  magnitude,  and  moreover,  if  during  this 
same  time,  neither  the  directions  of  these  forces,  nor  the  po- 
sitions of  the  points  of  the  body  are  sensibly  changed,  we 
%hall  obtain  by  integrating  the  two  members  of  this  equation 
with  respect  to  ty 

to^r^dm  =  Jrr  cosSdm ; 

r  being  the  integral  of  ^^dt  during  the  continuance  of  the 
action  of  the  forces,  that  is  to  say,  the  velocity  which  the 
percussion  exerted  on  dm  would  impress  on  this  material  point, 
if  it  was   entirely  free*      This  equation  is  that  of  uniform 
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motion  of  rotation,  and  the  formuin  given  in  No.  386  nuiy  be 
obtained  from  it,  without  any  difficulty. 

In  the  case  of  variable  motion,  equation  (3)  beooncii  a 
diflferential  equation  of  the  second  order,  on  which  the  pcMidoo 
of  the  body  at  each  instant,  and  its  velocity  in  a  function  of 
the  time,  de|)ends,  as  we  shall  see  imme<liately  by  an  ex- 
ample ;  but  it  is  i*x})edient  to  determine  previously  the  pres- 
sures which  the  axis  of  rotation  experiences  during  the  con* 
tinuance  of  the  motion. 

393.  We  shall  only  consider  the  pressures  perpendicular 
to  this  axis  or,  \%hich  are  due  to  the  components,  parallel  to 
the  axes  ox  and  oy,  of  the  forces  lost  by  all  the  points  of  the 
bo<ly,  the  resultants  of  which  must  intersect  the  fixed  axis. 

Denoting  the  sums  of  all  these  forces  by  r  and  v,  we  shall 
have,  by  No.  391, 

and  if  ti  n.id  r  be  the  distances  of  the  total  forces  r  and  v  ftooi 
the  plane  of  the  axes  of  x  and  y,  we  shall  likewise  have 
(No.  54) 

From  the  preceding  values  of  -  -  and  - -,  we  obtain 

<f*x  (itu  til/  fiw 

■\   ZZ  X   -  -     -f    Ul  -rr'    —    X  -r-   —    l/<i»   • 

de  lit  (it  tii       • 

If -p  \w  oliniinatcul  by  means  of  equation  (.'i),   and  if  the 

values  of  J  and  y,  which  refer  U\  the  wntre  of  ^^ravitv  of  the 

IhxIv,  be  denoted  by  r,  and  y, ,  ami  its  ma***  by  M,  w  that  me 

may  have 

^xdm  zz  MX,,     ^ffdfn  =  My  : 
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then  by  substituting  tiie  values  of  -^  and  -r^  in  the  preceding 
formulae,  they  will  become  (e) 

C  (x\  —  yyCSdm 

irdm 

When  the  angular  velocity  at  is  known,  these  equations  will 
determine  u  and  v,  the  pressures  parallel  to  the  axes  ox  and 
oy,  which  the  axis  oz  sustains ;  and  also  u  and  v  the  distances 
comprised  between  the  point  o  and  the  points  of  application  of 
u  and  T  on  this  axis.  When  the  forces  x  and  y  are  cipher, 
these  results  coincide  with  those  of  No.  389.  When  the  line 
or  passes  through  the  centre  of  gravity  of  the  body,  x^  =  0, 
and  y,  =:  0,  consequently 

u=^xJ7?i9     y  zz^Ydm\ 

so  that  the  total  pressure  on  the  fixed  axis  is  the  same  as  in 
the  state  of  equilibrium ;  but,  in  general,  it  is  differently  dis- 
tributed. If  the  fixed  axis  is,  besides,  one  of  the  principal 
axes  which  intersect  in  the  centre  of  gravity,  we  have  likewise 
\xzdiH  =  0  and  ^yzdm  =  0 ;  consequently 

CM  =  ^zxdm^     \v  =  JzYrfm ; 

and  the  pressure  on  the  axis  is  then  found  to  be  distributed, 
in  the  state  of  motion,  as  in  the  state  of  equilibrium. 

394.  Let  us  now  apply  equation  (3)  to  the  case  of  a  heavy 
body,  revolving  about  an  horizontal  axis. 

If  the  force  of  gravity  be  denoted  by  y,  and  if  the  axis  oy 
be  supposed  to  be  vertical,  and  to  be  drawn  in  the  direction  of 
thin  force,  we  shall  have 

X  =  0,     Y  =  ^, 
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andy  because  ^xdm  =  Mx.y  equation  (3)  will  be  reduced  to 

^Ir^dmzzffHx,.  (4) 

If  0  denotes  the  angle  which,  at  the  end  of  the  time  /,  the 
moveable  plane  that  pastses  through  the  centre  of  gravitv  of 
the  body  makes  with  the  fixed  plane  of  the  axes  of  y  and  m^ 
which  angle  will  be  considered  as  positive  or  negative,  accord- 
ing as  the  moveable  plane  exists,  relatively  to  the  fixed  plane, 
on  the  side  of  the  axis  of  the  positive  x«,  or  on  the  opposite 
side ;  and  if  a  be  the  constant  distance  of  the  centre  of  granty 
from  the  axis  or,  we  shall  have 

x^  =  asinO; 

and,  according  to  the  direction  of  the  velocity  wy  whether  po» 
sitive  or  negative,  we  shall  likewise  have 

de 

which  may  also  be  de<luced  from  equation  (2),  applied  to  the 
centre  of  gravity,  that  is  to  say,  to  the  values  a  sin0,  acosf,  a, 
of  X,  y,  r.  Finally,  let  mA-^  be  the  moment  of  inertia  of  the 
body  with  res|iect  to  an  axis  passing  through  its  centre  of  gra- 
vity, and  parallel  to  o^ ;  k  will  ho  a  line  of  a  given  magnitude, 
and  by  the  theorem  of  No.  374,  we  shall  have 


for  the  value  of  the  moment  of  inertia  with  respect  to  the 

of  rotation. 

By  means  of  these  values  of  Xi,cif,  Jr'dkii,  equation  (4) 

becomes 

iPO  ^      ga  %\nO 

Hence,  multiplying  by  2«/6,  and  integrating,  we  shall  have 

de*     2ifflcos9_ 
dt^       a*  +  A*   "  '*' 
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c  being  an  arbitrary  constant.  If,  at  the  commencement  of  the 
motion, 

the  valae  of  this  constant  will  be 

,      2£acosa. 
-  "        a«  +  A»  ' 

and  therefore,  at  any  instant  whatever,  we  shall  have 

rf^      2^a(co8a  —  cosO)       _,,  ,  . 

d?^ a»  +  *»      .    ="•  ^*> 

This  equation  is  that  of  the  motion  of  a  pendulum  of  any 
form  whatever,  turning  about  an  horizontal  axis.  In  its  state 
of  equilibrium,  the  plane  passing  through  its  centre  of  gravity 
and  through  the  fixed  axis  is  vertical,  and  we  have  a  =  0, 
O  =  Oy  0  =  0.  If  the  body  is  made  to  deviate  from  this  po- 
sition, so  that  these  two  planes  may  comprise  a  given  angle  a, 
and  if  then  it  is  remitted  to  itself,  we  shall  have  0  =  0;  if, 
on  the  contrary,  the  body  experiences  a  percussion  at  the 
commencement  of  its  motion,  the  initial  velocity  Q,  must  be 
determined  by  the  rules  of  No.  386,  or  given  in  some  other 
manner ;  and,  in  all  cases,  equation  (a)  will  make  known  the 
ingular  velocity  of  the  body  at  any  instant  whatever,  when 
the  position  of  its  centre  of  gravity  is  known.  If  this  equa- 
tion be  resolved  with  respect  to  A,  and  then  integrated,  the 
value  of  ^  in  a  function  of  B  will  be  obtained,  and  conversely, 
this  will  determine  the  variable  position  of  this  centre,  and, 
consequently,  that  of  the  body  at  each  instant. 

395.  If  this  heavy  body  is  reduced  to  a  material  point, 
attached  to  the  axis  oz  by  an  inextensible  and  inflexible 
thread,  destitute  of  weight,  and  whose  direction  is  perpen- 
dicular to  or,  we  shall  have  the  case  of  the  simple  pendulum, 
as  is  endent  from  its  definition  given  in  No.  179.  If  its 
length  be  denoted  by  /,  we  shall  have  a  =:  / ;  m  will  be  the 

\'OL.  II.  M 
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mass  of  the  material  point;  and  the  moment  of  inertia 
M  (a^  +  k*)  must  be  reduced  to  the  pro<luct  of  this  moM,  and 
of  the  square  of  /  its  distance  from  the  fixed  axis.  Conse- 
quently, we  shall  have  A  z=  0,  and  equation  (a)  applied  to  this 
particular  case,  will  become 

_  +  -^cos(a  -  cosfl)  =  0» ;  (b) 

and,  in  fact,  it  is  easy  to  shew  that  it  agrees  with  equation  ( 1 ) 
of  No.  180,  relative  to  the  motion  of  the  simple  pendulum.  It 
appears  from  a  comparison  of  equations  (a)  and  (b),  that  this 
motion  will  coincide  with  that  of  any  pendulum  whatorcr, 

whenever  the  coefficients  -y  and    4  j^Li*  ^Y  which  these 

two  equations  differ,  are  equal,  that  is  to  say,  when 

/  =  a  +  -.  (c) 

It  is,  therefore,  by  this  formula  that  we  determine,  as  has  been 
stated  in  No.  179,  the  length  of  the  simple  |)endulum,  whose 
time  of  vibration  is  equal  to  that  of  a  given  |K*ndulum ;  when 
the  form  of  this  com|)ound  pendulum  Is  known,  the  two  quan- 
tities a  and  A'  can  be  determined  by  the  known  rules  either 
accurately,  or  by  upproximation. 

When  this  piMuiuIum  makes  very  small  oscilbtions  the 
same  will  be  the  case  with  res|K'ct  to  the  corresponding  simple 
pendulum.  Therefore,  if  the  duration  of  an  entire  oscillation 
be  denoted  by  t,  we  shall  have  (No.  182) 


If  the  number  of  oscillations  which  the  et>m|M)und  pemlu- 
lum  performs  during  a  connidorable  time  Ih»  n*ekoned,  the 
value  lift  uill  be  luul  by  dividing  the  entin*  time  by  thit 
nuuduT;  and  by  subiitituting  it  in  this  last  formula,  the  mea- 
sure of  the  gravity  «j  will  be  obtained  with  great  accuracy. 
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when  the  length  of  /  corresponding  to  the  pendulum  that 
is  employed  is  known,  as  has  been  already  explained  in 
No.  192.  As  the  lengths  of  simple  pendulums  are  to  each 
other  as  the  squares  of  the  times  in  which  very  small  oscil- 
lations are  performed,  if  the  length  of  the  pendulum  which 
vibrates  seconds  be  denoted  by  X,  we  shall  obtain  (the  second 
being  taken  as  the  unit  of  time) 

T 

by  means  of  which  equation,  the  value  of  A  can  be  determined 
when  those  of  /  and  t  are  known. 

396.  If  in  the  interior  of  the  compound  pendulum,  a  line 
be  traced  below  its  centre  of  gravity,  in  the  plane  passing 
through  this  centre  and  the  axis  of  rotation,  parallel  to  this 
axis,  and  at  the  distance  /  from  this  same  axis,  the  motion  of 
the  points  of  this  parallel  will  neither  be  accelerated  or  re- 
tarded by  their  connexion  with  the  other  points  of  the  body. 
Among  all  the  points  of  this  line,  that  is  properly  termed  the 
centre  of  oscillation^  which  exists  on  the  same  perpendicular 
to  the  axis  as  the  centre  of  gravity. 

Let  ABD  (fig.  6)  be  the  section  of  the  pendulum  perpen- 
dicular to  the  axis  of  rotation,  and  passing  through  its  centre 
of  gravity,  g  this  centre,  and  c  the  point  where  this  section  b 
cat  by  the  axis ;  let  the  line  cg  be  produced  to  o,  so  that  we 
may  havef/^) 


and,  consequently. 


A* 

CG  =  a,     GO  =:  —J 

a 


CO  1=  a  H —  =  /. 
a 


The  point  o  will  be  the  centre  of  oscillation ;  and  if,  after 
having  caused  the  given  pendulum  to  oscillate  about  the  axis 
perpendicular  to  the  section  abd,  and  passing  through  the 
point  c,  we  then  reverse  it,  and  cause  it  to  oscillate  about  the 
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axis  passing  through  the  point  o,  and  perpendicular  to  this 
same  section,  the  point  c  will  become  the  centre  of  oscillation. 
This  theorem  is  commonly  expressed  by  stating  that  the 
centres  of  oscillation  and  suspension  are  reciprocal*  so  that 
when  the  centre  of  oscillation  is  made  the  centre  of  suspension, 
the  latter  becomes  the  centre  of  oscillation. 

In  fact,  in  each  case,  the  moment  of  inertia  uk^  is  the 
same,  since  it  always  respects  the  axis  perpendicular  to  abd, 
and  passing  through  the  point  o  ;  so  that  the  quantity  k  will 
not  be  changed.  Moreover,  if  o^  be  the  point  of  the  produc* 
tion  of  OG,  which  is  the  centre  of  oscillation,  when  o  becomes 
the  centreof  suspension,  and  if  the  distance  oo'  be  denoted  by  f, 
its  value  can  be  deduced  from  formula  (c),  by  substituting  oo 

in  place  of  cg,  that  is  to  say,  —  in  place  of  a ;  therefore  we 

shall  have 

/'  =   -  +  a  =  /,     oo'  =  CO ; 
a 

and,  consequently,  the  point  o'  will  coincide  with  the  point  c. 

397.  The  duration  of  very  small   oscillations  about  two 

axes  perpendicular  to  aui>,  and  passing  through  the  points  c 

and  o,  is  the  same,  and  cfiual  to  v  ^/  1 ;  /  being  always  the 

distance  co.  Conversely,  if  the  duration  of  ver>'  small  oscil* 
lations  is  the  same  about  two  parallel  axes,  the  plane  of  which 
contains  the  centre  of  gravity  <;,  and  which  are  not  equally 
distant  from  it,  their  mutual  distance  will  be  equal  to  /«  the 
length  of  the  simple  |>endulum  which  also  oscillates  in  the 
same  time. 

In  fact,  let  a  and  a'  Ih*  the  unequal  distances  of  the  centrr 
of  gravity  fnim  these  two  panillel  lines,  and,  con!HH|uently* 
a  +  a'  their  mutual  distanee  ;  likewise  let  Mk*  be  the  moment 
of  inertia  with  res|H»ct  to  the  [nirallel  axis  [lassiing  through  th^ 
centre  of  gravity,  *»inee  the  duration  t>f  the  (^dilations  about 
the  two  line*  is  the  siime,  \%e  must  have 
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«'  +  -;  =  «  +  --; 

a  a 

hence  we  obtain 

A* 
a'  •=.a^  or  a'  =  — ; 

a 

therefore,  as  by  supposition  the  first  value  of  a!  must  be  re- 
jected, we  shall  have 

a  '\-  a'  -=.  a  '\'  —. 

a 

Consequently,  if  a  +  ^^  the  distance  between  the  two  syn- 
chronous axes  be  measured,  the  length  of  the  simple  pen- 
dulum which  oscillates  in  the  same  time  as  each  of  them  will 
be  obtained. 

This  method,  which  has  the  advantage  of  not  requiring  any 
computation  relative  to  the  form  of  the  compound  pendulum 
to  be  made,  has  been  successfully  employed  in  England,  to 
determine  the  length  of  the  compound  pendulum  (A). 

398.  There  are  an  infinite  number  of  different  axes  about 
which  the  duration  of  small  oscillations  of  the  same  body  are 
equal. 

In  the  first  place,  it  is  evident  that  the  value  of  /  and  the 
duration  of  the  oscillations  will  be  the  same  for  all  axes  of 
suspension  parallel  to  each  other,  and  equally  distant  from  the 
centre  of  gravity,  since,  for  all  these  axes,  the^quantities  k  and 
a,  which  occur  in  equation  (c),  do  not  vary. 

The  direction  of  these  axes,  and  their  distance  from  the 
centre  of  gravity,  may  also  be  changed  without  the  value  of 
/  undergoing  any  change ;  for  if  the  angles,  that  the  parallel 
to  the  axis  of  suspension,  drawn  through  the  centre  of  gra- 
vity, makes  with  the  three  principal  axes,  which  intersect  in 
this  point,  be  denoted  by  a,  /3,  7,  and  if  a,  b,  c  be  the  mo- 
ments of  inertia  relative  to  these  axes,  and  if  mA^  be,  as  be- 
fore, that  which  refers  to  this  parallel,  by  equation  (c)  of  No. 
375,  we  shall  have 
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mA*  =  Acoe'a  +  bcob'/3  +  c  cob '7, 

and,  consequently^ 

,          .  Acoft'a  +  B cos'fl  +  ccosS 
/  —  a  J ! c: £. 

Ma 

Now,  it  is  evident  that  we  can  assign  to  a,  a,  ^  7,  as 
infinite  number  of  different  values,  for  which  this  value  of  / 
will  remain  the  same. 

If  it  be  proposed  to  determine  when  this  function  /  it  a 
minimum  with  respect  to  the  variables  a,  a,  ^9  7,  it  follows 
from  its  form,  that  a  being  supposed  to  be  the  Icttst  of  the 
three  constant  quantities  a,  d,  c,  we  must  have  a  =:  0,  ^  =  90^, 
y  =  90^,  and,  consequently, 

,      Ma'  +  A 

/  = ; 

Ma 

from  which,  by  the  common  rule  there  results  a  =  y   —  Cor 
the  value  of  a  that  corresponds  to  the  mimimmm^  and  the 

actual  value  of  this  minimum  is  /  =  2  y   -  (1 ). 

399.  It  was  demonstrated  in  No.  190,  that  the  resistance 
of  a  medium  does  not  influence  the  duration  of  small  oscilla* 
tions  of  a  pendulum  of  a  given  length ;  but  it  is  also  neces- 
sary to  prove,  that  this  force  does  not  change  the  length  of  the 
simple  ])endulum,  whose  motion  is  the  same  in  the  air  as  that 
of  a  given  {K'ndulum,  in  this  same  fluid.  Now,  in  order  to 
determine  tliis  motion,  to  the  forces  \dm  and  ^dim^  which 
compose  the  second  member  of  equation  (3),  and  which  act 
on  all  the  points  of  the  body,  there  must  be  joined  the  com- 
ponents  of  the  resistance  of  the  air,  which  only  act  on  the 
elementtt  of  its  surface.  Let,  therefore,  this  resistance  be 
sup|>osed  to  be  expressed,  generally,  by  the  sum  of  tevefal 
|>oworH  of  the  velocity,  so  that  for  r  any  particular  Telocity 
wbaUever,  its  action  on  the  unit  of  sur&ce  may  be  denoted 

by 

A?-  4-  Ai-  +  A"i-^+  &c. ; 
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A,  A^  k"^  &c.,  a,  a\  a"j  &C.9  being  given  constants.  Let  p 
be  the  distance  of  m,  a  point  of  the  surface  of  the  pendulum 
from  the  axis  of  rotation ;  its  velocity  at  the  end  of  the 
time  iy  will  be  pwy  ta  denoting  as  before  the  angular  velocity 
at  this  instant.  If  e  be  the  angle  that  its  direction  makes 
with  the  interior  part  of  the  normal  at  this  point,  then  poj  cos  c 
will  be  its  component  in  the  direction  of  this  line ;  and  by 
what  has  been  already  stated  (No.  365),  it  is  this  normal  com- 
ponent that  should  be  employed  in  place  of  the  velocity  r,  in 
the  expression  of  the  resistance  at  the  point  m.  Therefore,  if 
the  differential  element  of  the  surfieu^  at  this  same  point,  be 
denoted  by  dcr,  and  the  resistance  exerted  on  this  element  by 
aifff,  we  shall  have 

R  =  Ap«  W*  COS*  £  -f  A|a»'cil«'C08«'€  -f  &C. 

If  fi  and  V  be  the  angles  which  the  part  of  the  normal  at 
the  point  m,  that  falls  within  the  body,  makes  with  lines 
drawn  through  this  point,  parallel  to  the  axes  otx  and  y,  the 
components  of  the  resistance  in  the  direction  of  these  lines 
will  be  R  cmpido  and  r  cos  vdo ;  and  if  x^  and  t/  be  the  values 
of  X  and  y  at  the  point  m,  then 

ar'R  cos  vda  —  y'R  cos  jtirfcr, 

will  be  the  part  of  the  second  member  of  equation  (3),  that  is 
relative  to  the  element  dUr ;  consequently,  if  the  integral  of 
this  quantity  for  the  entire  portion  of  the  surface  of  the  body, 
which  experiences  the  resistance  of  the  medium,  be  taken,  the 
quantity  that  should  be  added  to  the  second  member,  when 
this  resistance  is  taken  into  account,  will  be  obtained.  Let, 
in  order  to  abridge, 

x'  cos  V  —  y'  cos  fizzZy 
and  the  expression  of  this  quantity  will  be 

AW*  S^P*  ^^*  *^  +  A'w«'$?p«'COS«'€d(r  +  &c. 

It  is  evident  that  Z  19  the  shortest  distance  between  the 
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aiis  of  9iu[wiuiftii  and  the  dlroetinn  of  pw  thti  velooty  cf  ll 
point  M,  comprised  iii  a  pUm-  pirqMnidiculu-  to  tlua  k 
fere,  21  Aoif,  not  depend  on  (ho  ttnu-,  no  mum  thui  tbc  aogi 
or  the  radiu!)  p  ;  coiucqiienlly.  if  wc  malm 

SJp*co«'idff  n  Y,     SJ;p"'eo«*W<r  =  y.  JSic^ 
theM  integnl*  will  be  constanu  dependuig  on  the  fom 
the  body,  thfir  viUue«  nay  honover  he  diffeienl  in  twn 
cesBire  oscillations.      In  order  to  detumtinc  timr  Units, 
there  be  circumscribed  about  the  body,  in  its  poaittoa  of  c^i 
librium,  a  cylinder  pcrpeodiculor  to  the  rurtical  plane 
through  the  fixed  axis  ;  the  curve  of  contact  of  this  cyKiKUr 
mth  the  surlaco  of  tlie  bo<ly  will  iliride  this  sai£we 
parts,  one  of  which  will  experience  the  resistance  of  the 
whili'  the  bofly  raovctt  in  one  direction,  uhI  the  other,  whQs 
ives  in  the  opposite  direction  ;  these  integnls  nasi, 
I  Ibre,  be  extended  to  one  of  these  two  parts  for  oneentiR 
h  etdllatioo,  and  to  the  other  part  for  the  following ;  *ad  wttM 
dtese  two  parU  are  different,  the  raltKs  of  7, 7',  7",  &e^  -wfli 
be  so  also  in  two  consecutire  oscillations.    When  the  hoif 
performs  an  entire  revolution  about  the  axis  the**  nUoM  wfll 
not  change,     lliis  bciof;  rsiablt«facd,  after  having  Mtd«4  A* 
preceding  quantity  to  the  second  member  of  e^juattoa  (3),  oc 
what  coflics  to  llic  same  thing,  after  baring  subtracted 
quantity  divided  by  u  (a*  4-  ^%  *^  monent  of: 

the  nine  of  -^  given  in  Ko.  394,  we  shall  bav* 


totw    1 


i^+P)"^- 


fn  the  eqtiaiion  of  the  motion  of  any  pendulut 
ioistiBg  mediun.     In  like  manner,  we  shall  have 


i  tot  tfat  •qwlion  of  tlw  notion  of  the  umple  pendultm,  i 
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leng'th  of  which  is  /;  b,  b',  b'',  &c.,  denoting  constant  coef- 
ficienCs. 

The  initial  velocity  and  positions  of  the  two  bodies  being 
supposed  to  be  the  same,  in  order  that  their  motions  may  be 
so  also,  it  will  be  sufficient  and  it  is  necessary  to  assume 

g  _     ga  _        Ay  ,_       aY 

by  means  of  which  the  value  of  /  can  be  determined,  (which 
will  be  the  same  as  in  formula  (c),)  and  likewise  those  of 
B,  b\  b'\  &c.,  for  the  entire  duration  of  each  oscillation. 

Thus,  whatever  be  the  form  of  a  pendulum,  and  the  law 
of  the  resistance  of  the  medium  in  which  it  moves,  it  appears, 
that  there  is  always  a  simple  pendulum,  the  motion  of  which  is 
the  same  as  that  of  the  given  pendulum ;  likewise,  that  the 
resbtanoe  of  the  medium  in  which  the  simple  pendulum  should 
move,  may  be  deduced  from  that  of  the  given  medium,  and 
from  the  form  of  the  compound  pendulum ;  and,  finally,  that 
the  length  of  the  simple  pendulum  depends  altogether  on  this 
ybms,  and  not  at  all  on  the  resistance. 

However,  it  does  not  follow  that  the  length  of  this  pen- 
dulum, which  is  isochronous  with  the  given  pendulum,  is  the 
tame  in  the  medium  and  in  a  vacuo  ;  the  loss  of  weight  that 
the  compound  pendulum  sustains  in  the  medium,  and  which 
is  not  the  same  in  a  state  of  motion  and  repose,  influences  the 
length  of  the  isochronous  simple  pendulum  that  vibrates  in  a 
vacuum,  as  has  been  already  stated  (No.  191). 

400.  In  order  to  determine  the  motion  of  the  axle  in  the 
wheel,  and  of  its  two  weights,  suspended  the  one  to  the  wheel 
and  the  other  to  the  cylinder,  the  sum  of  the  forces  lost  by 
all  the  points  of  the  machine  should  be  taken  as  in  No.  391, 
then  to  this  sum  there  should  be  added  the  moments  of  the 
forces  lost  in  the  same  instant  by  these  two  weights ;  and  the 
sum  total  of  all  these  moments  should  be  put  equal  to  cipher. 
Now,  if  a  chord  be  wrapped  round  the  wheel,  and  attached 

VOL.  II.  N 
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at  one  extremity  to  a  point  of  its  circumference,  and  if  n  be 
the  mass  of  the  body  which  is  vertically  suspended  at  tbe 
other  extremity,  likewise,  if  m^  be  the  mass  of  the  body  whidi 
is  vertically  suspended  to  the  extremity  of  a  second  eofd 
wrapped  round  the  cylinder  and  attached  to  its  surfiu^  al  its 
other  extremity,  and  if  u  and  u'  are  distances  of  the  centres  of 
gravity  of  m  and  mf  from  the  horizontal  plane  passing  througli 
the  axis  of  the  machine,  at  the  end  of  the  time  /,  the  forces  lost 

by  these  masses  during  the  instant  <//,  will  he  mlg^  ^3 )» 

g  ^  -j^)  •  ^^^  ^h^ir  moments  with  respect  to  the  axis  of 

the  machine  will  be  obtained  by  multiplying  the  first  by  the 
radius  of  the  wheel,  which  we  shall  denote  by  c,  and  the 
second  by  the  radius  of  the  cylinder,  which  we  shall  denote 
by  d\  now,  since  these  forces  tend  to  make  the  parts  of  the 
machine  to  turn  in  opposite  directions,  the  momeot  of  oat 
of  them  must  be  affected  with  the  sig^  -f-,  and  that  of  the 
other  with  the  sign  — .  For  greater  clearness,  we  shall  sop* 
pose  that  the  first  force  tends  to  make  the  machine  to  turn 
in  the  direction  in  which  it  actually  turns,  or,  in  other  words, 
that  it  is  the  mass  m  which  descends  and  the  mass  m'  which 
ascends ;  it  follows  from  this  that  the  second  member  of  eqiia> 
tion  (3),  will  be  increased  hsgmc^gm'c\  and  its  first  member  by 

J»  ^  c  —  ^"jprC'y  moreover,  the  integral  which  contains  the 

second  member  will  be  cipher,  since  it  must  extend  to  all  the 
points  of  the  machine,  whose  centre  of  gravity  exists  on  the 
axis  of  rotation  ;  we  shall,  therefore,  have 

•j^irdm  +  tnc^^i'-mc  -j^  =  y  (mr-mc  )  ; 

for  the  equation  of  the  motion  of  tlio  machine  and  of  the  two 
masM.'s  M  uiul  ffi\ 

During  the  entire  continuance  of  this  motion,  - .-  the  ve* 
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locity  of  m  18  equal  to  cw  the  velocity  of  the  point  of  the  wheel 
where  the  cord  commences  to  detach  itself  from  its  circum- 
ference, the  radius  of  which  point  is  horizontal ;  in  the  same 

nuumer,  --r-  the  velocity  of  m*  is  equal  and  contrary  to  c'ai) 

the  velocity  of  the  point  of  the  surfsu^e  of  the  cylinder,  whose 
radius  is  also  horizontal  and  situated  on  the  other  side  of  the 
axis,  hence  we  have  constantly, 

du  du'  , 

by  means  of  which,  the  preceding  equation  becomes(?) 
(aiA«+  mc^+  m'c'^)  ^zzg^mc^  mV) , 

in  which  equation  m  denotes  the  mass  of  the  machine,  and 
uk'  its  moment  of  inertia  with  respect  to  the  axis  of  rotation. 
If,  for  grreater  simplicity,  the  initial  velocities  of  the  machine, 
and  of  the  masses  m  and  mf  be  supposed  to  be  cipher,  we  shall 
have,  at  any  instant  whatever. 


_     (mr  —  m  V)  gt 


from  which  it  appears  at  once,  that  the  motion  of  the  machine 
is  uniformly  accelerated. 

The  tensions  of  the  cords  to  which  the  masses  m  and  m' 
are  attached,  are  measured  by  the  forces  lost  by  these  masses ; 
therefore,  if  they  be  denoted  by  t  and  t',  we  shall  have 

and,  if  the  weights  of  these  bodies,  and  of  the  machine,  be 
denoted  by  p,  j/,  p,  respectively,  so  that 

it  follows  from  the  preceding  equations,  that 
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Since  by  ouppmiiinn  \Mv.  ncight  p  descvtult,  pe  u  ^nt 
than  p'c',  contoquctitly,  ihv  Itnflton  t  is  Imk  than  iht*  weig 
which  Till  be  iu  rulue  iii  th(<  Htnlc  of  cquilibriuni,  wmI 
Ac  Mnr  rcMon,  tti«  trosjon  t'  »  ^renter  than  ji'. 

The  pnamtres  escrtod  on  thr  nxis  of  the  mncliiiie  by  ' 
centrifugal  forcM  of  ila  different  points,  arv  rndrntly 
two  by  two,  in  coiiswjiicnw  of  the  sym metrical 
of  the  parts  of  ihr  mnchitic  ulxiut  thin  axis.  I'hmrfuiw,  tl 
weight  of  the  niaclunc  and  the  tmtiom  t  and  t'  nal 
up  the  entir«  prcwurc,  which  the  axii  >it»laiiia  durinf  tl 
notion,  so  that  n  thlH  vi-rtiful  furcv  he  d<.>nMed  by  n,  i 
•hall  hare 

n  =  p  +  T  +  T', 

uid  by  aubatitutiag  for  t  and  T  tbeir  Taloc*,  then  will  icn 

from  whld)  it  appears,  that  thtf  prcHorc  it  alwrny*  l«i  Ua 
in  tho  Htat«  of  equilibrium,  la  which  case  it  it  wqpal 
I"  +  P  +  />'■ 

401.  If  wc  make  esc',  in  thew  different  fomiiki^  \ 
ihall  hare  the  caae  of  tho  machine  inrented  by  Atwoed,  ■ 
ihm  by  meant  of  them  all  the  drcnmttaacet  of  the  modoa 
two  tmequal  weighta  p  and  ;>',  one  of  which  aaocodt  tad  I 
olbcr  dcacendt,  will  be  known. 

If^  for  example,  A  be  the  height  through  wfaldillHwdl 
f  detcrnda  in  a  ([iren  time,  such  as  0,  the  value  of  k  wtD 
obtained  by  inlegTatin|f  that  of  iht  or  of  cwdt,  fron  (  s  0 
1  =  9;  which  pves 

In  dii*  npicHian,  tbo  wvif^ti  r,p,p't  andshotlMnd 
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of  th«  wheel  are  given ;  the  quantity  P  can  be  calculated 
from  IcDOwing  the  form  of  the  wheel ;  and  the  height  A  can  be 
tncasund  ;  consequently,  if  the  time  9  is  given  by  observation, 
tbis  fonnula  will  make  known  the  value  of  ^.  But,  however 
carefully  tbi^  experiment  is  made,  it  can  never  be  susceptible 
of  the  same  degree  of  precision  as  observations  on  the  pendu- 
lum, for  in  thin  lii»t,  the  duration  of  each  oscillation  is  ob- 
tained, by  dividing  the  time  during  which  the  pendulum 
OMUatefl,  by  the  number  of  oscillations  tliat  it  makes,  and  as 
ibts  number  is  very  great,  the  error  to  be  apprehended,  in  the 
duration  of  one  sole  oscillation,  must  be  much  less  than  tlie  in- 
evitable error  which  is  committed  tn  the  measurement  of  the 
tiene  6,  in  the  machine  of  Atwood. 

The  mass  of  the  thread  to  which  the  two  weights  p  and  p' 
u«  tuspended,  is  not  considered  in  the  preceding  expression, 
bowevcf  it  would  be  easy  to  take  it  into  account,  in  the  same 
ownneraH  in  the  problem  of  No.  356;  but  then  the  law  of 
the  motion  would  be  extremely  complicated.  The  resistance 
whidi  the  air  opposes  (o  the  motions  of  the  two  weights  p 
and  p'  is  also  neglected ;  in  order  to  diminish,  as  much  as 
poadblv,  thi«  eSccI,  and  also  that  we  may  be  enabled  to 
!  ibe  time  0  with  greater  facility,  these  motions  are 
i  very  alow,  by  diminishing  the  excess  of  one  of  these 
wti^hu  above  the  other. 

402,  The  pendolum  has  abo  been  employed  to  determine 
the  velocity  of  projectiles  In  gunnery.  This  machine  is  called 
the  pendulum  of  Robint,  from  the  name  of  the  engineer  who 
firn  invented  it;  it  conMSts  of  a  very  considerable  mass,  that 
vibnttea  about  a  fixed  horizontal  axis  firmly  tiied.  The  ball, 
wbMe  relocity  b  required  to  be  known,  penetrates  into  this 
nwM  witboui  passing  through  it,  and  by  this  means  causes  the 
pendulum  to  vibrate;  the  magnitude  of  the  arc  which  a  de- 
lemunate  point  of  (he  toul  mass  describes  is  tlien  measured ; 
frOM  which  its  quantity  of  moUoii  may  be  easily  obtained. 
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anil,  coD>tequei)lly,  iko  rdocity  of  tbc  liuU«t  ai  (be  imttuil  I 
tUika  tbc  ]ieD(luluni. 

In  Imct,  let  AE»r  (RgJ)  be  •  Mction  of  the  pendulum  n 
r  ItJT  A  plaiic  passirif;  throuf^k  the  cenlr*  or^rartty,  and  p 
£cular  u>  ihu  fixLHl  axis,  u  it»  centre  of  gnvity,  o  Uw  e 
of  o«ctllation,  (No.  .tDti),  c  die  jKiiiit  where  thia  mcUoh  eati 
the  axis,  so  tliat,  in  lite  ittatc  of  w]uiltliriuni  coo  b  ■  ▼trtkal 
Udc  Likewise,  let  d  be  the  |M>inl  when  the  prodoctiaa  af 
thia  line  meets  tlie  infprior  surfiwe  of  the  pendulun,  ■■'  llw 
•re  of  the  circle  tliul  is  described  by  this  point  tt,  and  of  wUeb 
c  ia  the  centre,  b  ihc  centre  of  the  cdrcular  apertur*  thai  th« 
ball  miikes  at  the  surface  uf  the  fienduium.  or,  more  (fcoamlly* 
the  projection  fif  thin  point  on  the  plane  of  the  Mctioa  ABsr. 
Let  ft  denote  tlic  inoM  of  the  b«U,  r  its  reloeity,  at  the  inMant 
of  the  iinpDct,/the  porpecdieular  let  bll  from  the  poiat  c  «■ 
thedireclion  oft?  pn>j<-cte<lon  thepUneofASBr,  Mtheaasaf 
the  pendulum  uiid  of  the  ball,  a  the  diatanee  of  the  oaMn  «f 
giBvity  of  M  frnm  the  filed  axb,  M  (a*  +  A*)  ib  lamwi  at 
iMTtb  with  nspeet  to  tfaii  axit,  we  dull  have  (No.  386) 

a-     T-^ 

'  tat  the  raloe  of  O  that  should  be  aubttitnted  in  eqnatioo  (a)  of  J 
Ko.  394,  in  which  we  should  likewise  make  «  =  0,  itnce  tb*  | 
pendulum  sets  out  from  iu  position  of  equilibrium.  It  will  1 
continue  to  deviate  from  this  position  until  the  anjuUr  rtl^  1 
dty  u  cipher,  consequently,  if  the  angle  sen'  be  d 
^  we  shall  have,  by  this  equation  (a), 


.^,--<'- 


CO.0): 


ia  wbkh  p  denotes  the  measure  of  the  Ibrce  of  gimiity.  If  ll 
cord  of  the  are  nn'  be  denoted  by  6,  and  the  radiua  cb  by  « 
we  shiU  have  (4) 
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By  Bobstituting  this  value  in  the  preceding  equation,  there 
results 


in  this  equation  n  denotes  the  ratio  of  m  to  fi,  which  will  be 
alwmys  a  rery  great  given  number. 

All  the  other  quantities  contained  in  this  formula  will  be 
alio  known.  The  distance  c  can  be  immediately  measured, 
the  cord  b  is  given  by  means  of  a  riband  attached  to  the 
point  B,  and  passing  through  a  ring  firmly  fixed  in  the  ground, 
the  part  of  this  riband  that  is  unrolled,  and  traverses  the  ring 
during  the  ascent  of  the  pendulum,  is  evidently  equal  to  b. 
If  the  direction  is  horizontal,  the  quantity  y*is  the  distance  of 
the  axis  of  the  piece  from  the  axis  of  rotation ;  if  the  direction 
deviates  a  little  from  horizontality,  in  which  case,  the  line 
dimwn  from  the  point  s  to  the  mouth  of  the  cannon  is  no 
longer  horizontal,  it  is  easy  to  compute  with  sufficient  accu- 
racy, the  quantity  which  should  be  added  or  subtracted  from 
the  distance  of  the  two  axes,  in  order  to  obtain  the  value  of 
/i  With  respect  to  the  quantities  a  and  A,  they  may  be  com« 
puted  from  knowing  the  form  of  the  pendulum  and  the  den- 
sity of  its  parts ;  but  their  values  may  be  determined  likewise 
by  experiment. 

K  a  cord  attached  to  the  inferior  extremity  of  the  pendu- 
lum be  made  to  pass  over  a  fixed  bar,  situated  parallel  to  the 
axis  of  the  pendulum,  and  at  the  same  distance  from  the 
horizon,  and  if  a  weight  m^  attached  to  the  other  end  of  the 
cord  raise  the  pendulum  until  its  centre  of  gravity  is  on  the 
same  level  as  the  axis  and  the  bar,  then,  of  being  the  given 
distance  of  the  bar  from  the  axis,  we  shall  have 

by  means  of  which  proportion,  the  value  of  a  can  be  accurately 
determined.  If  the  pendulum  be  made  to  perform  very  small 
oscillations,  and  if  t  denote  the  duration  of  one  such  oscilla- 
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Uon,  and  /  the  (UsUnce  of  tbe  centre  of  owUUUoa  fnm  t 
axis  of  RuapeiDiion,  wc  thall  li«vc  (No.  395) 

/T 


^=Wl, 


.»"  +  »* 


Iience  we  cnn  deduct- 


:■  +  »' 


by  meuis  of  irliicb,  when  the  value  ofa  u  known,  < 
can  be  obuuni'd. 

By  substituting  this  value  ofa*  +  I*,  a  unplcr  expi 
will  be  oblaJne^I  for  v,  the  velocity  of  the  ballt  thai 
already  ^vcn,  namely, 

_  iwrroA 

403.  If  the  mouth  of  the  camion  is  not  very  6u  (torn  tl 
pendulum,  the  value  of  c  i^ven  by  thia  fonnuU  will  ditferv 
little  firom  the  vclodty  of  projection  of  the  ball ;  and  if  d 
coefficivut  of  the  n,'iti«tance  of  the  air  was  tuppoMtl  to  b^ 
known,  it  would  be  eiuy  to  calculate  by  mean*  of  ft 
of  No.  312,  tlie  quantity  by  wliich  tliii  quantity  v  al 
iocmued,  in  order  (o  obtain  the  velocity  of  projection, 
tlte  magnitude  of  thin  but  velocity  can  be  oblained  l 
dately,  by  attaching  the  cannon  finnly  to  the  pendulum ; 
qoantiiy  of  motion  impreued  on  the  pendulum,  tfaut  i 
toted,  will  t>«  then  equal  to  the  ma«  of  the  ball  multipliad  h 
the  veloctly  which  it  ban  at  the  mouth  of  the  < 
raeoil  of  which  will  not,  in  eonsequence  of  the  cgmprrmibOky 
of  the  matter,  wiiMbly  commence  before  the  prujeciUe  bM 
travened  (he  length  of  the  piece ;  conaeqaeiitly,  the  value  af 
■>,  fumislied  by  fonnulii  (a),  will  be  that  of  the  velecily  at 
projection  without  any  correction,  and  without  the  n 
of  knowing  the  eoi-lfideiit  uf  ilw  Temtance</). 

By  firing  the  wunr  cannon,  IimuIinI  in  the  u 
dUbmil  gim  diataneea  frum  the  {ti-ndutum,  m>  many  nl« 
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of  V  will  be  obtidned,  the  differences  between  which  and  that 
which  results  when  the  cannon  makes  a  part  of  the  pendulum, 
will  enable  us  to  verify  the  law  of  the  resistance  of  the  air,  on 
which  formula  (5)  of  No.  212  is  founded,  and  also  to  deter- 
mine the  coefficient  of  this  resistance. 

A  great  number  of  experiments  were  made  in  England, 
with  Robin's  pendulum,  in  which  the  two  methods  pointed  out 
above  were  employed.    One  of  the  most  general  consequences 
which  has  been  deduced  from  them  consists  in  this,  that  every 
thing  else  being  the  same,  the  squares  of  the  velocities  of  pro- 
jection are  very  nearly  as  the  weights  of  the  charges,  and  this 
nuio  is  so  much  the  more  accurate,  according  as  the  length  of 
the  charge  is  less  considerable  relative  to  that  of  the  can- 
iiod(«). 
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CHAPTER  IV. 

OP  THB  MOTION  OP  A  SOLID  BODY  ABOUT  A  PIXBD  POINT. 

I.  Preliminary  FormuUt. 

404.  Lbt  uSy  in  the  first  {dace,  consider  by  itself^  and  ind^ 
pendently  of  the  forces  which  produce  it,  the  motioo  of  rolalkHi 
of  a  solid  body  of  any  figure  whatever,  about  a  fixed  poiat 
which  either  appertains  to  this  body,  or  is  invariably  attadwd 
to  it. 

Let  o  (fig.  3)  be  this  point ;  ox,  oy,  oz,  thiee^/berf  reeC* 
angular  axes  arbitrarily  selected;  oX|,  oyi,  oZ|  three  other 
rectang^ar  axes,  fixed  in  the  body,  and  moveabk  with  it  about 
the  point  o.  In  the  sequel,  we  shall  suppose  that  these  last 
lines  are  the  principal  axes  of  the  body ;  but  for  the  present, 
we  shall  consider  their  directions  as  entirely  arbitrary.  Like- 
wise, let  z,  y,  z  be  the  coordinates  of  m  any  point  whatever  oi 
the  body  referred  to  the  first  axes,  and  X| ,  yi ,  2,  its  coordi- 
nates referred  to  the  axes  ox,,  oy,,  ozx.  If  the  notations  of 
No.  377  be  retained,  we  shall  have 

x  =  ax,  +  fty,  +  r^i, 
y  =  a'x,  +  b'yx  +  r'r,, 
z  =  a"x. +  *'>,+ c-r,; 

and  the  nine  coeflicients  a,  6,  &c.,  will  be  connected  together 
by  equations  (2),  or  by  equations  (4),  of  this  number. 

It  is  evident  that  these  quantities  a,  6,  &c.»  are  the  same,  at 
each  iuAtant,  fur  all  the  points  of  the  body(a) ;  but  they  vary 
during  the  motion,  so  that  they  must  be  considered  as  fiiiie- 
tions  of  the  time.     On  the  contrary,  the  coordinates  X|,  f  19  m% 
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vary  from  one  point  to  another  of  the  body ;  but  remain  con- 
stantly the  same  for  the  same  point,  and  do  not  vary  with  the 
time.  Therefore,  if  the  time  be  denoted  by  tj  we  shall  obtain, 
by  differentiating  with  respect  to  this  variable, 

dx  da  .       db   .       dc 

du         da'         db'  .      dc' 
dz         daf  ,      dV  ,      dc>> 

dt=''W^^'W^^'dt- 

These  values  of  ^,  ^,  ^  will  express^  at  any  instant  what- 
ever, the  components  of  the  velocity  of  the  point  m  resolved 
pardlel  to  the  axes  ox,  oy,  ojr.  If,  therefore,  it  was  required 
to  know  those  points  of  the  body  whose  velocity  vanishes  at 
this  instant,  they  will  be  determined  by  equalling  these  quan- 
tities to  cipher,  from  which  there  results 

Xida  +  Ifidb  +  Zidc  =  0, 

Xidaf  ^  If^dlf  +  Zidcf  zz  0,  (1) 

«idfl"  +  y/Off'  +  zidc"  =  0. 

Now,  by  adding  these  equations  together,  after  having 
multiplied  them  by  c,  c\  &\  respectively,  then  making,  in  or- 
der to  abridge, 

cdb  +  cW  +  e'W  =  pdi,    cda-^-t'da' ^c"d4i^' ^  -  qdt, 

and  observing  that  the  equation  f?J^c'^^c"^zz  1,  gives 
cdc  +  &d(f  +  tfdcf  =:  0,  there  results 

pjfi  -  qxi  =  0. 

if  the  same  equations  (1)  be  added,  after  being  multiplied  by 
6,  V^  V\  we  obtain 

rxi  —  pzi  =  0„ 

by  making,  in  order  to  abridge, 
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and  observing  that  the  equation  6'  +  fr'*  +  ^*  =  ^  gi^cs 

bdb  +  l/dV  +  b''db'' sz  0 ; 

and  that,  in  consequence  of  the  equation  be  +  frV  -f  b"c''  =  0 
of  No.  377,  we  have  also 

bJc  +  b'dc' +  b^'dc"  Si  '- cdb  ^  diU/ ^  c"dl/' =:  -^  pdi. 

Finally,  if  equations  (1)  are  multiplied  by  a,  af^  a*,  re- 
spectively, and  then  added  together,  there  will  result 

^z,  —  rjfi  =:  0 ; 

for  since  a»  4- a"  +  «"•  =  1,  oda  +  «'*»'  +  «"<*«"=  0;  and, 
moreover,  from  equations 

ba  +  Vaf  +  b^'a"' -  0,  and  ca  +  c'a'  +  c^ir  =  0, 

of  the  number  cited  above,  there  results 

adb  +  a'db'  +  a"db''  =  -  bda-^b'da'  -  6''ifa"  =  -  nlf, 
ode  +  a'dc'  +  a"<fc''  =  -  afa  -  c'da'  —  c"da"  =  ^. 

In  this  manner,  in  place  of  equations  (1),  we  shall  have 

py^  -  qxi  =  0,     rj,  -  pz,  =  0,    jr,  -  ry,  =  0.         (2) 

Each  of  these  equations  results  from  the  two  others ;  and  they 
appertain  to  a  right  line  passing  through  o,  the  origin  of  the 
coordinates.  It  follows  therefore  from  thb  analysis,  that  all 
the  points  of  the  body,  whose  velocity  b  cipher  at  any  inslant 
whatever,  exist  on  a  right  line,  passing  through  the  centre  of 
rotation  This  line  may  be  considered  as  immoveable  during 
an  infinitely  short  space  of  time,  therefore,  during  this  instant, 
the  body  turns  about  thb  line  as  about  a  fixed  axu ;  and  the 
motion  of  rotation  of  a  solid  body  about  a  fixed  point,  may  be 
reprenented,  as  having  place  at  each  instant  about  an  axb 
which  n*mainH  immoveable  during  an  infinitely  short  inters 
val  of  time.     In  general,  the  position  of  thb  aaus  change* 
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from  one  instant  to  another,  during  tbe  motion ;  and,  for  this 
reason,  it  is  termed  the  instantaneous  axis  of  rotation. 

405.  Let  us  suppose  that  the  line  loi'  is  this  axis  at  the 
end  of  the  time  / ;  equations  (2)  will  be  those  of  its  projections 
on  the  three  planes  of  the  coordinates  XnyiyZiy  hence  it  is 
easy  to  infer  (6) 

P 


cos  lO^Pi  = 


cos  loyi  = 


_     9 

r 

cos  lOZi  =  —  —  . 


(3 


When,  therefore,  the  three  quantities  /i,  9,  r,  are  known, 
the  position  of  the  instantaneous  axis  with  respect  to  the 
moveable  axes  o:P|,  0^1,0^1,  can  be  assigned,  and  when  the 
si^  of  the  radical  is  also  given,  01,  the  part  of  this  line  to 
which  these  formulss  appertain,  will  be  completely  deter- 
mined ;  henceforth,  we  shall  always  consider  this  radical  to  be 
positive. 

Whenever  the  quantities  p,  q^  r,  are  constant,  the  axis  of 
rotation  will  continue  fixed  in  the  body,  that  is  to  say,  it  will 
constandy  traverse  it  in  the  same  points.  Now,  as  the  points 
of  the  body,  whose  velocity  is  cipher  at  each  instant,  are 
always  the  same,  they  will  remain  inmioveable  during  the 
entire  continuance  of  the  motion,  consequentiy,  in  this  case, 
the  axis  of  rotation  will  be  also  a  right  line  fixed  in  space. 

It  follows  from  equations  (2)  of  No.  9,  and  the  notations 
adopted  in  No.  377,  that 

cos  lojr  =  a  cos  ioj?i  +  b  cos  loyi  -f-  c  cos  lozi , 
cos  loy  =  a'  cos  loari  -|-  b'  cos  loyi  +  </  cos  lo^i, 
cos  loz  ==  a"  cos  loa?!  +  ft"  cos  loyi  +(/'cos  lozi; 

therefore,  in  virtue  of  equations  (3),  we  shall  have 


lOS 


or  rut  MOTION  or  *  soUD  bodt 


ap+b^+c 


«loy  = 


(4 


_&p  +  b'q  +  t:'r 

^  ^p'  +  r  +  r'' 

a'p^h'q+e'r 

eo« I02  =  -/    -  -■  ; 

B  of  which,  the  iwtantaneous  oxti  of  rotation  c 
,  rebutrely  to  thcjlxedtxtt  oz,  op,  ox.    It « 
fton  thcM  equaliofM,  that  when  p,q,r,  are  eomtamt  qnandl 
the  nnnwnton  of  tbeM  formuls  are  independent  of  ( :  i 
I  will,  in  kct,  bt  rerified  in  the  wqucKr). 

406.  Since  at  each  instant  the  motion  take*  place  a 
the  line  lui'  &■  about  a  fixed  azia,  it  foUowa,  Uiat  duriag  n 
infinitely  abort  lime,  all  the  poinu  of  the  body  hare  the  ■■• 
an^lar  velority  about  tlds  axis  (No.  384).  In  order  to  detafl>> 
tnino  ita  ralue,  U'l  us  consider  the  poiat  of  the  uda  at) ,  whoa* 
distance  from  the  point  o  is  equal  to  unity,  we  shall  ban 
relatively  to  tbti  point  it  =  O*  yi  =  0,  ;■  =  I,  i 
it*  absolute  rclocily  will  be 

^   rfr*  "^  (//*     rfr* "  *^  ^  ' 

,  iia  is  endent  fron  the  ralncs  of 


=  D,  y,  =  0,  2,  =  l 
final  ibc  axis  of  rotation  is 


to2,  =  %^l  - 


now  aa  the  dtftanee  of  tfaii  pote'l 


Iftbtabioluta  reloctly  be  dinded  by  this  dittaBcCk  we  ■ 


•ir*4.^+dg" 


v'/+«'+^ 


for  the  exprenioa  of  the  angular  vekwity.     Bat  since 
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^pdi-bde^Vdf+Vdcf,    qdt  siadc +  0^(14/ +  of  dc", 
we  can  obtain,  in  consequence  of  the  equations  of  No.  377(d) 

(y+f)dfisz  ifc»  +  dc^+  ifc"«-  (cdc  +  ddd-^-e'ddy-, 

which  expression  is  reduced  to  dc'  +  dc'^  +  dc"^y  because  cdc 
-|-  ddd  +  d'dd'  =  0.  Therefore,  if  the  angular  velocity  at 
the  end  of  the  time  t  be  denoted  by  oi,  we  shall  have,  by  con- 
ridering  it  as  a  positive  quantity, 

Hence  it  appears,  that  this  velocity  will  be  constant,  when- 
ever the  position  of  the  axis  of  rotation  is  invariable ;  but  the 
converse  of  this  proposition  is  not  equally  true ;  and  it  is  pos- 
able  that  the  instantaneous  axis  may  change  its  position, 
withoat  the  value  of  the  angular  velocity  undergoing  any 
change,  or,  in  other  words,  it  is  possible  that  the  quantities 
p,  9,  r,  may  be  variable,  at  the  same  time  that  the  value  of  ^ 
remains  constant* 

407.  p,  9,  r,  are  termed  the  rectangular  components  of  ai 
the  velocity  of  rotation  about  the  axes  oxx ,  o^i ,  oz^ ;  and  each 
of  these  three  quantities  is  the  angular  velocity  of  the  body 
about  the  corresponding  axis. 

Now,  equations  (3)  can  be  replaced  by 

p  =  fiicosioxi,     (jr  =  oicos  loyi,     r  z:  01  cos  lozi ; 
and  equations  (4)  may  be  written  in  the  following  form, 

a;  cos  lOx  :=  op  -f-  ^  +  ^^> 
cu  cos  loy  •=,  a'p  +  Vq  +  c'r, 
oicosioz  =  a''/>+6''y  +  c^r; 

hence  it  appears,  that  the  decomposition  of  the  velocities  of 
rotation  are  subject  to  the  same  laws  as  that  of  velocities  of 
translation,  the  directions  of  these  last  being  replaced  by  the 
directions  of  die  axes  of  rotation. 
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or  TUI  HOTIOM  or  A  SOLID  lODT 


A«  the  Ktaltant  mU  a  poudTc  quantity,  wIim  mm 
nat«  part  of  the  line  mr',  such  as  ot,  is  taken  far  H 
whli^  it  U  refmwd,  the  DomponeDta  p,  q,  r,  whose  axes  ■ 
oxi,  Ojfi,  oz,,  iriU  be  posiUrc  or  nrfcatire,  acoonlinf^  m  t 
lines  make  acute  or  obtuse  angles  with  the  oiis  oi :  i 
generally,  the  components  of  <u  referred  to  the  two  parts  of  |] 
same  line,  or  of  which  the  axes  will  be  the  (nwiuctian,  tbe  ■ 
of  the  other,  should  be  regitnli-d  as  equal,  bat  afladMl « 
opposite  si^s. 

408.  llic  three  quantities  p,  q,  r,  not  onljr  enable  Ba  lo  J 
tennine  the  angular  velocity  of  the  body,  and  the  powtknf 
its  axis  of  roution  with  respect  to  the  moveable  axes  Oix, , 
0=1 ,  but  we  can  also  express  in  terms  of  these  quanddea,  I 
vetoalics  and  accelerating  forces  of  its  differont  poiatSi  i 
composed  in  the  direclioDs  of  thnc  tliree  axes  ;  this  will  m 
us  to  find  in  the  most  direct  manner,  the  cqaationa  of  i 
motion  of  rotation,  as  we  shall  see  rerjr  aoon. 

In  foct,  the  components  of  the  vah>c]t]r  of  the  potat  | 

being  j7>  ^  "S*  *'**'  respect  to  the  fixed  axes  ox,  Of,  ox,  I 

fitUowB  thai  the  components  of  the  same  rdodty  wtthji 
10  the  axes  ox, ,  ojri ,  or, ,  will  be 


d* 


„-± 


d£ 


+  '''^+«'^. 


;  +  '' 


m  the  notations  of  No.  377,  . 
Bpodtion  of  velocities  is  subject  to  the  same  bwt  as 

WM.     Now,  iftbevaluMof^.^,^.ofNo.4 

b  Umh  expnmioni,  and  if  the  nduet 

ia  tUsaonber,  be  perfonwd,  w«  aball  fiiKl(«)'' 
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dx  ,     .dy  ,     „dz 

"di  +  '^li  +  '^di^P^'^^'''' 

oonsequently,  the  tbree  quantities  qzi  —  rt/i^  rxi  —  pzi, 
pyx  —  9^1  >  which  are  cipher  for  all  points  of  the  body  that 
are  situated  on  the  instantaneous  axis  of  rotation,  express  for 
way  other  point  m,  the  components  of  its  velocity,  parallel  to 
the  lines  oxi,  oyi,  ozi* 

From  these  last  equations  we  deduce,  in  consequence  of 
tho8eofNo.377C/), 

•^  =  a  {qz^  ^r]fj)+b  {rxi  -  pzi)  +  c  (jn/i  -  qxi), 

^n  <f(qzi^ryi)  +  V{rx^-pzi)  +  &{pyx  —  qxi), 

dz 

^  =  a*  ( jz,  —  ry^  +  W  {rxx  -  pz^  +  c"  (py i  -  ja:i) ; 

and  by  differentiating  with  respect  to  t^  there  results 

^  =  a  {zxdq  —  y,dr)  +  6  (xjdr  —  Zidp)  +  c  {yy^dp  —  a:idy) 

^  =:  a\z^dq  —  y,dr)  +  V{x^dr  —  Zjdp)  +  c'(yirfjp  -  x^d^ 

+  (5^^i— ryi)da'+(rxi-;>2r,)d&'  +  {pyx'-qxx)dc\ 

^z 

^  =  a"  (^i<^  —  y\dr)  +  6"  (a^jdr — z^dp)  +  c''  (yid/i  -  Xydq) 

«^^  ^x  dPv  d^z 

The  quantities --i-^,-^,-^,  are  the  components  of  the 

accelerating  force  of  the  point  m,  resolved  parallel  to  the  fixed 
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axes  ojr,  oy,  o£ ;  therefore,  if  pi,  9i»  ri,  be  the  components  of 
the  sane  force  panllel  to  the  axes  o«i,  oyi,  ot|,  we  shall  have 

Now,  if  tlie  preceding  Tallies  of  "^t '^»7gft>  ^  tnbsti- 

tutcd  in  these  Tmlues  of  pi»9i,  r,,  and  if  redoctiont  similar  to 
tliose  of  No.  404  be  made,  we  shall  find(5r) 

py(ii  =  z^dq-'jfidr  +  (/>jf,  -  ^x^^dT  +  (/ir,—  r:c,)rd!C, 
f  ,dlr  =  xjrfr  —  r,d/i  +  (jr,  -  rjfOr*  -f  (jx,  -p|f,)|idt 


and  dividing  by  dty  the  values  ofpi « 91 «  r, ,  expressed  by 

of  the  variables  p«  y«  r,  and  of  their  differentials,  will  be  ob- 

tained. 

A09.  \\lth  respect  to  the  quantities  of  motion,  with  which 
all  the  points  of  the  body  are  actuated  at  any  instant  what- 
ever, their  moment  relative  to  each  of  the  three  axes  oX|,oyi, 
oci,  may,  acconling  to  the  definition  of  No.  273,  also  be  ex- 
pressed by  means  of  the  quantities  p,  9,  r. 

In  order  to  shew  this,  let  dm  be  the  differential  element  of 
the  mass  of  the  body  at  the  point  m,  whose  coordinates  are 
'i«yi9^i;  the  components  of  its  quantity  of  motion  parallel 
to  the  axes  or, ,  oy, ,  0;, ,  will  be  the  products  of  the  vdocstics 
^Xi^ry,,  rxi^/>ri,/i|f,— 9x1,  multiplied  by  dlM;  thercfarr, 
if  the  moments  with  renpect  to  the  axes  or,,  ojf,,  ox,,  of  the 
quantities  of  motion  of  all  the  poinU  of  the  body,  be  denoCed 
by  1.,  M,  N,  we  shall  have,  by  what  has  been  established  in 
No.  274, 
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L  =  ll{rxi-^pz{)Xi  -  {qzi  -  ry,)yi]  dm, 
M  =  S  1(9^1  —  n/\)  ^1  —  {pyi  —  ?a:,)x,]  dwi, 
N  =  S [(Pyi-  9^i)yi  —  ('•a?!  —  p2ri) zx]  dm ; 

in  which  expressions,  the  integrals  are  supposed  to  extend  to 

the  entire  mass  of  the  body.     These  values  will  be  very  much 

limplified,  if  oa?i,  oyi,  ozi,  be  the  three  principal  axes  of  the 

ixxfy  which  intersect  in  the  point  o ;  for  then  the  three  m- 

tegTDlslxiyidm^lziXidm,lyiZidm,  will  be  cipher;  and  if  the 

three  moments  of  inertia  with  respect  to  these  principal  axes 

be  denoted  by  a,  b,  c,  so  that 

S(yi'  +  ^i')dw  =  A, 
S(zi*+  Xx)dmzzB, 

we  shall  have  simply 

L  =  Cr,      M  =  B^,      N  =  Aj7  ; 

therefore,  the  quantities  p,  q^  r,  will  have  constantly  the 
same  signs  as  l,  m,  n  ;  consequently,  their  signs  will  depend 
on  the  direction  in  which  the  body  turns  about  each  of  the 
three  principal  axes ;  for  example,  according  as  the  body 
tarns  parallel  to  the  plane  of  a^io^i,  from  ox  towards  oy,  or  in 
the  opposite  direction,  the  moment  l  (No.  274),  and,  conse- 
quently, the  velocity  r,  will  be  positive  or  negative  quantities, 
and,  conversely,  the  sign  of  r  will  make  known  at  each  instant, 
the  direction  of  rotation  about  oz\ . 

It  appears  from  the  theorems  of  No.  281,  that  if  the  prin- 
cipal moment  of  the  quantities  of  motion  which  have  been 
be  denoted  by  g,  we  shall  have 


G=  v^aV  +  bV  +  cV; 

(this  radical  being  assumed  to  be  a  positive  quantity) ;  if  the 
right  line  om  (fig.  8)  be  the  axis  of  this  motion,  its  direction 
with  respect  to  the  moveable  axes  0X|,  oyi,  ozx,  will  be  de- 
termined by  the  formuke 


or  TMt  MOTioM  or  A  aouo  100? 


,  cotmofft  =  -£,  cMMO«,  =  — J 


and  its  direction  witb  respect  to  the  Jljted  axes  ox,  oy,  a 
will  be  deternuDed  by  meiuis  of  tbe  following  cqiutions : 


oooaniox  = 
oeoflDtoy  = 


(1 


:  Apa  4-  B96  •}•  err, 
:  \pa'  +  aq^  +  ere', 
o  cos  mog  zz  Apa"  +  Bgb"  +  crc" ; 

it  is  erident  tliat  the  second  mcmben  of  these  equations  1 
the  momenta  of  the  quantities  of  notion  of  the  body  witli  t 
BfMct  to  the  fixed  axes  or,  oy,  os. 

410.  The  position  of  this  body  at  emeh  i 
■pect  to  the  Rscd  axc«,  depends  on  the  three  logl*  j^  B,^^ 
No.  378 ;  for  by  means  of  these  angles,  the  three  ■ 
the  body  which  have  been  t«ken  for  the  noveable 
the  coordinates  x,,  y,,  ?,,  are  determined  in  posltioii  witb  1^ 
■pect  to  these  fixed  planes ;  and  it  is  even  tufficieat  to  know 
the  position  of  two  sections,  which  are  not  parallel,  of  a  soBA^ 
body,  in  order  that  the  positions  of  all  the  poioU  of  tins  b 
may  be  entirely  known.  Mortwwr,  when  tbcanglts  4^  0^4 
ore  known,  the  coefficients  a,  b.  Sic,  will  be  known  aba,  1 
oonsequcntly,  z,  y,  :,  the  coordinates  of  any  point  whi 
the  body,  will  Im  completely  determined.  The  probleBofll 
notion  of  rotation  alwut  a  fixed  point  will,  thenfb 
tnally  rvsolre  it»elf  into  the  detenninatjoo  of  tlia  { 
if,  9,  ^  in  fttnctions  of  the  time. 

Now,  when  the  values  vfp,  g,  r  are  known,  those  of  tf 

itee  angles  depend  on  three  equations  i>f  the  first  order,  wht 

will  be  obtained  by  substituting  the  values  of  a,  &.  kc.  (N 

878),  ud  iboae  of  th«r  differeaiiaU,  In  fonctiotts  of  ^  i,  ^ 

H  the  mhua  of  pdt,  qdl,  rdt,  namely, 

P*  =  -  We  -  4'*'  -  ir*r, 

gtlt^aile+a'de'  +  trde', 
zUa-i-hila'  +  irikr. 
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As  the  values  of  Cy  c'^  d'  do  not  contain  the  angle  ^^  it 
Mows  that  those  oifdt  and  qdt  will  not  contain  its  difieren- 
tiai ;  and  as  the  values  of  hy  V^  V  may  be  deduced  from  those 
of  a,  afy  af\  by  increasing  ^  by  a  right  angle,  the  value  of 
—  pdt  may  likewise  be  deduced  from  that  of  qdt.  The  co- 
efficient of  d^  will  be  equal  to  unity  in  the  value  of  rdt ;  for 
by  the  formulae  of  No.  378,  we  have(A) 

da      ,     da!  da" 

d^        ^    d<^         ^   df^ 

from  which  there  results 

for  the  value  of  this  coefficient.  After  all  reductions,  we 
obtain,  by  substituting  the  values  of  a,  b,  &c.,  in  those  of 
pdi,  qdJt,  rdt{t), 

pdi  :z  mn^AnOdxf/  —  cos^0, 

qdt  =  cos^  miOAp  +  sin^{/0,  (7) 

rdtzz.df^'-'  cosOAp. 

It  is  remarkable,  that  the  angle  xf/  does  not  occur  in  these  for- 
mula ;  and,  in  £Eict,  as  the  angle  xp,  or  Nox,  is  reckoned  from 
the  axis  ox,  which  is  entirely  arbitrary,  the  values  otp^  9,  r 
should  not  undergo  any  change,  when  this  angle  is  increased 
or  diminished  by  a  constant  quantity. 

Since  r  is  the  angular  velocity  of  the  body  about  the  axis 
ozi,  it  follows  that  rdt  must  be  the  angle  described  in  the 
phme  of  the  axes  of  Xi,  yi,  during  the  instant  dt^  by  each  of 
the  axes  0x1  and  oyi ;  this  angle  would  be  e/^,  if  the  line  on, 
from  which  the  angle  ^  is  reckoned  in  this  same  plane,  was 
immoveable ;  but  in  the  instant  dt^  the  angle  nox  is  increased 
by  <^,  the  projection  of  which  on  the  plane  of  the  axes  of  X| 
and  yi  b  cosMi^,  and  it  is  easy  to  perceive,  that,  according  as 
the  angle  0  is  acute  or  obtuse,  the  differential  d^  should  be 


110  OF  THB  MOTION  OF  A  80UD  BODY 


or  diminiabed  by  this  projection,  in  order  to  baTc  tbc 
displacement  of  0X|  or  o^i ,  with  respect  to  a  fixed  line,  in  the 
plane  of  these  axes.  Consequently,  we  shall  hare  in  all  esKS 
ntt  ==  </^  —  cos0d^,  as  has  been  obtained  abore. 

411.  There  exbts  between  the  cosines  a,  &,  fte^  and  the 
quantities  p,  q^  r,  relations  which  will  be  useful  on  several  oe» 
casions  to  know ;  they  are  expressed  by  the  following  diflcrea* 
tial  equations : 

dc-{aq'-bp)dt,  ddzz{a'q^Vp)di,  d&'ss(af'q^V'pydi, 

db  =  (q}-ar)di,  Mzz{&p-a'r)dt,  dbr^{fp^crr)di^    (8) 

da-{br'^cq)dt,  da'=:{b'r^(/q)dt,  daf'zz  (Vr-^fTqydi. , 

If  after  having  multiplied  the  equations 

adc  +  a'dc'  +  a"<fc"  =  qdi, 
bdc  +  b'dc"  +  l/'dc"' s  ^  pdi, 
cdc  +  c'di/ +  frdcf' -  0, 

either  by  a,  6,  r,  or  by  a',  V,  c',  or  by  a",  6",  c^,  respectirely, 
they  be  added  together,  there  will  result,  by  taking  into  ac» 
count  what  has  been  established  in  No.  377(A),  the  three  first 
of  equations  (8).  The  three  next  will  be  obtained,  by  ope- 
rating in  a  similar  manner  on  equations 

cdb  +  ddl/  +  c"dl/'  =  pdi, 
oilb  +  a'db'  +  a"db"  =  -  reft, 
bdb  +  VdV  +  V'dbt'  =  0  ; 

and  by  operating  in  the  same  manner  on  equations 

bda  +  b'da!  +  Vila'  =  «//, 
rda  4-  c'dat  4-  c"d!ti"  =  -  qdt, 
ada  +  n'rf/i'  -I-  a"da!'  =  0, 

we  shall  obtain  tlie  three  lant  of  equations  (8). 
The  following  equations  also  obtain,  namely. 
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pda  +  qdb  +  rdc=z09 
pda'  -f  qdb'  +  rdd  =  0, 
fdoT  +  qdU'  +  rdd'  =  0; 


thtte  can  be  immediately  deduced  from  eqnadons  (8),  and 
tiiej  enable  us  to  verify  the  invariability  of  the  numerators  of 
famote  (4),  when  p,  9,  r  are  constant  quantities (/)• 

11.  Equations  of  the  Motion  qf  Rotation  about  a  fixed  Point. 

412.  The  preceding  preliminary  formulae  being  established, 
let  us  now  suppose  that  any  given  motive  forces  act  on  all  the 
points  of  the  moveable,  and  taking  these  forces  into  account, 
let  us  investigate  the  differential  equations  of  its  motion  about 
the  fixed  point  o.  ^ 

Let  Xidm,  Yidm,  Zi^/m,  be  the  three  components  parallel 
to  the  principal  axes  0X1 ,  oy,  ozi  of  the  motive  force  of  the 
element  dm,  at  the  end  of  t  any  time  whatever.  If  this  mate- 
rial point  was  free,  these  forces  would  impress  on  it  in  the 
instant  eft,  in  their  respective  directions,  the  velocities  X|ift, 
T|A,  Zicft.  The  increments  of  velocity  which  it  actually  re- 
ceives in  these  directions,  are  the  quantities  pidt^  q^dt^  ridt^  of 
No.  408 ;  consequently,  the  components  of  the  force  lost  by 
the  element  dm,  during  the  instant  eft,  are 

(xi — pi)  dm,     (y  1  -  qi)  dm,     (z,  —  r,)  dm. 

The  body  will  therefore  be  in  equilibrio  (No.  350),  on  the 
suppoution  that  all  its  elements  are  solicited  by  similar  forces. 
Now,  the  number  of  equations  of  equilibrium  of  a  solid  body, 
about  Jk/ixed  point,  is  three  (No.  266),  which,  relatively  to 
these  forces,  will  be 

S  [( Yi  -  qi)xi  -  (x,  -pi)yi]  dm  =  0, 
S[rxi-Pi>i—  (zi-n>i]  dm  =  0, 
S[(Zi-n)yi  —  (Yi-?i>i]  dm  =  0; 
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in  which  the  inbigrals  are  luppond  to  extend  to  tlw  i 
body. 

The  conii  lie  ration  of  priiici])al  ax»  uraplifies  the  I 
which  result  from  the  substitulion  of  the  valua  of  p^,  q, 
Dnder  the  signs  J.     For,  as  in  this  case,  tb«  inlegimls  ^^ 
^,:,ilm,  ^,:,dm  are  cipher,  if  the  three  priDdpal  n 
inertia  be  denoted  by  a,  o,  c,  they  represent  the  mh 
M  in  No.  409,  and  we  hare,  consequently, 

S(».'-'.V«  =  <=-■; 

Itbe  three  preceding  equations  will  becaaie(M) 
cdr  +  {B~\)pqdt  =  ndl, 
»dq  +  {K—c)rpdt  =  wil, 
A^+  {c-B)qrdt  =  Pdt, 
in  which.  In  order  to  abridge,  ve  make 

S('i»i-yi'ti)«'"  =  ». 
S(r,x,— »,z,)rfjii  =  Q, 

413.  As  X, ,  V| ,  Z| ,  are  the  componenla  of  the  gimeu  fanti^ 

acting  in  the  direction  of  the  moreable  axea  ox^,  oy,,  oc,, 

their  values  will  depend  on  the  dlrectioo  of  theae  Udm  ia 

,  tpace,  or  on  the  thrco  angles  i^,  0,  f ;  hence  the  qiwariliM 

(  r*  Q,  K  will  be  fonctions  of  i^,  9,  f,  which  will  b«  givco  b 

each  particular  esse :  consequently,  tbr  problem  of  tJhea 

of  rotation  of  a  solid  body  about  a  fited  point,  leada  to  t 

differential  equations  of  the  first  order,  between  the  MX  i 

known  quantitin  p,  9,  r,  ^  0,  f,  and  (be  nriahle  (,  1 

L^  three  equations  (a),  joined  to  the  three  eqaatiooa  (T)  < 

^Vo.  410.     If,  in  tb«  first  equations,  namely  (a), 

vaknown  quantities  |t,  y,  r  be  eliminated  by  neu*  of  ei 
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tions  (7),  three  differential  equations  of  the  second  order  rela^ 
tire  to  xjjf  Of  ^,  will  be  obtained,  which  are  the  unknown 
quantities  that  are  actually  required  to  be  determined ;  but  it 
H  more  convenient  in  practice  to  retain  the  six  equations  of 
the  first  order. 

The  only  case  which  we  propose  to  consider  will  be  that 
in  which  gravity  is  the  sole  force  that  acts  on  the  points  of  the 
body.  If  in  this  case,  the  axis  oz  be  assumed  to  be  vertical, 
and  drawn  in  the  direction  of  this  constant  force,  which,  as 
before,  we  shall  denote  by  g ;  its  three  components  in  the  di- 
rection of  the  axes  0X|,  o^i,  o^i,  will  be 

X,  =  gaf',     Y,  =  gl/\     z  =  gc'\ 

because  that  by  No.  377, 

a''  =  cosroa?! ,     i"  =  coszof/i ,     c''  =  coszozi ; 

and  if  the  mass  of  the  body  be  denoted  by  m,  and  the  three 
constant  coordinates  of  its  centre  of  gravity,  with  respect  to 
these  moveable  axes,  by  a,/3,  7,  so  that  we  may  have 

Ixidm  =  Ma,    Ividm  =  m/3,    ^Zidm  zz  My ; 

there  will  result  (n) 

Q  =  (yo"  -  a&')My, 
Fzz(Ji&'^yl/')My. 

liquations  (a)  will  therefore  become 

crfr  +  (b-a)p?A  =  {ahP '^^)yigdt, 

Bdq  +  (a— c)rprf^  =  {ya"'-a&')Mgdtf  >        (b) 

Arf;>  +  (c  -  b)  qrdt  =  (jSc^'-  76")  Mgdt, 

to  which  must  be  joined  equations  (7),  and  the  following  (No. 

378) 

a''  =  —  sin 0  sin ^,    6"  =:  —  sin  0  cos^,    c"  zz  cosO.     (c) 

414.  Equations  (b)  can  be  easily  integrated,  when  their 

VOL.  II.  Q 
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second  members  are  cipher ;  this  is  the  case,  when  the  foree  of 
gravity  is  not  taken  into  account,  or,  which  comes  to  the 
same  thing,  when  the  fixed  point  o  is  the  centre  of  gravity  of 
the  body,  in  which  case  a  =:  0,  /3  =:  0,  y  :z  0. 
Equations  (b)  are  then  reduced  to 

cdr  +  {B^A)pqdi  =  0, 

Bdq  +  (a  — c)r/Hft  =  0,  (d) 

A^  +  (c^B)qrdiz:0. 

Now,  if  these  be  multiplied  by  r,  9,  p  respectively,  and  then 
added  together,  there  results 

crdr  4-  nqdq  +  sptlp  3  0, 

and,  by  integ^ting,  we  obtain 

cr"  +  B^  +  Ap*  =  A,  (e) 

k  being  an  arbitrary  constant.  If  after  having  multiplied  the 
same  equations  by  cr,  B9,  hp  respectively,  they  be  added 
together,  there  results 

c Vrfr  +  B^qdq  +  ii}pdp  zz  0 ; 

from  which  we  obtain,  l)y  integrating, 

t  V»  +  B  V  +  A  V  =:  *» ;  ( f ) 

h?  being  a  second  arbitrary  constant,  which  must  be  positive, 
as  well  as  the  prcce<ling. 

From  equations  (e)  and  (f )  we  can  deduce 

,  _  *»-BA-f  (B-c)cr»        ,  _  JP-AA-ffA-Qcr' 

^  (a^B)a  '      ^    "■  (B-A)B 

By  substituting  these  valuer  ofp  and  q  in  the  first  equation  (d  \ 
there  results  by  resolving  it  with  res|)ect  to  #//, 

.  ^ ~  V^AH  17/r 

In  this  expression  we  shall  connider  the  denominator  as  alwa\« 
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positive,  consequently,  the  numerator  must  be  affected  with 
the  sign  -f  o^  —  9  according  as  the  differential  dr  is  positive  or 
native,  in  order  that  as  the  time  always  goes  on  increasing, 
its  differential  may  be  always  positive. 

By  integrating  this  formula  (g),  the  value  of  ^  will  be  ob- 
tained in  a  function  of  r,  and^  conversely,  the  value  of  r  in  a 
function  of  ^,  therefore,  the  values  of  the  three  quantities 
p,q^  r,  may  be  assumed  to  be  known  in  functions  of  this  vari- 
able, or  at  least  they  will  depend  on  only  one  integral,  which 
may  be  always  reduced  to  a  case  of  elliptic  functions. 

When  two  of  the  three  moments  of  inertia  a,  b,  c,  are 
equal,  or  when  the  constant  t?  is  equal  to  one  of  the  three  quan- 
tities aA,  bA,  cA,  this  integal  may  be  obtained  in  a  finite  form, 
without  the  aid  of  these  functions(o). 

415.  If  the  form  of  equations  (d)  be  attentively  considered, 
other  equations,  immediately  integrable,  may  be  deduced  from 
them,  by  the  aid  of  formulae  (8)  of  No.  411. 

In  &ct,  if  equations  (d)  be  multiplied  by  c,6,a,  respectively, 
and  then  added  tc^ether,  there  results 

\cdr  -f  {aq  —  bp)  rdt]  c  -f  \bdq  -¥  {cp  ^  or)  qdt\  b 
-f  [adp  -f  {hr  —  cq)pdt]  a  =  0, 

or,  in  consequence  of  the  three  first  formulae  (8)(p), 

cd.cr  -f  Bd.bq  +  Ad.ap  =  0. 

We  shall  find  in  like  manner, 

cd.&r  4"  Bd.t/q  +  Kd.a'p  =  0, 
crf.c^r  +  Bflf.y'y  -I-  Ae/.a"p  =  0. 

Therefore,  by  integrating,  we  shall  obtain 

crc  -|-  Bqh  -f-  Kpa  =  /, 

znf  +  i^qV  +  Kpo!  =  r,  (h) 

crc"+  By6"-h  A/>a"=  /'', 

4  /',  t\  being  three  arbitrary  constant**. 
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These  three  integrals  are  not  independent  of  each  other, 
for  if  their  squares  be  added  together,  we  shall  obtain,  in  coo- 
seqaence  of  the  equations  of  No.  377(9), 

from  a  comparison  of  this  result  with  equation  (f),  it  follows 
that  there  exists  between  the  constants  A,  /,  l\  f\  the  relation 

If  in  these  equations  (h),  there  be  substituted  in  place  of 
Oj  bf  &c.y  their  values  in  functions  of  i/»,  9,  ^,  (No.  378),  tbeiv 
will  be  obtained  three  equations  between  the  six  Tmriablet 
\pf  9,  ^,  p,  9,  r,  and  the  arbitrary  constants  /,  f,  t\  which 
must  be  the  integrals  of  equations  (7)  of  (No.  410);  mod 
this  is,  in  &ct,  what  may  be  easily  verified.  As  these  three 
integrals  are  only  equivalent  to  two  equations  really  distiocC, 
it  follows  that  there  must  be  a  third  integ^ral  of  equations  (7) ; 
but  previously  to  investigating  it,  it  is  necessary  to  ^^^-iji*^ 
what  equations  (h)  signify. 

416.  Agreeably  to  what  has  been  observed  in  No.  409, 
they  indicate  that  the  quantities  of  motion  of  all  the  points  of 
the  body,  with  respect  to  the  fixed  axes  ox,  oy,  or,  are  con- 
stant and  equal  to  /,  /',  T,  during  the  continuance  of  the  mo- 
tion. If  they  be  compared  to  formulae  (6)  of  this  number, 
and  if  it  be  oliserved  that  in  virtue  of  equation  (f ),  the  prin- 
cipal moment  g  is  equal  to  the  constant  k  regarded  as  positive, 
we  shall  have 

/  t  r 

cosmoxzTr-,     cosiitoy  =  j,     cos mor  :=  . - , 

by  means  of  which,  the  direction  of  om  the  axis  of  this 
ment,  which  will  remain  immoveable,  and  also  the  plane 
pentiicular  to  thin  line,  can  bo  determined.  The  poaitioo  of 
the  axiH  om  with  resjK'cl  to  the  moveable  axes  ox,,  oy,,oX;, 
chan^eit  every  instant,  but  it  can  be  found  at  each  instant,  by 
meauH  of  formula?  (5;  of  409,  in  which  the  quantities />,  7,  r, 
may  l>e  HupiKMed  to  be  known.     Therefore,  we  can  assign  at 
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any  instant  whatever,  the  point  where  this  line  meets  the  sur- 
&ce  of  the  body,  and  the  line  in  which  the  moveable  plane 
perpendicular  to  this  axis  intersects  the  surface. 

Hence,  when  a  solid  body  turns  about  a  fixed  point,  in 
virtue  of  one  or  more  primitive  impulsions,  if  no  motive  force 
acts  on  its  several  points,  there  exists  a  plane  passing  through 
the  fixed  point,  which  remains  invariable  during  the  motion, 
and  its  position  can  be  determined  at  each  instant,  with 
respect  to  the  moveable  planes  of  the  principal  axes  of  the 
body. 

We  will  have  occasion,  in  the  sequel,  to  generalize  this 
theorem ;  at  present,  we  shall  employ  it  in  determining  the 
third  integral  of  equations  (7). 

417.  As  the  axis  om  is  immoveable,  it  may  be  taken  for 
the  fixed  axis  oz,  the  direction  of  which  is  arbitrary  ;  we  shall 

then  have 

cosmoo?!  =  coszoxi  =  a^\ 

cos  woyi  =  cos  zoyi  =  6'', 
cosmo^i  =  cos  zozi  =  c". 

Because  g  ==  A,  there  will  result  in  consequence  of  the 
formube  of  409, 

a'/-:^      6''-^      c'^-SL. 

hence,  equations  (c)  will  become 

tinOsin^z:  — -^,     smflcos^  =  - -^,     cosffn-r-;     (i) 

by  virtue  of  equation  (f),  they  will  agree  together,  and  will 
enable  us  to  determine  the  angles  ^  and  d,  in  functions  of  the 
time,  by  means  of  the  values  of  p,  q^  r. 

Now,  if  between  the  two  first  equations  (7)  of  (No.  410), 
d9  be  eliminated,  we  shall  obtain 

sin'  OAl^  =  sin  d  sin  tppdt  +  sin  0  cos  ^qdt^ 

hence  there  results,  in  virtue  of  the  preceding  equations(r) 
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^=-l!?^'*^ 


therefore^  in  consequence  of  equation  (e),  we  fthall  have, 

and  by  substituting  formula  (g)  for  diy  there  will  result  a  value  i>f 
d\p^  the  integration  of  which  is  also  reducible  to  elliptic  func- 
tions, and  which  can  be  obtained  in  a  finite  form  in  tlie 
same  cases  as  the  integral  of  di.  In  this  manner,  therefore, 
the  value  of  the  third  angle  xf/  will  be  known  in  a  function  of 
r,  and,  consequently,  in  a  function  of  /.  As  the  quantities 
A  —  cr*,  anil  k*  —  cV*,  arc  positive,  in  virtue  of  equations  (e) 
and  (f),  and  as  A  is  also  a  positive  quantity,  it  follows  that 

the  angular  velocity  -!^  will  be  always  negative  and  that  the 

motion  of  the  line  on  will  always  take  place  in  the  same  di* 
rection.  BecaiLse  the  angle  ;^  is  measured  in  the  direction 
indicated  by  the  sagitta  s  (No.  «)78),  this  motion  will  be  per* 
formed  in  the  contrary  direction,  that  is  to  say,  from  the  axis 
ox  towards  the  axis  o^ ;  hence  thiMi  it  ap|>ears,  that  it*  con* 
stant  direction  depends  on  that  of  the  axis  oy,  which  we  shall 
determine  immediately. 

418.  The  values  of  the  six  variables  />,  y,  r,  \^,  0,  f,  re- 
sulting from  our  analysis,  will  be  functions  of  the  time,  which 
will  contain,  besides,  four  arbitrarj'  constants,  namely  k  and 
A,  and  the  two  constants  intnMluced  by  the  integration  of 
formulae  (g)  and  (k).  The  complete  integrals  of  equatioas 
(7)  and  (d),  on  which  these  values  depend,  ought  to  conlain 
six  arbitrary  constants ;  but  the  selection  which  we  hare 
made,  of  or/i  the  axis  of  the  principal  moment,  for  one  of  the 
axes  of  the  iHionliiiates  j-,  j/,  ;,  has  caused  two  of  these  con» 
stants  to  flisap|>oar;  for  as  om  coincides  Mith  or,  the  angles 
iftox  and  tnoy  are  right,  and  it  follows  from  the  fonnuUt  of 
No.  41ti,  that  in  this  ca*»e  /'  =  0  and  /'  =:  0.     Therefore,  in 
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onier  to  effect  the  complete  solution  of  the  problem,  it  is  only 

oecessary  to  determine,  by  means  of  the  initial  data  of  the 

iDotiony  the  four  remaining  constants,  and  the  parts  of  the 

lines  passing  through  o,  to  which,  during  the  continuance  of 

the  motion,  the  variable  angles  refer. 

For  this  purpose,  let  the  moveable  whose  rotatory  motion 
is  considered,  be  supposed  to  consist,  as  in  No.  386,  of  two 
bodies,  one  of  which  is  at  rest,  and  retained  by  the  fixed  point 
o,  and  the  other,  being  supposed  to  be  actuated  by  a  given 
velocity,  impinges  on  the  first,  and  remains  attached  to  it  after 
the  impact.  Let  /i  be  the  mass  of  the  striking  body,  v  the  ve- 
locity common  tb  all  its  points  before  the  impact,  fb  (fig.  8)  the 
initial  direction  of  its  centre  of  gravity,  hef  a  section  of  the 
moveable  made  by  the  plane  passing  through  the  line  fb  and  the 
point  o,  andy  the  length  of  ol,  a  perpendicular  let  fall  from 
this  point  on  this  line.  The  percussion  which  produces  the 
motion  of  rotation,  acts  in  the  direction  of  fe,  and  is  equal  to 
^r.  By  the  principle  of  No.  353,  if  the  quantities  of  motion 
of  all  the  points  of  the  moveable,  which  have  place  imme- 
diately afier  the  impact,  be  taken  in  a  direction  opposite  to  that 
in  which  the  bodies  actually  move,  there  should  be  an  equili- 
brium between  these  finite  quantities  of  motion,  and  the  force 
fiV  estimated  in  its  proper  direction ;  now,  in  order  that  this 
equilibrium  may  obtain,  it  is  necessary  (No.  282)  that  fifv  the 
moment  of  this  force,  should  be  equal  to  the  principal  moment 
of  these  quantities  of  motion,  and  that  the  axes  of  these  two 
moments  should  be  the  mutual  production  of  one  another. 
Since  this  principal  moment,  which  has  been  denoted  by  g,  is 
always  equal  to  k  (No.  416),  it  is  immediately  evident  that  the 
value  of  this  positive  quantity  k  is  equal  to  fiv/l 

Moreover,  if  through  the  point  o,  there  be  drawn  the  axis 
of  the  moment  fxv/y  perpendicular  to  ehk  the  given  section  of 
the  moveable,  this  line  will  be  likewise  the  axis  of  the  prin- 
cipal moment,  which  has  been  assumed  to  be  the  axis  oz ;  the 
<tirectioDs  oxi ,  oy^ ,  ozi ,  of  the  three  principal  axei  of  the  move- 
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ablp,  will  be  likvwiM  ipven  M  th«  commcncctncnl  of  Uw  I 
tion,  bencc  tfar  an^lrs  which  tb«w  linn  make  wilh  a:  will  I 
known ;  and,  by  the  preccdinff  number,  wo  «haU  hare 


for  the  initial  values  ofp,  y,  r.    By  nibstituiing  tbcm  ia  c 
tion  (e),   we  shall  hove  the  value  of  the  conUaiit  A,      W«  j 
at  liberty  lo  take  for  the  linn  ox,,  oy,,  ii:,,  tuck  portioM  fl 
the  principal  am  of  the  moveable  thai  iiilcnect  in  the  f 
O,  as  we  please:  but  after  having  once  Klecled  then,  i 
filed  the  points  of  ibe  surfiiceofthemoTeabli:  where  tl 
tion*  terminate,  they  should  not  aftcrwanls  be  chai^«d  4 
the  motion. 

The  direction  of  the  percuarion  maile  on  the  l 
estimated  along  the  line  r*,  will  dolermine  thai  of  tl 
about  each  of  thi.-  ajim  ox,,  »yi>  u-it  *l  ll>e  e 
the  motion,  and,  coiMwqurntly,  the  sign*  of  ibeinitii 
p,  q,  r  (No.  409).  We  shall  therefore  likewise  I 
meanti  nf  the  precvding  equations,  whether  the  angle*  J 
zoy,,  zoz,  urv  aruie  or  obtuse;  and  it  will  I 
have  regard  to  one  of  these  angles,  whether  greater  or  kn 
than  00",  In  order  to  know  the  part  of  the  perpcafieBkr  la 
the  plane  of  the  section  hkk,  which  sbould  be  taken  far  the 
■zia  OS  or  OM,  and  which  will  be,  dtuing  the  continuancv  of 
tlw  tnotion,  the  axis  of  the  prinrifwl  mnmrni  of  the  qoaniiiia 
of  notion  of  all  the  points  of  the  inovmldu. 

nun'  (be  inimection  of  the  pUne  of  the  section  liSK,  i 
of  (he  plane  of  the  axt»  ox,  and  og,,  will  lie  likewiM  I 
at  the  eommeneement  of  the  raolion.     In  onler  lo  know  4 
the  part  of  this  line  to  which  the  angica  ^  anil  f  < 
tt£a,  it  will  then-fore  be  suAdent  to  asoertab,  if  at  lUt  ■ 

k  4  or  ii(ur,  ia  u  acute  angle,  or  an  acute  angle  incnHM 

'  180",  and  •• 

et»tojc,s  —  unOabf,    cof;o|ri  =  ~m9ea»f^ 
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U  will  be  sufficient  to  consider  the  sign  of  one  of  these  cosines, 
or  the  initial  value  of  one  of  the  quantities  p  or  q.  The  po- 
stion  of  the  fixed  line  ox  in  the  plane  of  the  section  hbk  is 
entirely  arbitrary.  For  greater  simplicityy  we  shall  suppose 
that  it  coincides  with  the  initial  position  of  on.  By  making 
^  =  0,  in  the  values  of  af^  V^  &  of  No.  378,  we  shall  have,  at 
the  commencement  of  the  motion, 

cosyoxi  =:  cos  9  sin  ^,    cosyoyi  =  cos  9  cos  ^,    cosyozi  =  sin  9. 

Therefore,  if  at  the  commencement  of  the  motion,  it  be  known 
whether  the  initial  values  of  the  angles  9  and  ^,  are  acute  or 
obtuse,  it  will  be  sufficient  to  consider  the  sign  of  co^yoxx  or 
ootyoyi,  in  order  to  know  the  part  of  the  perpendicular  to  ox 
or  ON,  which  should  be  taken  for  the  fixed  axis  o^,  and,  conse- 
quently, the  direction  of  the  velocity  -^,  which  has  place 

alwajrs  from  on  towards  oy,  and  remains  unchanged  during 
the  continuance  of  the  motion. 

Moreover,  every  thing  else  being  supposed  to  remain  the 
nme,  if  the  direction  of  the  primitive  impact  be  the  sole  thing 
that  is  changed,  the  signs  of  the  initial  values  of />,  ^,  r  will  all 
three  be  changed ;  if  the  primitive  angles  0  and  0  were  acute 
previous  to  this  change,  they  will  become  ir  —  0  and  tt  +  ^  > 
and  the  lines  oz  and  on  will  be  changed  into  their  productions. 
By  substituting  ir  —  9  and  ir  -f  ^  in  place  of  0  and  ^  in  the 
preceding  equations,  the  initial  values  of  the  angles  yox^ 
yojriy  yor,,  will  undergo  no  change.  The  line  oy  will  there- 
fore remain  the  same;   but  as  the   angular  velocity  ^  is 

always  negative,  and  directed  from  ox  towards  oy,  the  di- 
rection of  this  velocity  will  change  with  that  of  the  primitive 
percussion,  because  ox  now  coincides  with  on^ 

Finally,  the  arbitrary  constants  which  should  be  added  to 
the  integrals  of  formulae  (g)  and  (k),  will  be  determined  by 
making  /  =  0  and  \(>  =  0,  at  the  commencement  of  the  motion, 
chat  is  to  say,  for  the  given  initial  value  of  r. 

VOL.  II.  R 
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419.  We  now  proceed  to  take  notice  of  lome  genenl  pnw 
perties  of  the  motion  which  has  been  detennined. 

Ist  By  the  formuUe  of  No.  408,  the  ezpreaaion  for  the 
square  of  the  velocity  of  dm  the  element  of  the  moveable,  will 
be 

If  this  quantity  be  multiplied  by  dm^  the  livin|^  force  of  ihi« 
material  point  will  be  obtained  (No.  361);  and  then,  by  inte- 
Ijrrating  throughout  the  entire  extent  of  the  mass  of  the  body, 
the  sum  of  the  living  forces  with  which  it  is  actuated  at  the 
end  of  the  time  /  will  be  determined.  Now,  if  the  terms  mul- 
tiplied by  Jxi^ic/;/!,  ^ZiXidm^  S^i*i^''''»  ^  suppresvnl,  becau^ 
the  coordinates  1*1,^1,  ^1  are  referred  to  princi|uJ  axes  and 
if  we  take  into  account  the  values  of  the  moments  of  inertia 
A,  B,  c,  we  obtain  for  this  sum(«) 

A//'  +  By*  +  cr* ; 

hence  it  appears  that,  in  virtue  of  equation  (e),  the  sum  of  the 
living  forces  of  all  the  points  of  the  moveable,  is  constant 
during  the  continuance  of  the  motion. 

2nd.  If  0  denotes  the  angular  velocity  about  the  axis  ot 
the  principal  moment,  which  axis  is  supposed  always  to  co- 
incide with  or,  this  component  of  the  velocity  m  relative  to 
the  instantaneous  axis,  may  be  obtained  from  this  last,  by 
multiplying  it  by  the  cosine  of  the  angle  which  the  install* 
taneouH  axis  maki*s  with  the  axis  oz ;  then^fore  by  No.  407, 
we  shall  have 

0  =  a>  +  A'V  +  r> : 

and  if  there  be  substituted  for  a",  h'\  r",  their  %'alues  found  in 
No.  417,  we  shall  obtain(/),  by  having  regard  to  equation  (e). 

Therefore  the  angular  velocity  of  the  moveable,  rvsolved 
|mrallel  to  the  plane  in  which  the  primitive  percimion 
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made,  is  constant,  and  equal  to  the  sum  of  the  living  forces  of 
all  the  points  of  the  body,  divided  by  the  moment  of  this  per- 
coasion  with  respect  to  the  fixed  centre. 

3rd.  If  0^9  yfy  t^^  be  the  coordinates  of  any  point  whatever 
of  the  instantaneous  axis,  referred  to  the  axes  oxi,  oyxy  oZ|, 
and  u  the  distance  of  this  point  from  their  origin  o,  then  as 

^,  -,  -  are  the  cosines  of  the  angles  which  these  lines  make 
ti»  ti»  ti» 

with  the  instantaneous  axis  (No.  407),  we  shall  have 

»     pu      J      qu        ,      ru 
01  a>  01 


tt« 


if  therefore  equations  (e)  and  (f)  be  multiplied  by  — |,  they 

01 

will  become 


A*x^  +  B'y^  +  c'2:^  = 


01 

AV 

0I» 


«» 


and  by  eliminating  -^  between  these  equations,  we  shall  ob- 
tain 

a(A?-  AA)ar^  +  b(A*  -  BA)y^  +  c(A*  —  ch)z'^  =  0  ; 

hence  it  follows  that  the  instantaneous  axis  of  rotation  exists 
always  on  the  sur&ce  of  a  cone  of  the  second  degree,  which 
can  be  traced  in  the  interior  of  the  moveable,  when  the  con- 
stants k  and  k  are  known.  This  cone  is  changed  into  a  plane, 
when  the  square  of  A  is  equal  to  one  of  the  products  aA,  bA, 
cA ;  it  becomes  a  right  cone  with  a  circular  base,  the  axis  of 
which  is  one  of  the  three  principal  axes  relative  to  this  point, 
when  two  of  the  coefficients  of  the  preceding  equation  are  equal. 
4th.  cm  or  oz,  the  axis  of  the  principal  moment  of  the 
quantities  of  motion,  being  immoveable,  the  series  of  lines 
along  which  it  traverses  the  body  during  the  motion,  will 
exist  on  a  cone  whose  summit  is  at  the  point  o.  Now  this  cone 
i%  of  the  second  degree  as  well  as  the  preceding.     In  fact,  if 
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7f\  yf'i  Tf'y  be  the  three  coordinates  of  any  point  whaterer  of  the 
axis  om  referred  to  the  axes  oxi,  oyi,  os',  and  if  the  distance 
of  this  point  from  the  origin  o,  be  denoted  by  W| ,  we  shall  have 

and,  consequently. 

Ax"  V  Az" 

a;i=— ,     By=^,     cr  =  — . 

«!  Ml  V| 

By  substituting  these  values  in  equations  (e)  and  (f ),  there 

results 

*>r"»      Ky^      AV"      ^    , 
— -  +  -^  +  — -  =  Aa,», 

C  B  A 

and  by  eliminating  ti|*,  we  obtain 

A  B  ^  C 

which  is  the  equation  of  the  surface  of  the  <bne  in  question. 

5th.  In  order  that  this  cone  and  the  preceding  be  not 
imaginary,  it  is  necessarj'  that  the  three  quantities  A*  —  .Ob, 
A'  —  bA,  A'  —  cA,  should  not  be  affected  with  the  same  sign- 
This  being  the  case,  if  a  be  the  greatest,  and  c  the  least  of  the 
three  principal  moments  of  inertia,  the  two  quantities  A'  —  .\A, 
and  A'  —  cA,  must  be  of  opposite  signs,  llien,  according  a» 
the  sign  of  the  thini  quantity  A^  —  bA  is  the  same  as  that  ol 
A'  —  aA  or  A^  —  cA,  the  sections  of  these  two  cones  will  be 
ellip<ies  |H'rpendicuIar  to  the  axis  of  the  greatest  or  to  the  axis 
of  the  least  moment  of  inertia.  Consequently,  durini;  the 
continuance  of  the  motion,  the  instantaneous  axis  of  rotation 
will  only  deviate  fn>m  one  of  tlivne  two  principal  axe^  by  fiuitc 
quantitit^H,  and,  at  the  name  time,  this  principal  axis  i^ill  mu 
deviat«*  exet*pt  by  finite  quantities,  from  om  the  axis  which 
i«  |H*r|H*iidicular  to  the  plane  imssiiig  through  the  tiirection  ol 
the  primitive  |iercu«»-ion  and  the  |H»int  o. 
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420.  When  oi,  the  instantaneous  axis  of  rotation  (fig.  3), 
deviates  very  little  from  one  of  the  three  principal  axes^  for  ex- 
ample from  the  axis  o^i,  during  the  entire  continuance  of  the 
motion,  its  position  and  that  of  the  moveable  at  any  instant 
whatever,  may  be  determined  in  a  very  simple  manner,  without 
having  recourse  to  elliptic  functions.  Indeed,  this  other  solu-  ' 
tioD  of  the  problem,  which  we  now  propose  to  give,  is  only  an 
approximation,  but  it  may  be  carried  to  any  degree  of  accuracy 
we  please ;  and  we  advert  to  it  here  particularly,  as  it  enables 
us  to  complete  what  has  been  stated  in  No.  389,  respecting 
the  mechanical  properties  of  principal  axes. 

We  have  (No.  406) 


sm  lozi  =  ^        ^        : 

and  since  by  hypothesis,  the  angle  lozi  is  very  small,  p  and  q 
will  be  small  fractions  of  r ;  and  if  their  product  be  neglected, 
the  first  of  equations  (d)  becomes  reduced  to  dr  =  0,  and  gives, 
by  integrating,  r^n^n  being  an  arbitrary  constant,  which 
expresses  the  velocity  of  rotation  of  the  body,  or  the  value  of 

t/p*  -h  5*  -f  r*,  the  squares  of  p  and  q  being  also  neglected. 
The  two  other  equations  (d)  will  become 

Bdj  +  (a  -  c)  npdt  =  0,  j 

Adp  +  (c  —  b)  nqdi  =  0.  J         ^ 

In  order  to  integrate  them,  let  us  assume 

p  =  /3sin(n7  +  7),     q  =  (i' cos  (n't  +  y), 

tij  fi'9  "^  7»  being  constant  quantities.  If  these  values  ofp  and 
q  be  substituted  in  equations  (1),  and  if  the  sine  or  cosine 
which  occurs  as  a  common  factor  to  all  their  terms,  be  sup- 
pressed, there  results 

B^'n'  -  (a  -  c)  /3n  =  0,     a/3»i'-  (b  -  c)  /3'n  =  0 ; 

hence  we  obtain(ti) 
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AB. 


^'=  a  \/a  (a  -  c). 


^  =  a  V^B(B  — c); 

a  being  a  constant,  which,  as  well  as  y,  remains  arbitrmr}'.    It, 
therefore,  in  order  to  abridge,  we  make 


y^(A~C)(B^_g^ 

AB 


there  will  result 


p  =  a  v^B  (b  —  c)  sin  (Sni  +  7), 
q  zz  a  \/a(a  —  c)  cos(Sii^  +  7); 


(«) 


these  will  be  the  complete  integrals  of  equations  (1). 

If  the  instantaneous  axis  01  be  projected  on  the  plane  of 
the  axes  o(  jci  uiid  ^1,  and  if  the  angle  which  this  projcclioii 
makes  witli  tlic  axis  of  yi  be  denoted  by  (,  we  shall  haTe(r) 

tangJ:  =  J; 

moreover,  the  value  of  sin  lor,,  when  p^  and  7'  are  n^lected, 
with  res|K»ct  to  r'\  becomes  reduced  to 

sin  lori  =-  V^p*  +  ry*. 

It 

Const'quently,  the  preceding  values  of  p  and  9  will  make 
kno\in  immediately,  at  each  instant,  the  [KHitionof  theaxi«f>l* 
rotation  in  the  intoric»r  of  the  moveable.  The  following  con- 
sequences result  from  what  has  bcvn  ju^t  establishe<i. 

421 .  If  at  the  commoncement  of  the  motion,  thi%  line  coin- 
cides exactly  with  the  axis  ori,  then  we  mu^t  have /i  =:  Oand 
Y  =:  0,  when  (  =:  i) :  in  order  that  this  may  be  the  case,  it  is 
nei*t*ssairy  that  the  i^onstant  a  should  be  cipher.  We  shall 
then  always  have  p  =  0,  y  =r  0,  and  the  instantaneous  axi« 
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oi  will  cmncide,  during  the  continuance  of  the  motion,  with 
the  axis  ozi ,  which  will  remain  immoveable  (No.  405).  When, 
therefore,  a  body  retained  by  the  fixed  point  o  commences  to 
turn  about  one  of  the  three  principal  axes  which  intersect  in 
this  point,  it  will  continue  indefinitely  to  turn  about  this  axis, 
as  if  it  was  entirely  fixed;  this  property  has  been  already 
established  in  No.  389(a:). 

But,  if  at  the  commencement  of  the  motion,  the  axis  oi 
deviates  ever  so  little  from  ozy ,  the  initial  values  of  pand  q\  and, 
consequently,  the  constant  a,  will  be  only  very  small.     Now, 
in  order  that  the  values  ofp  and  q  may  always  continue  very 
small  quantities,  the  constant  S  must  be  real,  for  when  it  is 
imaginary,  the  sines  and  cosines  contained  in  equations  (2) 
become,  by  known  formulse,  real  exponentials,  and  the  values 
ofp  and  q,  which  result  firom  them,  increase  indefinitely  with 
the  time  i(y)'     The  reality  of  S  requires  that  the  principal 
moment  c,  should  be  the  greatest  or  least  of  the  three  moments 
rf  inertia  a,  b,  c.     Therefore,  when  the  instantaneous  axis  of 
rotation  is  made  to  deviate,  ever  so  little,  from  the  principal 
axis,  which  refers  to  the  mean  moment  of  inertia,  this  deviation 
increases  with  the  time,  and  does  not  continue  within  very  narrow 
limits ;  and,  on  the  contrary,  when  it  is  caused  to  deviate  ever 
10  little  from  the  principal  axis  to  which  the  greatest  or  least 
moment  of  inertia  refers,  its  elongation  from  this  axis  is  always 
a  very  small  quantity,  so  that  it  makes  only  very  small  ex- 
cursions at  each  side  of  it,  during  the  entire  continuance  of  the 
motion. 

There  is,  therefore,  an  essential  difference  between  the 
three  principal  axes  of  the  moveable  which  intersect  at  the 
fixed  point  o  ;  if  a  be  the  greatest  and  c  the  least  of  the  three 
quantities  a,  b,  c,  the  motion  of  rotation  will  be  stable  about 
the  axes  oxi  and  ozi ,  and  only  instantaneous  about  the  axis 
Of, .  If^  for  example,  the  moveable  be  a  homogeneous  ellip- 
soid retained  by  its  centre  of  figure,  the  motion  of  rotation  is 
stable  about  the  greatest  or  least  of  its  three  principal  diame- 
ters and  instable  about  its  mean  diameter. 
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422.  In  the  case  of  instable  motion,  fonnub»  (S)  will  only 
express  the  approximate  values  of  p  and  q  during  tbe  first 
instants  of  the  motion,  and  while  they  are  very  small,  as  is 
implied  in  equations  (1),  from  whence  they  are  deduced.  In 
order  to  obtain  the  values  of  p^  9,  r,  at  any  instant  whatever, 
it  is  then  necessary  to  recur  to  the  rigorous  solution  of  the 
problem.  In  the  case  of  stability,  the  approximate  values  of 
p  and  q  furnished  by  equations  (2),  will  subsist  during  tlie 
entire  continuance  of  the  motion ;  those  of  the  three  angles 
^,  9,  ^,  may  be  determined  in  the  following  manner. 

We  shall  suppose  as  in  No.  418,  that  the  motion  has 
produced  by  the  impact  of  a  mass  ^,  all  whose  points 
actuated  by  a  velocity  v  parallel  to  the  line  fb  passing  througli 
the  centre  of  gravity  of  ^,  and  comprised  in  the  plane  of 
the  axes  of  x  and  y.  Equations  (i)  will  constantly  obtain, 
and  if  the  distance  of  this  line  from  the  point  o  be  denoted 
always  by^^  the  quantity  k  which  occurs  in  them,  will  he  still 
equal  to  firf  the  moment  of  the  initial  percussion.  In  conse- 
quence oi  r  zi  n  and  of  formulae  (2),  these  equations(i')  will 
become(2) 


•    n  •                   A  V^b(b  —  c)   .    ^^  ^   .     ^ 
sm  0  sm  ^  =  —  a ^, sin  {tnt  -f-  -y). 


•      n  BV^a(a—  C)  ,^  ^  ,^v 

sin9cos^  =  — a ^ ^ cos  (diU  +  7),   v    '•*> 

COH  8  =  -. 

As  the  an^rlos  0  and  ^  are  given  at  the  commencement  01 
the  motion,  the  vuIuoh  of  the  two  constants  a  and  y  can  be 
obtained  by  making  /  =:  0  in  the  two  first  of  these  equations. 
Then,  if  the  conntant  n  was  determined,  those  two  equations 
would  make  known  the  valuta  of  ^  and  6  at  any  instant  what* 
ever.  It  in  neceHnary  that  a  should  be  a  very  small  quantity, 
in  onler  that  the  %'alues  oi p  and  q  funiished  by  equations  (2K 
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nuLj  be  very  small,  as  ha9  been  supposed.     This  being  the 

9  will  be  constantly  a  very  small  angle,  and  the  principal 

is  ozij  from  which  the  instantaneous  axis  deviates  very 

little,  will  itself  deviate  very  little  from  the  axis  oz,  which  is 

perpendicular  to  fe  the  direction  of  the  primitive  percus- 

uon(a';. 

If  the  square  of  0  be  neglected,  the  third  equation  (3),  is 

reduced  to{l/) 

firf=  en ; 

by  means  of  which  the  constant  n  will  be  known,  this  is  very 

nearly  equal  to  the  angular  velocity  of  the  moveable  about 

the  instantaneous  axis. 

In  like  manner,  the  third  equation  (7)  of  No.  410  will  be 

reduci'd  to 

ndi  =  rf^  —  rf;^ ; 

from  which  we  obtain 

\l/  =  c  +  ^-^  nt; 

in  wiiich  c  is  an  arbitrary  constant  that  can  be  determined  from 
knowing  the  initial  values  of  ^  and  ;^«  By  means  of  this  last 
equation,  the  value  of  the  angle  i//  at  any  instant  whatever  can 
be  known  ;  and  this  completes  the  solution  of  the  problem. 

423.  When  the  moveable  is  a  solid  of  revolution,  the  axis 
of  whose  figure  is  ozi,  b  =.a;  and  the  first  equation  (d)  be- 
comes tfr=0;  r  is  therefore  equal  to  an  arbitrary  constant 
*  ;  and  all  the  formulte  of  No.  420,  as  also  equations  (3), 
rigorously  obtain. 

It  is  then  no  longer  necessary  that  the  angle  0  should  be 
very  small ;  but,  in  virtue  of  the  third  equation  (3),  its  value  is 
constant  during  the  motion,  so  that  the  axis  of  figure  of  the 
moveable  describes  about  or,  which  is  perpendicular  to  fb  the 
direction  of  the  primitive  impact,  a  right  cone  with  a  circular 
base.  If  the  constant  and  given  value  of  this  angle  0  be  de- 
noted by  Cy  we  shall  have 

fiv/co%  i  Z=L  cw, 
VOL.  II.  s 
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by  means  of  which  the  constant  fi  can  be  determined.  Lake- 
wise,  from  the  two  firat  equations  (3),  we  can  deduoe(rO 

^V/»8in^  =  a«A'(A-c), 

which  will  enable  us  to  detennine  the  constant  m ;  and  in  riitue 
of  equations  (2),  w  the  angular  velocity  about  the  instanUneoot 
axis  will  be  (No.  406) 


from  which  it  appears,  that  thisi  velocity  will  be  con^ktant,  m> 
that  the  moveable  will  revolve  uniformly,  as  well  about  the 
instantaneous  axis,  in  virtue  of  this  velocity,  as  about  it^  aii« 
of  figure,  in  virtue  of  the  velocity  n. 

From  the  two  first  equations  (3),  we  can  also  obtain 

tang  ^  =  tang  (gn/  +  7),     f^ini^y. 

The  third  equation  (7)  of  No.  410  becomes 

ndt  =  cndt  —  cos  idi  ; 

from  which  we  obtuinCc/") 


•^  =  c- 


0-c)«t_^_^r/^^ 


COS€ 


in  which  c  denotes  an  arbitrary  constant  intnxiuced  by  the  in* 
tegration ;  conse<|uently,  the  angles  ^  and  \f,^  the  fimt  mea- 
sure<i  on  a  plane  per{KMidiculur  to  the  axis  of  figure,  and  the 
s4>cond  mea*iur(*d  on  a  plane  {mssing  through  the  primitive 
direction  of  the  im|mct  and  the  point  o,  vary  uniformly. 

424.  As  the  stability  of  the  motion  about  the  principal 
ax€*s  of  the  greatest  and  least  moments  of  inertia,  has  been  in- 
fi*m*<l  from  equations  (2),  which,  strictly  speaking,  are  oaly 
approximations,  some  doubts  may  exist  as  to  the  accuracy  ot 
thiH  c(»iU'lusion ;  but  the  stability  in  question  may  be  rigo- 
ruunly  drmoiiHirutiMi  by  means  of  (e)  and  (f),  the  exact  inte- 
graU  of  till*  t*<|ualioiiH  of  llu*  niotiou. 
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In  fact,  if  the  first  multiplied  by  c   be  taken  from  the 
second,  we  obtain 

a(a  — c)p*4-b(b  — c)7*zi  d;  (4) 

in  which,  for  conciseness,  the  constant  h?  —  cA  is  denoted 
by  D.  If,  therefore  the  instantaneous  axis  deviates  very 
little  from  the  principal  axis  ozu  at  the  commencement  of 
the  motion,  so  that  the  quantities  may  be  very  small  at  this 
epoch,  the  constant  d  will  be  likewise  very  small ;  hence  it 
follows,  that  when  the  signs  of  the  two  differences  a — c,  b— c 
are  the  same,  the  values  oip  and  q  must  remain  very  small, 
while  the  motion  continues ;  for  in  virtue  of  equations  (4),  it 
is  necessary  that  their  squares,  multiplied  by  quantities  having 
the  same  sig^,  and  then  added  together,  should  give  a  sum 
which  is  always  a  very  small  quantity.  We  can  also  in  this 
case,  assign  limits  to  the  values  oip  and  7,  for  it  is  evident  that 
we  shall  always  have 

^        a(a  — c)      ^        b(b— -c) 

But  if  the  differences  (a— c)  and  (b  — c)  have  contrary  signs, 
then,  though  the  constant  D  may  still  be  supposed  to  be  very 
small,  it  is  easy  to  conceive  that  equation  (4)  may  nevertheless 
be  satisfied,  without  the  necessity  of  supposing  that  the  values 
of  p  and  q  continue  always  very  small ;  and  in  fact,  it  appears 
from  the  analysis  of  No.  420,  that  then  these  values  cannot  be 
supposed  to  be  very  small  during  the  entire  continuance  of 
the  motion. 

Finally,  the  principal  axes  relative  to  the  fixed  point  o  are 
the  only  ones  which  can  remain  the  same  in  the  interior  of 
moveable,  and  continue  at  rest,  when  they  are  not  entirely 
fixed,  as  has  been  already  observed  in  No.  389.  This  may, 
in  point  of  fact,  be  deduced  from  equations  (d).  For,  in  order 
that  the  position  of  the  instantaneous  axis  of  rotation  may  re- 
main always  the  same,  it  is  necessary  that  the  three  quantities 
Pj  y,  r  should  be  constant.  Therefore  we  have  dp  zz.  0,  rffj  = 
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rfr  =  0 ;  by  means  of  which,  equations  (d)  become  redttced 

to 

(m  —  A)/>/y  z=  0,     (a  —  i')rp  =  0,     (c  —  B)qr  =  0. 

If  the  three  moments  of  inertia  a,  b»  c  are  unequal,  two  of 
the  three  quantities  p,  fjy  r  muAt  be  equal  to  cipher,  in  order  to 
satisfy  these  equations ;  and  then  the  instantaneoun  axi<«  will 
coincide  with  one  of  the  three  axes  ox,,  oy,,  02|.     If  two  of 
these  three  moments  of  inertia  are  equal,  so  that  we  may  have 
B  =  A,  for  example,  the  first  equation  will  disappear^  ami  the 
two  otiiers  will  Ih?  satisfied  by  making  r  =  0.     Consi-quently, 
the  instantaneous  axis  will  then  be  situated  in  the  plane  of 
the  two  axes  oxi  and  o//i ;  but  we  know  that  in  such  a  case, 
all  lines  existin<^  in  this  plane,  and  |Kissing  throui^h  th<*  |M»inC 
o,  are  principal  axes ;  therefore  the  immoveable  axis  of  rota- 
tion will  be  still  a  principal  axis.     Finally,  when  a  z:  n  =r  c, 
these  three  e<)uations  are  identical,  and  the  %'alue^  of /i.  y,  r 
may  be  arbitrarily  selected  ;  but,  in  this  particular  caM\  all 
lines  which  pass  through  the  point  o  arc  princi|)al  axe^ :  in  all 
cases,   tlicreforr,   the  axis  of  rotation  mu^t,   if  it  rom;utiH  im- 
moveable, be  a  principal  axis. 

III.    Stdutinn  tf/'a  partivular  Cant  of  the  Motion  oj'  Itttiatfom 

of' a  luavy  lUnhj, 

42.'i.  When  the  lixe<l  [>oint  o  is  not  the  centre  of  i;r.ivii\ 
of  the  movi*able,  we  have  not  hitherto  Uvn  able,  when  tlie 
action  ot*  gravity  is  taken  int(»  account,  to  intei^rate  the  «%Mem 
of  liquations  (7)  and  (b),  except  in  the  rase  in  uhich  \\\v 
m(»veabli*  is  a  solid  of  r«'Volution,  on  wIiom.*  axis  the  |Hnnt  o 
existH.      It  is  this  particular  cas**  Mhich   we  now  prtKx^^^  to 

considtT. 

Lrt  ii<»  *<uppoM'  that  the  princ!|Kd  a\i«  o:  is  the  axis  ol 
figure,  ami  that,  i*(»nst><|ii(Mitly,  n  :^  a.  l.ikrwiM*,  let  u*  sup- 
|M>Hi*  that  <.,  the  centre  of  ^^ravity  of  the  mowable  (ti|(.  1M« 
exi-^t-*  on   thr   axis  ut  the   p(»«titi%'e   c,,,    in  which  case  ,No. 


OF  ROTATION  OF  A  HEAVY  BODY.  133 

413),  a  =z  0,  /3=:0y  and  y  is  a  given  positive  quantity) 
that  denotes  the  distance  og.  As  the  axis  oz  is  vertical, 
and  drawn  in  the  direction  in  which  the  force  of  gravity 
acts,  the  angle  0  or  zozi ,  will  be  acute  or  obtuse  according  as 
the  point  g  exists  below  or  above  the  horizontal  plane  drawn 
through  the  point  o.  In  these  two  cases,  equations  (b)  will 
become 

cdr  =  0,  1 

Adq  —  (c  —  a)  rpde  =  yaf'Mgdtj  >  ( 1 ) 

Adp  4-  (c  —  a)  rqdt  =  —  yV'mgdt^  J 

in  which  the  quantities  a!'  and  V  are,  by  equations  (c),  equal 
to  —  sin  0  sin ^,  —  sinOcos^,  respectively.  The  section  of 
the  moveable  perpendicular  to  its  axis  of  figure,  and  passing 
through  the  point  o,  is  termed  its  etjuator.  Let  nen^b^  be 
this  section,  and  non^  the  line  in  which  it  intersects  the  hori- 
zontal plane  passing  through  this  fixed  point.  As  all  lines 
passing  through  this  point  and  comprised  in  this  section,  are 
principal  axes,  the  an^le  ^  may  be  referred  to  any  one  of  them 
indifferently ;  and,  e  being  a  determined  point  of  the  moveable, 
the  angle  noe  may  be  assumed  to  be  equal  to  ^.  The  angle 
v^,  the  differential  of  which  occurs  in  the  third  equation  (7), 
will  be  the  angle  nox  reckoned  from  the  fixed  line  o^,  drawn 
arbitrarily  in  the  horizontal  plane.  Therefore,  at  any  instant 
whatever,  we  shall  have 

zozi  zz  0,     NOE  zz  0,     yox  zz  ;// ; 

and  it  has  been  already  sufficiently  explained,  in  No.  378, 
how  the  position  of  the  moveable  can  be  determined  without 
any  ambiguity,  by  means  of  the  three  angles  ;//,  ^,  0. 

426.  By  the  first  equation  (1),  we  shall  have  r  z=  «,  in 
which  n  denotes  an  arbitrary  constant.  Hence  it  appears^  that 
the  motion  of  rotation,  parallel  to  its  equator,  will  be  uniform. 
In  order  to  define  the  direction  of  this  motion,  we  shall  sup- 
pose that  the  point  N  is  the  ascending  node  of  the  equator ;  so 
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that  when  the  point  b  attains  to  the  point  s,  its  radiun  bo  will 
ascend  ahove  the  horizontal  plane,  in  virtue  of  the  anifolar 
velocity  n,  which  will  be  then  a  positive  quantity.  In  &ct, 
by  the  third  equation  (7)  of  No.  410,  we  shall  have 

c/^  =  ndt  +  cm9d\p.  (2> 

When  the  point  s  is  at  n,  theangle^iseithercipherora  multiple 
of  2ir,  and,  in  the  following  instant,  it  will  ascend  or  descemit 
according  as  ^  increases  or  diminishes  (No.  378)  ;  thereibffe« 
in  order  that  the  point  e  may  ascend,  as  it  is  supposed  to  do» 
the  motion  of  the  body  parallel  to  its  equator  being  solely 
taken  into  account,  it  is  necessary  that  the  first  term  of  die 
value  of  f/^  should  be  positive. 

This  being  the  case,  if  its  second  term  is  likewise  positifes, 
it  will  increase  the  value  of  i/^,  which  will  therefore  be  greater 
than  if  the  node  N  was  immoveable;  consequently,  its  motioa 
projected  on  the  equator  will  be  retrograde^  or  in  a  direction 
contrary  to  that  of  the  motion  of  the  body  parallel  to  this  plane. 
The  contnin'  will  be  the  case,  and  the  motion  of  the  node 
will  be  direct^  when  the  second  term  of  the  value  of  if^  b  ne- 
gative. In  this  second  case,  if  the  second  term  surpasses  the 
first,  the  complete  value  of  r/^  will  be  negative,  and  the  point 
E,  after  having  arrived  at  n,  will  desi^end  beneath  the  bori* 
zontal  plane,  instead  of  a.scen(ling  above  it :  but  this  should  not 
prevent  us  from  considering  the  [H)int  n  as  always  the  ascend- 
ing node,  with  rt^|>ect  to  the  motion  ofthelnMiy  about  its 
axis  of  figure. 

Hence  then  it  appears^  that  the  direction  of  the  motion  of 
the  ascending  ntNle  n,  will  de|HMul  on  the  sign  of  the  protiud 
of  cosO  and  d^,  at  each  instant ;  and  this  motion  will  be  direct 
or  retrograde,  according  an  ni^O  and  d^  have  contrary*  or  the 
same  signs. 

427.  If  equations  ( 1 )  l>e  muitiplie<l  by  r",  A\  «  \  rr*prr- 
tivfly,  and  thtii  addt^i  together,  there  n*«>ultv  a**  in  No.  415, 

<  r/,/#     -I-  Kd^fjh"  +  Kd.fHi    -  0  ; 
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kenoe,  as  r  =  n,  d'  zz  cos  0,  we  shall  obtain  by  substituting 
fimr  a"  and  V  their  values^  and  integrating, 

CACO80  — A(psinOsin^  -f  ^sin0cos^)  =  /;  (3) 

/  being  an  arbitrary  constant,  which  expresses,  as  in  the  number 
dted  above,  the  moment  of  the  quantities  of  motion  of  all  the 
points  of  the  body  with  respect  to  the  axis  oz.  Therefore,  in 
ti»  motion  which  we  are  now  considering,  the  moment  of  these 
quantities  of  motion  is  a  constant  quantity ;  however  this  is 
only  the  case  with  respect  to  the  vertical  axis,  and  not  with 
ieq>ect  to  all  axes  passing  through  the  point  o. 

If  the  two  last  equations  (1)  be  respectively  multiplied  by 
f  andp,  and  then  added  together,  we  obtain 

K{pdp  +  qdq)  =  ^(psindcos^  —  ;sin0sin^)Mg<ft. 

Bot  it  i^pears  from  the  two  first  equations  (7)  of  No.  410, 
dot 

psin0cos^  —  9sin0sin^  =  — sin0  — ; 

^Meqoently  we  shall  have 

A  {pdp  +  qdq)  =  —  M^y  8in0(/0 ; 

^  by  integrating  and  denoting  the  arbitrary  constant,  in- 
tioduoed  by  the  integration,  by  A,  there  will  result 

A(P*+?')  =  2M^7C08e  +  A.  (4) 

Moreover,  by  equations  (T),  cited  above,  we  have(e') 

psin0sin^  -h  ysinflcos^  =  sin'0-~. 


/,»  +  y«  =  8m«e-^+;^, 


de^de 

by  means  of  which,  equations  (3)  and  (4)  can  be  changed  into 
tile  following : 


CIICOS0  —  Asin'fl-^  =  /,  I 

at 

A(,in»d^+^^)  =  2mj77C08«  +  A. 


(5) 
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The  Valiums  off//,  J^/,,  f/<^  v.ill  l>i'  furiiisl..  tl  liy  «U|iiiitio-  V 
and  {')),  viwh  of  them  will  be  of  the  form  F0f/9;  thor%'f<»n\  in 
order  to  obtain  the  values  of  /» i/^,  ^  in  functions  of  9,  it  will  hr 
only  necessary  to  integrate  these  three  differential  formuljp ; 
and,  in  all  cases,  their  three  integprals  are  reducible  to  eil-ptic 
functions.  But  without  having  recourse  to  these  functions 
we  can  also  obtain  approximate  values  of  i/^,  ^,  9  in  functioot 
of  /,  in  the  examples  which  will  be  given  farther  on,  after  thai 
M,  /,  hj  the  three  arbitrary  constants  contained  in  the  thrtt 
preceding  equations,  shall  have  been  determined.  The  three 
new  constants  which  are  introduce<i  in  those  last  integratkmii, 
can  be  determineil  by  the  values  of  ,^,  ^,  9,  when  f  ^  0 ;  that 
of  0  will  be  given  ;  and  the  initial  values  of  *^  and  f  may  be 
assumed  to  be,  if  we  please,  i/^  =  0,  ^  =  0. 

428.  Whatever  the  quantities  of  motion  with  which  the 
points  of  the  body  are  actuated  at  the  commencement  of  the 
motion  may  be,  their  principal  moment  relative  to  the  point  o, 
and  the  direction  of  its  axis  will  be  known,   hv  means  of  th< 
percussions  impressed  on  the  moveable  at  this  instant,  with 
which   these  unknown  quantities  of  motion,  estimated  in  i 
direction  op|K>site  to  that  in  which  they  actually  move,  should 
constitute  an  ecpiilibrium  (No.  353).     If  by  the  rule  of  No. 
281,  this  principal  moment  \ye  decomposed  into  three  other 
moments,  whose  lectan^'ular  axes  may  Ih»  the  |Kirt  or.  of  the 
axis  of  figure,  which  contain^  the  ci*ntre  of  i^ravity  c;,  a  ri^bi 
line  perpendicular  to  oci,   and  rompri**<Ml  in  a  wrtical  pUni" 
p;L«ising  tlirough  nz  and  <>;,,  and  a  horizontal  line  [perpen- 
dicular to  tliiH  plane :  as  the^e  three  lini*s  are  principal  axe<« 
the  vahu-  of  flu*  nKuneiit  with  rt'v|x»rt  to  or,,  will  be  cr  or  c« 
(No.  401>);  it  uould  tlirrefore  make  known  the  value  of  ■: 
but  we,  on   tli«'  i-ontrary.  will  •»uppo«ic*  that   x\\\^  volocity  i* 
^ivi'ii  tlirrctU ,  and  assume  this  moment  to  be  iHjual  tt»  <  n. 

If  tlif  moments  of  the  forces,  with  res|H»ct  to  the  second 
and  third  axt-n,  be  denoted  by  ;i  and  m  respectivelj,   then  the 

initial  v.iliir  ot' the  principal  moment  will  Ik*  v't 'n'-Mi*  4- ■•'; 
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and  because  b  z=  a  and  rzzn^  its  square,  at  any  instant  what- 
ever, will  be  A* (p^  +  q^)  +  cV  (No.  409) ;  therefore  if  the 
initial  value  of  the  angle  0  be  denoted  by  a,  we  shall  have,  in 
virtue  of  equation  (4), 

(2M^7C08a  +  A)  A  =  /li*  +  m^y 
mt  the  oommencement  of  the  motion ;  from  which  we  obtain 

h  = ^yigy  cosa. 

The  axis  of  the  moment  denoted  by  fi  will  make  with  oz  an 
angle  equal  to  a  +  90  ;  and  as  the  axis  of  the  moment  m  is 
perpendicular  to  this  vertical,  this  moment  will  not  affect  the 
value  of  /,  the  moment  relative  to  oz ;  therefore  by  the  general 
expression  of  s  of  No.  281,  we  shall  have  simply  (/') 

/=  citcosa  —  /lisina. 

The  angle  a  which  occurs  in  these  values  of  A  and  /,  will 
be  acute  or  obtuse,  according  as  g,  the  centre  of  gravity  of 
the  moveable,  is  at  the  commencement  of  the  motion,  below 
or  above  the  horizontal  plane  passing  through  the  point  o. 

429.  In  order  to  verify  these  different  formulae,  let  m,  the 
mass  of  the  moveable,  be  supposed  to  be  condensed  into  its 
centre  of  gravity,  by  which  means  it  is  changed  into  a  simple 
pendulum  the  length  of  which  is  y. 

In  this  case,  it  will  not  be  necessary  to  consider  the  angle 
^,  and  the  motion  will  depend  solely  on  the  angles  i//  and  0.  If 
at  the  commencement,  the  material  point  g  is  actuated  by  a 
velocity  V  perpendicular  to  go  and  directed  in  the  plane  qoz, 
and  by  a  velocity  k  perpendicular  to  this  plane,  we  shall  have 

fi  =  My  A:,    m  =  yiyk\ 

We  shall  likewise  have 

c  =  0,     A  =  My'  ; 


VOL.  It. 
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from  which  there  will  result 

equations  (5)  wiii  become 

ysin^tf—  =  A  sin  a, 
'  ai 

r'(«n'«'^V  ^)  =  *«  +  *^  +  2sry(cofie-co»«); 

and  it  is  easy  to  make  them  to  coincide  with  ecjuations  (5)  and 
(6)  of  No.  205. 

The  first  multiplied  by  J  yJty  indicates  that  the  area  de- 
scribed about  the  point  o  during  the  instant  dty  by  the  hori- 
zontal projection  of  no  the  radius  vector  of  the  moveable,  b 
constant  and  equal  to  its  initial  value  {yk9ina(t/).  The  fir»t 
member  of  the  second  equation  is  the  square  of  the  velocity  of 
this  material  |X)int  at  the  end  of  the  time  i ;  and  as  A'  -|-  A**  i« 
the  square  of  the  velocity  at  the  commencement  of  the  motion, 
this  equation  is  in  fact  the  formula  of  No.  15\K 

430.  In  the  case  of  a  boilv  wiiich  is  not  rt^tluixHl  to  a  mati^ 
rial  point,  if  the  nu)Vi*ablc  is  made  to  deviate  from  its  |H>sitiun 
of  equilil)rium,  and  if  after  a  veloi-ity  of  rotation  is  impn*^^^ 
on  it  about  its  axis  of  figure,  it  in  then  remitted  to  itself,  tiic 
two  quantities  ^  and  m  will  be  cipher,  and  we  shall  have 

/  =:  CM  cos  n,     A  =  —  2My7COsa  ; 

by  sul>stitutin^  the!»e  vahu*s  of/  and  A  in  equation^  ^.';),  thiv 
will  become 

*>»  V  7.-=  --(cosO—  cosa),  ; 

ai        A  I 

sx\\*il    T,  +    ,  ,  =  — -'i  (ci>^  e  -  cos  a  I.  I 

iU         dr  A 

It  ap|H>ars  fnmi  the  M*eonil,  that  the  difTerence  ci>*  tf  — 
e^^^  u  in  always  {MiMcive,  aiiil  fn»m  the  fir»t,  that  the  dilTert* nti.il 
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^  is  SO  likewise;  consequently  (No. 426),  the  motion  otthe 
ascending  node  n  will  be  direct  when  cos  0  is  negative,  which 
implies  that  g  the  centre  of  gravity  is  above  the  horizontal 
plane  passing  through  the  point  o ;  and  this  motion  will  be 
retrograde,  when  g  is  below  this  plane,  in  which  case  cos  0  is 
podtiye. 

When  n  is  cipher,  the  differential  dxp^  and,  consequently, 
tbe  differential  d^  given  by  equation  (2),  will  be  cipher; 
therefore,  the  angles  xp  and  ^  will  be  constant  and  may  be 
assumed  to  be  equal  to  zero ;  the  motion  will  be  changed  into 
that  of  the  common  pendulum  about  an  horizontal  axis,  rela- 
tively to  which  the  moment  of  inertia  is  a  ;  and  in  fact,  if  d\p 
he  made  equal  to  cipher  in  the  second  equation  (6),  it  is  re- 
duced to  equation  (a)  of  No.  394,  when  in  this  last,  the  initial 
velocity  b  supposed  to  be  cipher. 

If -^  be  eliminated  between  the  two  equations  (6),  there 

Of 

results 

rin'tf^  =  ^  [sin»fl-  2j3«(cos0-  cosa)]  (cosfl-cosa),     (7) 

in  which,  for  conciseness,  we  make(A^ 

My  __  1       c'n*  ^  4^j3* 

in  this  value  of  sin'  0-^,  X  is  the  length  of  the  simple  pen- 
dulum, which  would  perform  its  oscillations  in  the  same  time 
as  the  moveable,  if  the  velocity  n  was  cipher.  At  the  same 
time,  the  first  equation  (6)  will  become 

sin»0^  =  2^  V|  (cos  0  -  cos  a),  (8) 

in  which  /3  must  be  regarded  as  a  given  positive  quantity. 
*      '^The  approximate  values  of  0  and  /  which  are  deduced  from 
these  equations  (7)  and  (8),  and  that  of  ^  which  results  from 
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equation  (2),  may  be  easily  expressed  in  a  finite  form,  in  tbe 
two  cases  that  have  been  discussed. 

431.  If  in  the  first  place,  oZ|  the  part  of  the  axis  of  figure 
which  contains  g  the  centre  of  gravity,  is  supposed  to  deviate 
by  a  very  small  quantity  from  the  vertical  oz  at  the  com* 
mencement  of  the  motion,  so  that  the  angle  a  may  be  very 
small,  then  the  angle  0  will  be  also  very  small,  for  we  have 
always  cos  0  >  cos  a ;  hence,  if  the  fourth  powen  of  «  and  9 
be  neglected  in  the  expansions  of  cos  a  and  cos  0,  equations 
(7)  and  (8)  will  become(i') 


dt 


(P'^  =  ,3\/f(««-n 


It  appears  from  the  first  of  these  equations,  that  0,  which 
must  be  always  a  positive  quantity  (No.  378),  can  ne\er  br 

greater  than  o,  or  less  than  — .     By  revolving  it  with 

•  Iff3' 
respect  to  (//,  wo  obtain 

^-  V^.edo 
dt  = ^ 

and  as  the  denominator  is  to  Ir>  always  retarded  as  a  |»o»iti%«r 
quantity,  the  numerator  must  be  afToctoil  with  the  inferior  or 
su|>erior  si^n,  accordint^  as  0  increasi's  or  decreases. 
Let  us  itHMime,  in  order  to  facilitate  the  integration. 

0  =:  tt  sin  i#,     dO  =:  <i  cos  udu  ; 

there  n^ultn   by  <uhHtitutin«^  tln-st*  values  in   the   preit-«iiii^ 
equnti«Hi, 

A  v^  1  _  (^1  -f.  ^V)K^^^H 

Theret'ore,  l>\  integrating,  ue  fthall  liave(A') 
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t  V  I  /r+F  =  c  ±  arc  (sin  =  y/T+^co% «); 

c  being  an  arbitrary  constant  introduced  by  the  integration. 
When  f  =  0,  we  have  0  z:  a  and  cos  «  =  0 ;  the  angle  which 
corresponds  to  the  sine  cipher,  is  either  cipher  or  some  mul- 
tiple of  w ;  therefore,  we  have  c  =  tV,  in  which  t  denotes  an 
integral  number  either  positive,  negative,  or  cipher ;  by  sub- 
stituting in  the  preceding  expression  for  cos  u  its  value,  we 
shall  have 

*  V\.  ^/T+F'=  »T  ±  arc  (sin  =  V^^  V^^^. 
As  the  angle  9  decreases  first  from  0  =:  a  to  0  =  — ~ 


\/l+0*' 
we  should  take  the  superior  sign  in  the  preceding  equation, 

and  make  t  =  0 ;  and  as  it  then  increases  from  this  last  value 

to  0  =  a,  we  should  take  the  inferior  sign,  and  make  t  =:  1 ;  as 

it  aeain  decreases  from  0  =  a  to  0  =  — ^        ,  the  superior 
^  \/l+/3'^  ^ 

sign  should  be  taken  and  t  made  =  2,  and  so  on.  It  is  in 
this  manner  that  we  should  determine  the  arbitrary  constant, 
which  should  be  added  to  an  arc  of  the  circle  which  is  sup- 
posed to  be  a  function  of  its  sine,  but  it  is  simpler  to  pass 
from  the  arc  to  the  sine,  previously  to  this  determination. 

We  shall  have  at  any  instant  whatever,  by  means  of  the 
preceding  equation(f), 


«-       .,^y/^(l±£) 


<^=°'-r:r^5«">>.  —  X 


Denoting  by  t  the  time  in  which  the  angle  0  passes  from 
its  gp^atest  value  a  to  the  least  value  that  immediately  follows 
it,  or  in  which  it  returns  from  the  least  to  the  greatest,  we  obtain 


Tzr^iry/I     ^ 
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By  means  of  this  value  of  OF,  that  of  Af^^  which  b  given 
by  the  second  equation  (9),  will  be(mO 


(hp=: 


^\/f(l+^')* 


fi^  +  cos 


We  obtain  by  integrating  and  assuming  i^  =  0  when  /  =  0« 


xff  =  arc 


/3tang 


tang  = 


v/l+f3* 


-0/\/i; 


by  means  of  this  formula,  the  retrograde  motion  of  the  ascend* 
ing  node  n,  on  the  horizontal  plane  passing  through  the  point 
o,  can  be  dctermined(n').  If  the  constant  /3  is  not  cipheri  the 
values  of  the  arc  comprised  ia  this  formula  will  be 

arc  ^tang  =  x)  z=  Jir,     arc  (tang  =  0)  =  ir, 
arc  (tang  =  —  x)  =  Jir,  &c., 

at  the  end  of  the  first,  si'cond,  third,  &c.,  intervals  of  time  t  : 
consequently,  the  arc  doHcril)ed  by  the  jK>int  N  during  t,  the 
first  interval  of  time,  will  be 

•  i  +  /3' 
(iuriiig  the  two  first  intorvaU  t,  it  will  he 

*-'       V/1+/J'' 
at  the  end  of  the  thrive  fip^t,  wc  ^hall  havo 


i=lir- 


]^li 


ann  m)  on. 

It  ap|H*api   from  uhaC  liav  bivn  now  i*^taMi<*lit-«i«  thai  ihr 
ari*s  dt'HcTibrd  li\  ihr  wMv  \  durifiir    tli«'  '^nrrr'^'iivo  intt-riaU 
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T,  will  be  all  equal  to  each  other,  and  that  their  common 

value  will  be 

i^ 

which  will  always  be  so  much  smaller,  as  the  constant  j3  is  a 
greater  number. 

With  respect  to  the  value  of  ^,  it  appears  that  if  the  square 
of  9  be  neglected  in  equation  (2),  and  if  ^  =  0  when  ^  =  0, 
we  shall  have 

^  =  nf  +  \^ ; 

the  value  of  ^  being  thus  known,  the  position  of  the  move« 
able  at  any  instant  whatever,  will  be  completely  determined. 

432.  Whatever  be  the  magnitude  of  the  angle  a,  let  us  sup- 
pose that  the  angle  0  continues  very  nearly  constant,  and, 
consequently,  that  it  differs  very  little  from  a  during  the  mo- 
tion ;  then  if  we  make 

the  angle  u  must  be  considered  as  a  very  small  variable.     By 

neglecting  all  powers  of  u  higher  than  the  square,  we  shall 

have(o^ 

sin*  d  =  sin'  a  —  u  sin  2a  +  t<'  cos  2a, 

cos  6  —  cosa  =:  t<  sin  a  —  ^  t<'  cos  a ; 
and  at  this  degree  of  approximation,  equation  (7)  gives 

-^  =  2ttsina  —  w*(cosa  +  4j3*); 
hence  we  obtain  (p^ 


V^cft  = 


du 


V^2ttsina—  tt'(cosa  +  4/3*)* 


By  integrating,  and  observing  that  u  =  0  when  ^  =:  0, 
there  Tesalts(9') 
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t  V^f(c<««+4^")  =  arc [««  =  (l  -  !^li:2!5±il^  .I 
A  i-  \  Mna  /-J 

and,  consequently. 


11 


=        ""^a»n-eos^V^f(coHa  +  4^»)T 
cosa  +  4/3*L  ^X^         -i-r-'j 


In  order  that  the  variable  u  may  be  always  a  very  ftmall 
quantity,  as  has  been  supposed,  it  is  necessary  that  fi  shoaU 
be  very  great,  and  this,  in  general,  requires  that  there  be 
impressed  on  the  moveable  a  very  great  rotatory  velocity 
about  its  axis  of  figure.  We  can  then  substitute  4f3*  for 
cos  a  +  4/3',  and  we  shall  have  more  simply(r'), 

«  =  2 ua  »^"  «  8in»0/ V  |. 

If  in  equation  (8),  a  —  u  be  substituted  in  place  9,  we  shall 
obtain,  by  neglecting  the  square  of  ir,  and  assuming  that  tke 
angle  a  is  not  cipher,  in  which  case  the  factor  sin'  a,  commoa 
to  both  members^  may  be  suppresst*d(/'), 

hence  there  results 

We  shall  hare  at  the  same  time,  in  virtue  of  equation  (2  k 
and  by  assuming  that  the  angles  ^  and  }l  are  cipher  at  the 
commencement  of  the  motion, 

^  =  «f  +  \^  co^n  ; 

and  thuH  the  po<«ition  of  the  moveable,  at  any  inMant  whatever, 
will  lu*  oonipletoly  determined. 

From  the  equation  0  :r  a  —  m,  and  from  this  value  of  -ij.  ii 
may  br  iiiffrred,  Ut,  that  when  the  moveable  on  which  a  ver\ 
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considerable  rotatory  motion  has  been  impressed  about  its  axis 
of  figure,  is  made  to  deviate  from  the  vertical  direction,  the 
inclination  of  its  equator  on  the  horizontal  plane  passing 
through  the  point  o,  remains  very  nearly  constant,  during  the 
entire  continuance  of  the  motion  which  results ;  2ndly,  that 
at  the  same  time  the  intersection  of  these  two  planes  acquires  a 
motion  very  nearly  uniform,  and  very  slow  relatively  to  the  ro- 
tation of  the  moveable,  which,  as  has  been  stated  in  No.  430, 
is  direct  or  retrograde,  according  .as  the  centre  of  gravity  of 
the  body  is  above  or  below  the  horizontal  plane.  Unless  in 
the  case  when  the  angle  a  is  cipher,  the  angle  %p  and  the  mo- 
tion of  the  node  are  independent  of  its  magnitude ;  u  the  in- 
equality of  the  inclination  of  the  equator,  and  the  inequality 
which  has  place  in  the  motion  of  the  node,  are  always  less  sen- 
sible, as  the  rotation  is  more  rapid,  and  the  quantity  /3  more 
considerable. 

Most  of  the  lecture  rooms  of  natural  philosophers,  are  now 
furnished  with  the  machine  invented  by  Bohnenberger,  by 
means  of  which  the  various  circumstances  of  this  motion  of 
rotation  are  accurately  represented,  in  like  manner  as  all 
the  phenomena  of  the  motion  of  heavy  bodies  are  exhibited 
by  Atwood*s  machine.  The  rotatory  motion  is  produced  by 
means  of  a  thread  wrapped  round  the  equator  of  the  moveable, 
and  attached  to  one  of  its  points,  which  is  rapidly  unrolled, 
as  when  a  humming  top  is  made  to  spin. 

It  may  be  remarked  that  when  a  is  cipher,  0  is  so  likewise, 
this  renders  equation  (8)  an  identical  one,  and  the  angle  i/^  in- 
determinate ;  in  this  case,  the  angle  ^  —  \^,  that  is  equal  to 
a/,  represents  the  motion  of  the  body  about  its  axis  of  figure, 
which  continues  always  vertical. 
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CHAPTER  V. 

OF  THE  MOTION  OF  A  SOLID  BODY  BNTIRBLY  f  HBB. 

433.  In  order  that  the  motion  of  a  solid  body  in  tpBce 
may  be  more  easily  understood,  philosophers  substitute  two 
other  motions  for  it,  one  of  rotation  about  one  of  the  points  of 
the  moveable,  and  the  other  of  transkUion^  in  whidi  att  if» 
points  participate.  This  is  evidently  the  same  thing,  as  U^ 
at  any  instant  whatever,  the  velocity  of  each  point  was  con- 
sidered to  be  the  resultant  of  two  other  velocities,  one  of 
which  is  equal  and  parallel  to  that  of  the  point  whidi  has 
been  taken  as  the  centre  of  the  motion  of  rotation,  and  of 
which  the  other  is  peculiar  to  each  point  of  the  moveable ;  by 
means  of  these  particular  velocities,  the  bociy  turns  about  the 
centre,  as  about  a  fixed  point ;  and,  in  virtue  of  the  common 
velocity,  all  its  points  are  transferred  in  space,  with  a  mocioo 
in  which  they  all  participate,  but  which  docs  not  in  any  man- 
ner affect  the  motion  of  rotation. 

The  motion  of  translation  may  be  in  point  of  (act  one  of 
revolution  about  another  bodv,  which  last  mav  be  either  itself 
at  rest  or  in  nfbtion.  If  a  pven  &ce  or  section  of  the  more 
able  remains  constantly  parallel  to  itself,  the  body  has  no 
tion  of  rotation ;  if  the  moveable  presents  always  the 
face  towanis  the  central  IxhIv,  the  rotation  is  performed  in  the 
same  time  a*i  the  n*v(>lution  about  this  ctnitral  bodv.  Ilu4 
sei^ond  case*  obtains  in  the  motion  of  the  Hatellites  about  their 
res|H»oli vi»  primary  planrt**.  The  moon  pres4MitH  ul wayn  the  «ame 
face  to  thf  earth,  ho  that  the  ra<linH  vector  drawn  from  the  centre 
of  flio  t'arfli  to  thf  contn'  of  the  m<M>n,  mert**  the  *urfa*v  of 
the  >aliliit'-  aluav'j  in  r\u   -aim*  point  (No.  141  )'.//^:  }u]\\  r 
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follows,  that  the  rotation  of  the  moon  on  its  axis,  and  its  re- 
volution about  the  earth,  are  performed  in  the  same  time, 
namely,  27^,32166.  It  is  demonstrated  in  the  Mechanique 
Celeste^  that  this  equality  between  the  two  motions  will  always 
subsist,  although  the  motion  of  revolution  should  be  accele- 
rated from  one  century  to  another  (No.  244);  so  that  the 
motion  of  rotation  must  participate  in  this  acceleration,  the 
cause  of  which  has  been  assigned  by  Laplace. 

If  it  be  merely  proposed  to  decompose  the  motion  of  a 
body  into  two  motions  which  are  simpler  and  more  easily 
conceived,  the  centre  of  the  motion  of  rotation  may  be  as- 
sumed to  be  any  point  we  please ;  but  when  our  object  is  to 
determine  each  of  these  two  motions  in  particular,  we  should 
assume  this  point  to  be  the  centre  of  gravity  of  the  moveable, 
because  then,  in  the  first  instant,  these  two  motions  may  be 
determined  independently  of  each  other,  and  in  several  in- 
stances, this  will  be  also  the  case,  during  the  entire  continu- 
ance of  the  motion ;  the  selection  of  this  point,  as  the  centre 
of  rotation,  will  always  render  the  differential  equations  of 
the  two  motions  much  simpler,  as  we  now  proceed  to  show. 

434.  Let  the  centre  of  gravity  of  the  body  be  denoted  by 
c,  its  mass  by  m,  and  any  element  whatever  of  m  by  dm.  Let 
X,  y,  z  be  the  three  rectangular  coordinates  of  this  material 
point  at  the  end  of  the  time  ty  which  is  supposed  to  be  rec- 
koned from  the  commencement  of  the  motion,  and  2:1,^1,  z^ 
those  of  the  point  g  with  respect  to  the  same  axes ;  we  shall 
have 

MXi  =  Sadiw,     M^i  =  ^ydm^     uzx  =  ^zdm^ 

in  which  the  integration  is  supposed  to  extend  to  the  entire 
mass.  If  these  equations  be  differenced  with  respect^to  /,  the 
operation  can  be  effected  under  the  signs  ^.  By  this  means, 
we  shall  have 

dt        J  dt  dt       Jdt       '       dt       Jdt  ^  ' 
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nnd,  in  order  to  obtain  thv  components  of  the  iniunl  t 
of  the  centre  of  grnx'tty,  it  nil)  be  tufBcU'iit  to  know  tb»  v 
of  these  last  intrgrnls  ut  the  comnutiicrtnent  of  the  motiai. 

For  thio  purpose,  let  uftsupjKMv  thftt  at  thli epoch,  ^i^t^jJ 
&c.,  ihc  conotituent  parta  of  M,  are  wtuatcti  by  the  vd 
t),  v\  r",  &c.,  aiiil  tliat  thow?  vclncilJet  are  the  mhw  fard 
the  poinU  of  nhich  each  of  these  parta  oonuata,  M  thai 
would  acquire  the  quantities  of  motioa  fiv,  fi'r*,  fi"r",  I 
they  were  (iree.     Dy  the  principle  of  No.  353,  there  ahouU  h 
an  equilibrioni  between  these  qiiantiliee  of  m 
in  a  ilirectioii  oppoailt-  (o  that  in  which  the  motion  taka 
and  tliosc  which  ail  the  poinia  of  the  moveable  adoally  a 
in  the  first  moment,  which  taken  in  a  direction  f 
ues  of  X,  y,  z  respectively,  will  be,  rvlutirely  to  i 

I,  -T-  dm.  Now,  aa  the  d 


of  the  velocities  r,  v',  e",  &c.  are  given,  we  c 
quantities  of  motion  which  correspond  to  theia,  in  a  d 
parallel  to  these  axes,     llcnce  if  the  sums  ofthcaM  i 
nents,  taken  in  the  directions  of  the  pnutire  .n,  fv,  n^  I 
denoted  by  r,  q,  u,  we  Khali  have,  in  order  to  the  cqd 
in  queation,  as  the  motion  i»  Ruppused  to  be  entirely  free, 

lor  tha  pftrticutar  value  (  =  0.     Thrrvfurr,  at  the  c 
ment  of  the  motion,  equations  (1)  will  become 


<£*!_ 


■£-=' 


I  ben  these  equations  it  appears,  that  the  initial  veloetly  oS  d 
*  centn  of  gravity  will  be  the  same,  in  magnitude  and  d 

■•  if  M,  the  entire  maas  of  the  moreable,  i 

it,  and  all  the  quanlitin  of  motion  fir,  fi'r',  ;i"r",  ftd,  i 

their  componvnu  p.  g,  a,  were  applied  to  it,  | 

r^ieetive  direciioat. 
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435.  We  may  suppose  that  it,  fjt',  ft",  &c.  denote  the  masses 
of  bodies,  wliifh,  actuated  by  the  velocities  v,  v',  v",  &c.,'  im- 
pinge amultaneou§ly  on  another  body  at  rest,  and  that  they 
then  remain  attached  to  it,  so  as  to  constitute  a  total  mass  H, 
of  which  G  the  centre  of  gravity  has  acqu!re<i  a  velocity,  the 

-    .  .  1      ''-''i    ''Vi    '^'t 

values  of  whose  tliree  components,  namely,  -j--,  ^,  -j-,  are 

furnished  by  equations  (2). 

The  problem  would  be  dlfierent  if  tlie  impinging  bodies  do 
not  rcmaiti  attached  to  the  struck  body  after  the  impact.  Let 
a  niMM  H  at  rest,  be  struck  by  another  body  in  motion,  which 
touches  M  in  only  one  point  e  of  its  surface  (Gg.  10),  then  if  the 
bodies  do  not  slide  on  each  other,  during  the  continuance  of 
the  shock,  or  at  least,  if  they  only  do  so  to  a  small  extent,  it 
is  ttot  necessary  to  take  into  account  the  iuconsiderable  friction 
to  which  It  can  give  rise  (No.  353) ;  and  if,  finally,  we  suppose 
thai  Kr  is  the  normal  to  the  surface  of  M  at  the  point  e,  and 
oonpriseil  in  the  interior  of  this  body,  it  will  be  shown  in  a  fol- 
lowing chapt4.T,  that  the  motion  of  M  will  be  the  same,  as  If /i,  a 
vertain  part  of  its  mass,  whose  centre  of  gravity  is  situated  on 
ST,  should  receive  in  this  direction  a  certain  velocity  v  com- 
maa  to  all  its  points.  Hence  it  follows,  that  ef  b  the  direc- 
tion of  the  impact,  and  its  intensity,  thatls  to  say,  the  quantity 
of  motion  fiv  will  be  determined,  in  that  chapter,  when  the 
motion  of  the  impinging  body,  and  the  form  of  the  two  bodies, 
whether  vltwtic  or  non-elastic,  are  given. 

I        This  b«ng  agreed  on,  if  v  be  the  velocity  with  which  a 
tke  ceatru  of  gravity  of  m  Is  actuated,   its  direction  will  be 
■loog  the  line  on,  parallel  to  bf,  and  its  value  will  be  equal  to 
;ftf  divided  by  u,  so  that  we  shall  have 
MV  =  |ul'. 

Coover«cly,  if  v  the  velocity  of  the  centre  of  gravity  is 
Ipfta  by  obticrvation,  the  quantity  of  motion  impressed  on 
the  Hnick  body,  in  the  direction  of  the  interior  part  of  tho 


I 
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normal  to  the  nor&ce  erected  at  b,  the  point  where  tbe 
is  maiio.  will  be  olitaintMi,  by  mulliplying  v  by  h  ;  tUi 
peny  belongs  ezcluoively  to  a  the  oenire  of  f^vily,  awl  is 
general,  will  not  hare  place  for  the  velocity  with  whidi  ikc 
point  B  or  any  otlier  point  of  m,  situated  or  Dot  on  the 
of  the  line  of  impact,  is  acruaied. 

436.  In  onJor  that  we  may  more  eleuly  perceive  bow 
notion  of  rotation  nf  a  hixly  is  «inipli6oiI,  when  U  i» 
iu  centre  of  ^rravity,  lot  us  lirat  suppow  that  il  is  propom} 
determine  this  motion  about  c,  a  ilettinninate  point  (fi^.  1 1) 
ihb  body,  which  we  will  then  eauw  to  coindtle  witli  a. 
centre  of  gravity. 

Let  CA  denote  the  reloetly  of  the  point  c,  in 
and  direction,  and  nu  that  uf  b  any  other  point  i 
the  moveable.     Through  the  point  n,  let  the  line  as  be 
equal  and  parallel  to  ca,  and  let  the  panllellogram  BBar 
completed.     We  i^an  substitute  for  the  velocity  bd  im 
poncniB  nB  and  nr,  and  if  the  velocity  of  all  the  pmaiaafi 
Dovcnblc  be  decompoted  in  the  same  manner,  they  wiU 
have  a  common  velocity,  equal  ami  pamllrl  lo  ca.  and  emk 
them  will  have,  beside*,  a  velocity  puvtiliar  lo  itaelf.     N««, 
a  velocity  equal,  pontllcl,  ami  contrary  to  ca,  he  hapieaHd  am 
the  point  n  and  all  the  other  points  of  the  body,  Urn  faiat  c 
will  be  reduced  to  a  state  of  mt,  without  any  change  hng 
produced  bi  the  motion  of  rotation  abnut  this  point.  wU(4 
ariiH^  from  the  particular  velocititrs  of  the  other 
example,  nr  for  the  piint  ii.    Then-lore,  in  order  to 
thix  motion,  we  may  consider  the  point  i~  ai  (Lied, 
•  imprewed  on  all  the  elemeDtii  of  the  body,  qoantil 
n  equal  to  the  prudoct  of  their  maMM  and  of  the 
,  e«timat<^  in  a  lUrecUon  ooDtrary  lo  ca.     Out  aa 
fcmai  are  parallel  and  pmportionnl  U>  ibrtr  rc»pcctive 
thdr  resultant  will  be  e<)ual  to  thdr  «um,  luid  will 
the  centre  nf  |;ravity,  like  the  resultant  of  forces  whtdi 
from  gravity;  eonwqucnily.  ifwedenwli-  ibc  n-toctty  ca 
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r,  and  the  mass  of  the  moveable  by  m  as  before,  it  ivill  be 
sufficient  to  add  to  the  given  quantities  of  motion  impressed 
simultaneously  on  the  different  parts  of  m,  another  quantity  of 
motion,  namely,  mu  acting  in  the  direction  of  the  line  ga^^ 
parallel  and  contrary  to  ca.  The  motion  of  rotation  about 
the  point  c,  can  then  be  determined  by  the  rules  of  the  pre- 
ceding chapter,  as  if  c  was  a  fixed  point.  This  determination 
therefore  requires  that  we  should  know  u  the  velocity  of  the 
point  c ;  but  if  the  centre  of  gravity  coincided  with  this  point, 
it  is  evident  that  when  the  quantity  of  motion  mu,  the  direo- 
tion  of  which  passes  through  the  point  g,  is  applied  to  it,  we 
need  not  take  it  into  account,  for  any  force  whatever  which 
passes  through  the  centre  of  the  motion  of  rotation,  cannot 
influence  in  any  manner  this  motion,  since  it  cannot  make  the 
body  to  turn  about  this  point,  in  one  direction,  rather  than  in 
the  contrary. 

It  follows,  therefore,  that  when  quantities  of  motion  given 
in  magnitude  and  direction,  are  simultaneously  impressed  on 
different  parts  of  any  solid  body,  the  moveable  will  commence 
to  turn  about  the  centre  of  gravity,  as  about  a  fixed  point,  and 
without  our  being  obliged  to  add  any  other  quantity  of  motion 
to  those  which  are  given. 

437.  By  combining  this  theorem  with  that  which  pre- 
cedes, we  can  completely  determine  the  initial  motion  of  a 
solid  body  of  any  form,  whatever  be  the  manner  in  which  it 
has  been  produced. 

For  greater  clearness,  let  us  suppose  that  the  moveable, 
whose  mass  is  m,  and  centre  of  gravity  g  (fig.  10),  is  struck  at 
the  point  e  of  its  surface  by  another  body,  which  after  the 
impact  is  detached  from  it.  By  taking  for  its  motion  of  trans- 
lation that  of  the  point  g,  and  having  regard  to  this  motion 
solely,  all  the  points  of  the  moveable  will  in  the  first  instant 
describe  lines  parallel  to  the  normal  ef  ;  we  can  always,  as 
has  been  just  stated,  determine  their  common  velocity,  which 
will  be  the  entire  velocity  of  the  point  o ;  but,  for  greater 
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Rimplicity,  we  ahall  sapjiow  that  it  »  given  by  otn 
and  dcDOte  it  by  v.  Independently  oC  this  modna  of  D 
tion,  the  body  will  turn  &bout  ibe  point  c  as  if  it  i 
and  a  quantity  of  motion  equal  to  hv  was  imprcMcd  oo  a  pafl 
of  the  mass  h,  tlie  centre  of  gravity  of  which  n>  id  th«  lam 
BF.  Consequently,  in  the  first  instant,  the  direction  oftkl 
inBtantancouB  axis  of  rotation  and  thv  anj^ular  raottoa  of  th 
body  about  thia  axis,  will  be  delermined  by  equatioiki  (1)  4 
Mo.  418,  in  whicli  we  shall  nuike 

/deaotiog  the  perpendicular  OL  let  &U  fron  the  point  s  « 
the  line  a  p. 

For  this  purpoKc,  lot  ihi*  ani^larvetoaty  be  denoted  by  m 
and  the  anfflcs  which  ihe  insUuiianeous  axit  of  rotation  nuka 
with  the  three  princi{>al  axes  ihal  intersect  at  the  point  G,  b^ 
■■/3iT;  likewise,  \et  HRK  be  the  twctlon  of  the  mov^kU 
made  by  tlie  plane  jutSNing  thruu)(k  the  point  o,  and  tike  tia 
IP ;  tkrouj^h  o  let  a  |>er]>cndicular  to  tbi*  plane  he  dnwa,  an 
let  a,  bi  f,  be  the  angles  which  this  line  make*  with  the  axa 
to  which  the  angles  a,  (i,  y,  are  referred ;  by  fonnula  (A)  a 
No.  405,  and  equations  (1),  we  shall  have 

Awcoia=Aco«a,     iiMCO«0  =  Acoa&,    CMCoa^  sIomc; 

in  which  a,  b,  c,  denote  the  three  nwnnta  of  inertia  of  tk 
moveable,  with  respect  to  the  wuno  azca.  By  taking  tk 
■quarcs  of  each  ot  theoe  cquationa,  and  then  adding  then  u 
felhert  we  shall  obudn,  ai  cos* «  4- cos' ^  +co»*y  =  1, 


Aa  the  valofs  of  a,  b,  e,  will  be  given  in  eaek  pai 
B  velocity  m  will  be  known,  and  thoa,  by  inratM 
f  eqiutions,  the  angb-s  «,  fi,  y,  can  he  dctar 
that  h  to  (ay,  the  direction  of  the  instantanooui  axit. 
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If  the  perpendicular  to  the  section  hek  coincides  with  one 
of  the  three  principal  axes,  so  that  we  may  have,  for  example, 
a  =  90*»,  b  =  90%  c  =  0,  there  will  result  a  =  90°,  /3  =  90% 
7  =  0,  and  the  instantaneous  axis  will  coincide  with  the  prin- 
cipal axis;  hence  it  follows,  that  if  a  body  entirely  free,  is  struck 
in  the  plane  of  two  of  the  three  principal  axes  relative  to  its 
centre  of  gravity,  it  will  commence  to  turn  about  the  third 
axis.  If  we  substitute  for  k  its  value,  that  of  the  initial  ve- 
locity of  rotation  will  be,  in  this  case(6), 

c 

Conversely,  it  is  easy  to  show  by  means  of  the  preceding 
equations,  that  the  moveable  cannot  commence  to  turn  about 
the  perpendicular  to  the  plane  of  the  section  hek,  so  that 
a,  /3, 7,  may  be  equal  to  the  angles  a,  6,  c,  or  to  their  supple- 
ments, unless  this  perpendicular  is  one  of  the  principal  axes 
which  intersect  at  the  point  g(c^). 

When  the  moveable  is  either  a  homogeneous  sphere,  or 
one  composed  of  concentrical  strata,  the  perpendicular  ep  will 
pass  through  the  point  g,  which  will  be  its  centre  of  figure. 
We  shall,  therefore,  have/=  0,  A:  =  0,  a>  =  0 ;  consequently, 
the  moveable  will  acquire  no  motion  of  rotation  by  the  im- 
pact. When,  as  is  sometimes  the  case,  a  sphere  entirely  free, 
is  made,  by  the  percussion  of  another  body,  to  turn  on  itself, 
the  reason  of  this  is  always  because  the  impinging  body  slides 
more  or  less  on  this  sphere,  and  the  motion  of  rotation  is  then 
produced  by  the  friction  which  takes  place  during  the  conti- 
nuance of  the  impact. 

Whatever  may  be  the  form  of  the  struck  body,  if  the  striking 
body  remains  attached  to  it,  the  preceding  formulae  will  still 
obtain,  by  substituting  for  mv,  the  quantity  of  motion  which 
the  second  had  before  the  shock,  and  by  taking  for^  the  per- 
pendicular let  fall  from  the  centre  of  gravity  of  the  two  masses, 
on  the  primitive  direction  of  the  centre  of  gravity  of  the  second 
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body ;  a,  b,  c,  will  then  be  the  principal  moments  of  inertii  of 
the  body,  composed  of  the  two  united  masses. 

438.  We  now  proceed  to  discuss  the  motion  of  the  mam  M, 
at  the  end  of  any  time  /,  and  for  greater  cleamets»  we  shall 
consider,  successively,  its  motions  of  translation  and  rotatioOt 
each  of  them  being  referred  to  its  centre  of  graTity. 

1st.  At  this  instant,  let  x,  T,  z,  be  the  components  of  the 
given  accelerating  force,  which  acts  on  any  element  dm^  i^ 
solved  parallel  to  the  axes  of  x,  y,  z ;  the  forces  lost  during 
the  instant  dty  by  this  material  point  will  be  (No.  391),  when 
estimated  in  directions  parallel  to  these  axes, 

{x-^)dm,    (v-g)d»..    (*-5)Ai. 

As  the  moveable  is  entirely  free,  it  is  necessary,  in  order  to 
the  equilibrium  of  the  forces  lost  by  all  its  elements,  that  the 
integrals  of  these  quantities  extended  to  the  entire  mass,  should 
be  equal  to  cipher ;  consequently,  we  shall  have 

J'^^rf,«=Jxrfm,     J^rf,»=Jvrf«.,     JJrfm=5zrf«. 
But  by  diffcrcntbting  equations  (I)  a  second  time,  we  obtain 

hence  there  will  result 


from  which  it  ap|K*ars,  that  during  the  continuamct  of  the 
tioHy  G  the  centre  of  gravity  of  the  moveable,  moves  in  the 
same  niaiiner,  as  if  the  entire  maiis  m  was  concentrated  in  it« 
and  the  motive  forei^s  which  act  on  all  it8  points,  or  their  com* 
ponontH,  wore  applied  to  it,  |>arallel  to  their  respective  d»* 
rections. 

2ndly.   If,  after  the  initial  motion  of  translation  is  de^ 
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troyed,  as  in  No.  436,  we  suppose  that  at  each  instant,  there 
is  oommunicated  to  all  its  points,  infinitely  small  increments 
of  Telocity,  equal  and  directly  contrary  to  that  by  which  the 
point  o  is  actuated  at  the  same  instant,  this  point  will  be 
reduced  to  a  state  of  rest,  during  the  entire  continuance  of 
the  motion ;  and  the  rotation  about  this  point  will  not  be 
altered.  But,  this  is  evidently  the  same  thing,  as  if  there 
was  applied  during  the  entire  continuance  of  the  motion  to  all 
the  elements  of  the  moveable,  accelerating  forces  equal  and 
contrary  to  that  of  the  centre  of  gravity ;  as  the  corresponding 
motive  forces  are  parallel,  and  proportional  to  the  masses  of 
these  material  points,  their  resultant  will  pass  through  the 
oentre  of  gravity  6,  therefore,  they  need  not  be  taken  into 
account,  in  determining  the  motion  of  rotation  about  this 
centre.  Consequently,  this  motion  will  be  the  same  at  each 
instant,  as  if  g  was  a  fixed  point,  and  the  forces  which  act,  at 
this  instant,  on  the  moveable,  were  not  changed. 

These  two  theorems  correspond  to  those  of  Nos.  434  and 
436,  which  refer  to  the  commencement  of  the  motion ;  but  it 
does  not  follow,  that  during  its  entire  continuance,  the  mo- 
don  of  translation  of  the  moveable,  and  its  motion  of  rotation 
about  the  centre  of  g^vity,  are  independent  of  each  other, 
and  can  be  determined  separately,  as  at  this  commencement. 
Equations  (3)  will  be  those  of  the  motion  of  translation,  and 
equations  (7)  and  (a)  of  Nos.  410  and  412,  those  of  the  mo- 
tion of  rotation,  the  origin  of  the  coordinates  in  these  last, 
being  supposed  to  be  at  g,  the  centre  of  gravity.  Now,  when 
the  motive  forces  applied  to  the  different  points  of  the  move- 
able depend  on  their  absolute  positions  in  space,  the  coordi- 
nates of  these  points,  of  which  these  forces  are  given  functions, 
will  occur  at  the  same  time  in  these  two  systems  of  differential 
equations,  which  can  no  longer  be  integrated  separately,  and 
the  two  motions  that  depend  on  these  equations,  will  mutually 
influence  each  other.  We  cannot,  in  general,  integrate  these 
Mmultaneous  differential  equations,    and  determine  the  two 
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pino^ons  of  the  movcahlc,  except  by  apprnxinuUioa.  tmvt- 
ifaelesa,  they  will  be  indi-fwnilirnt  uf  eacli  utbcr  in  tbe  two  p*^ 
ticular  easv»  wbieh  we  now  proccfd  to  constJcr. 

4311.  If  the  moveable  t«  only  nubjected  to  tli«  •> 
of  gnivity,  equationti  (3)  will  be  tliOM  of  a  limry  g 
point,  in  a  vacuum  ;  whalcrer  be  the  form  of  the  aoBt)  h 
and  ita  motion  about  its  n'Olrc  of  gravity,  tliia  poial  i 
dMcribg  in  tpoce  a  pantbola.  to  vthicb  the  itiirctHm  of  tl 
initial  velocity  is  a  tangent ;  the  panmeter  of  xhh  carre  ( 
penda  on  tbe  nagmtude  of  tliis  velocity,  and  ita  ■ 
this  curve  will  be  tbe  lame  its  that  of  a  detadtad  i 
point  (No.  208).  On  the  other  hand,  m  the  weight  of  ibe 
body  is  a  force  constantly  applied  to  ita  centre  of  gimWtjr,  it 
will  not  affect  the  motion  of  rotation  about  this  paiot,  wU 
i»  entirely  produced  by  the  initial  pcrcussiont,  and  h  tbe  ■ 
I  if  the  centre  of  gravity  was  not  displaced. 

X<«t  us  sup[>(>»c,  fur  exiunple,  that  the  body  i|.B 

'  gencous  ellipnoit),  Mtruek  by  unother  body  that  I 
the  point  B  of  its  lurfiicc  (fig.  10) ;  tlie  line  ois  panlM  ti 
nonnal  bf,  will  be  a  tangent  to  the  parabob  that  tbe  pa 
oomRienccH  to  descrilic;  and  this  curve  can  be  oufly  c 
•tructed  when  the  initial  velocity  of  the  point  G,  wfakh  i 
ahall  denote  by  v,  Ja  given.  Moreover,  lei  ube,  tbe  • 
formed  by  the  plane  poaung  through  the  point  c  and  tbe  11 
IP,  be  sup{>otK-tl  to  comprise  two  of  the  axes  of  figim  of  ij 
ellipsoid  ;  then,  if  '2a  and  'ib  denote  thew  two  ■ 
moment  of  inertia  with  respect  to  the  third  axia,  i 
mass  of  the  body,  wo  shall  have  (No.  370) 
c  =  }«(««  +  *0. 

Now,  tbe  moveable  moat  turn  about  the  point  a,  aa  ifttv 
daatitute  of  gravity,  and  had  no  motion  wkalerer ;  bu  tm  i 
ease,  the  aiis  perprndicular  to  the  section  hik  sboiiM  r 
altogether  immoveable  (Nos.  3B9  awl  437) ;  and  ita  m 
vclocitjr  of  rotation  thoDld  be  ftiraitbed  by  tbe  formnb  n 
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to  the  initial  motion  of  a  solid  body  about  a  fixed  axis .  There- 
fore, if  we  denote  it  by  a>  as  before,  we  shall  have,  (gl  the  per- 
pendicular let  fall  from  the  point  g  on  ef  being  denoted  by^ 
and  the  quantity  of  motion  impressed  on  the  moveable  being 
eqmvalent  to  mv,)  by  formula  (1)  of  No.  386, 

or,  by  substituting  for  c  its  value, 

5v/ 

Thus  the  two  velocities  a>  and  v  are  connected  together, 
since  each  of  them  results  firom  the  same  percussion. 

Hence  it  appears,  that  the  points  of  the  moveable  will  de- 
scribe parabolas  parallel  to  the  trajectory  described  by  its 
centre  of  figure ;  and,  at  the  same  time,  the  body  will  turn 
uniformly  about  the  axis  perpendicular  to  the  section  hek, 
which  remains  constantly  parallel  to  itself,  while  it  is  trans- 
ferred in  space. 

440.  If  the  moveable  is  a  homogeneous  sphere,  or  one 
composed  of  cohcentrical  strata,  all  whose  points  are  attracted, 
or  repelled,  in  the  inverse  ratio  of  the  square  of  the  distances, 
by  points  of  other  bodies  which  are  either  at  rest,  or  in  mo- 
tion, the  resultant  of  all  these  forces  will  be  the  same,  as  if 
the  entire  mass  of  the  moveable  was  condensed  in  its  centre 
of  gravity,  for  each  of  them  will  be  equal  and  contrary  to  the 
reaction  of  the  sphere  on  the  centre  from  which  it  emanates. 
Consequently,  the  centre  of  gravity  will  move  as  a  detached 
point,  subjected  to  given  attractions  or  repulsions ;  and  the 
motion  of  rotation  of  the  moveable  will  be  independent  of 
these  forces,  and  the  same  as  if  the  centre  of  gravity  remained 
at  rest,  so  that  in  this  case,  the  two  motions  of  rotation  and 
translation  are  independent  of  each  other. 

Therefore,  if  we  do  not  take  into  account  the  circumstance 
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of  the  cwlh  not  being  pvrfcclly  ipherica),  it  will 

Muitljr  and  unifonnly  about  ooa  of  iu  diamvlcn, 

be  nlwaym  ibc  «nu>,  nnd  will  renuin  coDsULotlr  panUrl  In 

ibwlf ;  At  the  uunc  time,  thr  dliptiL-  motion  of  iu  ctmln  of 

grarily  mboDt  tb«  mn,  tbonitb  aennged  by  Oka  nrtioa  of 

other  plnncU,  will  b«  ri([onni»ly  uideptindcnl  oTtbe  motko 

rotation. 

441.  This  howffver  U  mi  longer  the  taac,  «h«n  lbs 
•ioo  ofthe  tvrrMlrial  ajtUertrifl  ia  taken  into  tceooal. 
e  fint  place,  if  the  axit  of  rotation  dor*  not,  Bt  the 

t  of  tb«  n»liun,  coincide  with  the  axis  of  figure,  tht 
ia  iif  nitutioii  will  o«riltale  atioat  this  lino 
(No.  431),  and  will  meet  tho  rarth  *uccc*Nrdy  in  dlltnmt 
potnti  uf  its  sudace.  TbvivKira  the  polct  mni  aqvator  will  W 
£a|ilacvd  na  the  lurbce  of  tho  globe,  w  that  the  geagmfiUal 
litilndn  of  placv*  iin  the  rarlh  will  be  chongnd.  The  aapB- 
tude  of  these  iwilliitHint  will  lie  arbitrary-,  but  their  dttratioa 
will  depeml  on  the  dilTi-r\-nrr«  between  the  momenta  of  fai- 
ertia  of  the  earth ;  and,  from  what  we  know  of  thoe  SM^ 
reiiMa(rf),  thia  daralion  will  be  n  little  lem  than  a  yew.  Nov, 
in  tfab  interval  of  time,  the  mmt  preoN*  olHemtiooi  do  mat 
in^cste  any  rariation  in  the  :rmilk  dtftann  of  a  iliiiiBwiiila 
pUoe  on  the  eanh  from  thi-  point  where  the  pmdnctioa  «f  tha 
axb  of  rotation  meets  the  concnre  auifiwe.  It  loUowi  ihm^ 
finw,  that  if  the  oacillatioiu  in  quntioo  wen  hmmmlj  af  a 
•mdUe  magnitude,  they  hare  now  become  oltogetW  lHW_ 
•Ibb;  ao  Ibat  at  preaent  the  only  form  which  c 
diwctfaiB  t»f  the  axis  of  rotation  nf  the  earth  to  vary,  < 
ptrwumtnt  forrca  which  ariae  from  the  attractiont  of  4 
moon,  and  pbiMta  oa  the  tcrrvatrtal  apheroid. 

Now  aa  the  MraU  of  tho  earth,  tbongh  not  sphei 
very  little  from  tUa  form,  tbe  part  of  ibcw  focees,  i 
lion  of  widcfa  doea  i»ot  paai  cenalantly  throagb  the  t 
gtavityofthoapherold,  la  wryamall,  with  raapMC  | 


iraettona  on  the  entire  •pbctoid. 
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daces  the  perturbations  of  the  motion  of  rotation,  namely,  the 
precession  of  the  equinoxes,  and  the  nutation  of  the  axis  of  the 
earth. 

In  idrtue  of  the  precession,  the  annual  retrogpradation  of 
the  equinoxes  on  the  ecliptic,  the  position  of  which  was  fixed 
at  1800,  is  about  50^^36482;  the  annual  retrogradation  on 
the  plane  of  the  orbit  of  the  earth,  which  is  itself  in  motion  in 
consequence  of  the  action  of  the  other  planets,  that  is  to  say, 
on  the  true  ecliptic,  is  a  little  less,  and  equal  to  50^^23427,  as 
has  been  already  stated  in  a  former  chapter  (No.  219). 

The  nutation  is  an  oscillation  of  the  axis  of  the  earth,  in 
consequence  of  which  it  alternately  approaches  to  and  recedes 
from  the  perpendicular  to  the  plane  of  the  ecliptic ;  it  arises 
fit>m  the  attraction  of  the  moon,  and  its  period  is  the  same  as 
that  of  the  motion  of  the  nodes  of  the  lunar  orbit,  or  about 
eighteen  years ;  its  amplitude  amounts  to  9^^40  (No.  223),  on 
the  supposition  that  the  mass  of  the  moon  is  equal  to  a 
seventy-fifth  part  of  that  of  the  earth. 

The  actions  of  the  sun  and  moon  on  the  terrestrial  spheroid 
produce  only  a  very  slow  variation  (which  will  not  be  sensible 
except  after  a  long  series  of  years),  in  the  inclination  of  the 
equator  to  the  ecliptic ;  the  annual  diminution  of  the  obliquity 
of  the  ecliptic,  which  at  the  commencement  of  the  present 
century  amounted  to  0^^,45714,  arises  from  the  actions  of  the 
planets,  which  produce  a  change  in  the  plane  of  the  orbit  of 
die  earth  (No.  244). 

It  appears  firom  a  careful  discussion  of  the  question,  that 
the  same  forces  which  produce  the  variations  adverted  to 
above,  in  the  absolute  direction  of  the  axis  of  rotation  of  the 
earth,  or  referred  to  fixed  lines,  are  altogether  incapable  of 
displacing  this  axis  in  the  interior  of  the  spheroid,  or  of  pro- 
dadng  any  variation  in  its  velocity  of  rotation.  Therefore 
the  earth  turns  constantiy  about  the  same  diameter,  which  is 
its  axis  of  fig^e ;  and  its  motion  is  uniform  about  this  move- 
able line,    the  direction  of  which,  in  space,  is  continually 
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ehan^ng.     Hence  the  liilpreal  day  h  eotutant ;  and  t 
quirnlly,  Uic  mean  Aay  aUo  (No.  Ill),  or,  at  leaM,  h  n 
fobject  to  a  Tortation  olto^ther  ituetmble ;  wul  dtbcr  of  tl 
periods  may  be  aaaumed  as  the  unit  of  time. 

Aa  the  principal  mulu  of  Ihis  importoDt  tfamrjr  o 
bo  briefly  iadicsted  here,  tlie  rcodcT,  for  their  iitller  c 
b  refcmd  to  ■  inenair  of  the  author  on  tkt  Motiem  t^A 
Earth  abotit  it*  Crntre  of  Orneity,  iiitertcd  in  iIm  i 
I  TDlame  of  the  Memoira  of  the  Acadrmg  of  Srit»m. 
4-13.  Tlie  iumriBbitity  uf  tht>  day  is  confimied  by  tj 
Bocient  obserratiuns,  &on  whkh  it  ippnu*  that  taJ 
baa  not  allervd  the  onv-hundrLxItfa  part  of  a  a 
ample,  fur  the  last  moo  yrarv,  at  we  now  proeead  IB  4 

If  the  dumtiiia  nf  the  day  was  nmable,  the  lon|[itii^  a 
latitudes  of  the  sun,  tlie  moon,  and  the  olbrr  oelesttal  b 
compalml   OH   tbo  supposition  that  ii   waa  ennsDuit,  i 
not  tif^Tw  with  tbe  obMmred  longitudes  and  lalitwlea;  I 
motion  of  the  moon  about  the  earlli  would,  in  c 
ita  rapidity,  be  the  fittest  Id  throw  light  us  thh  p 
the  variation  of  (lie  day  was  prograaivr,  tba  ■ 
twaen  tJie  resalta  of  computation  and  obserTatlaii  « 
■meh  tbe  greater,   aa  the  epochs  at  which  the  oU 
van  made,  w«re  more  remote  from  the  present  day. 
Thb  bdi^  Rffracd  on,  let  /  and  T  be  the  tnw  h 
e  Mtn  and  noon  at  a  detenninad  ejM>cb,  then  IT  on  acU 
p  MB  or  moon  b  recorded  to  bare  occurred  at  tfab  « 

raca  t  -  t  iBint  dlKrr  Eram  a  aullipto  of  IB^. 
r  ■  quantity  hna  than  tbe  wfuriwim  of  tbe  dJaiaelwi  of  tba 
ri-Bua  and  mooac  if;  tberelbre,  abstracting  from  tb«  ■Blli|4a^ 
nf  ISO",  which  this  diEitnioce  may  contain,  we  denotall  bf  | 
it  b  eruieni  that  it  cannot  carved  tbe  mean  valna  «C  • 

miaun,  I.  e.  half  a  deipvi*,  and  that,  in  general,  it  mMl  I 

kuch  les*  than  lUia  Ihnit.     Now,  in  tbe  CoaMnMow*  ^iV| 

»  for  IflOO,  tba  raluea  of  j  in  tbe  caae  of  twenty^* 

Ii  obaarrad  by  ibt  ChaMeaBa,  Greehi,  aad  Aratiaaa,  bafi 
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been  computed,  and  the  results  which  are  in  some  cases  plus, 
and  in  other  minus,  are  invariably  very  small.  The  greatest, 
which  amounts  to  —  27^41'',  is  in  the  case  of  an  eclipse 
observed  382  years  before  the  Christian  era;  for  the  most 
ancient  eclipse  observed  by  the  Chaldeans,  720  years  be- 
fore our  era,  the  value  of  S  is  only  2^.  This  comparison 
evinces  at  the  same  time  the  accuracy  of  our  present  lunar 
tables,  and  also  the  necessity  of  the  secular  inequalities  intro- 
duced by  Laplace.  It  likewise  proves,  that  the  duration  of 
the  day  which  was  supposed  to  be  constant  in  the  computation 
of  the  longitudes  of  the  sun  and  moon,  is  not,  in  fact,  subject 
to  any  progressive  variation.  But  in  order  to  remove  every 
doubt  on  this  important  point,  we  will  compute  the  value  of  S 
corresponding  to  the  most  ancient  observed  eclipse,  which 
would  result  from  such  a  variation,  if  it  really  eidsted, 

443.  Let  the  interval  of  time  which  at  present  constitutes 
the  mean  day  be  taken  as  the  unit  of  time,  and  let  us  suppose 
that,  from  a  very  remote  epoch,  this  duration  has  diminished 
from  one  day  to  the  following,  by  a  constant  quantity  a.  Let 
n  be  the  mean  motion  of  the  moon,  that  is  to  say,  the  number 
of  deg^es  which  it  describes  in  each  unit  of  time,  abstracting 
from  the  inequalities  of  its  true  motion  ;  the  arcs  described  in 
the  day  when  n  is  determined  and  the  preceding  ones  will  be  ii, 
■  (1  -h  a),  ii(l  +  2a),  n(l  +  3a),  &c. ;  and  the  arc  described 
in  a  great  number  of  days  such  as  t  will  be  n/  +  ^ara/(^~  1),  or 
»/+  J  an^  very  nearly  (rf).  The  term  nt  is  already  comprised  in 
the  value  of  /,  which  is  computed  from  the  tables,  on  the  sup- 
position that  the  day  is  constant ;  therefore,  in  consequence  of 
the  variation  of  the  day,  the  true  longitude  of  the  moon  will 

be  increased  by  -^nfiy  at  an  epoch  distant  from  us  by  a  number 

of  days  represented  by  t.  That  of  the  sun  at  the  same  epoch 
would  be  increased  by  ^  an*(^j  n!  denoting  the  mean  diurnal 
motion  of  the  sun ;  therefore  we  shall  have  at  this  epoch,  if 
the  variation  of  the  day  be  solely  considered, 

VOL.  II.  Y 
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la(H^n')fi=:S\  (I) 

and,  with  reH)H*ct  to  the  ecli|>§c  obficrved  720  years  before  the 

ChriHtian  era,  thin  will  be  the  entire  value  of  the  ciifferencr  of 

the  lon^tuden  of  the  Him  and  moon,  since  this  diflerencc,  Cf>in- 

puted  on  the  sup|x>Hition  that  the  day  is  constant,  is  only  2\ 

or  very  nearly  cipher. 

If  I  be  the  number  of  centuries  contained  in  t  days,  we 

shall  have 

t  =  (36525)  I. 

Likewise  let  /3  =  (36525)a,  m  =  (36525)ii,  m'  =:  (M5V»)m'; 
then  equation  (1)  will  be  chan^^ed  into(e)  \fi(m  —  m^Pz^t^ 
in  which  fl  will  now  be  the  secular  diminution  of  the  day«  and 
m  and  m'  will  n^prenent  the  secular  motions  of  the  sun  and 
moon.  From  their  values  determineil  by  modem  obsermtionK 
it  appears  that,  neglecting  fractions  of  degrees, 

w  -  m'  =  445268^ 

Now,  if  we  suppose  that  the  day  has  diminished  a  ten 
millioiioth  |mrt  since  the  most  ancient  ecli|He  reconied  by  tbr 
Chaldeans,  we  shall  have  ^ji  =0,0000001,  i  z=  25,32,  fn*m 
which  then*  would  result  S  =  34',  a  value  c»f  the  difference* 
of  lonsritudes  that  would  render  the  obsen'ed  (*cli|i9o  impo«- 

Hil»lr(./). 

'i'horefore  the  duration  of  the  day  cannot  have  dimini^heil 
by  thi^  fraction,  which  in  a  little  \i*^%  than  the  hundriNlth  pari 
of  a  H4H*on(l,  in  an  interval  of  time  uhich  in  ^'ater  th.tn 
t wen ty -five  cent urii*H.  If  there  were  i\i\\  ptruMiir  variaci«m« 
in  till*  durati«»n  of  the  day,  tlirre  w«iuld  rt*sult  fn>m  them  ilhi- 
siouH  in  the  mea»un*  o(  time,  which  woulil  prtwluce  ap|Kirenl 
im*4ptalili«*^  in  tht*  motii>n4  of  the  Mars.  It  would  }n*  easv  to 
dintiii^ut«ih  tlit'M'  in('(|ualitii*«,  Muiv  they  all  follow  the^amelaw. 
for  tlh*  Hun,  ih«*  m<M»n,  and  the  planet«i«  and  their  nia|j^ituik<ft 
would,  in  the  cav*  of  <*ach  c»f  th«*«i4>  Ii04lii*s,  Ih*  pni|wrti«>nal  to 
the  rapidity  of  it<(  nii>tion.     Hut  aMronouiers  have  not  reo>^* 
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nized  any  inequality  of  this  kind  in  the  motions  of  the  hea- 
venly bodies.  Thus  then  it  appears  that  observation  agrees 
with  theory  in  proving  that  the  duration  of  the  mean  day  is 
not  subject  to  any  variation,  either  periodic  or  progressive, 
the  magnitude  of  which  is  sensible. 

444.  Let  us  now  return  to  the  particular  object  of  this 
chapter. 

When  a  solid  body  moves  in  the  air  or  any  other  fluid,  the 
resistances  exerted  on  all  the  points  of  its  surface  must  be 
transferred,  parallel  to  themselves,  together  with  the  weight  of 
the  body,  to  its  centre  of  gravity ;  and  the  motion  of  this  centre 
is  that  of  a  heavy  material  point,  in  a  resisting  medium ;  the 
mass  of  this  point  being  that  of  the  body,  and  its  motive  force 
arising  from  the  resistance,  which  is  a  force  whose  components 
will  depend  on  the  form  of  the  moveable,  on  the  velocities  of 
the  different  elements  of  its  sur&ce,  and  on  the  condensations 
or  dilatations  of  the  fluid  in  contact  with  these  elements.  At 
the  same  time  the  moveable  will  turn  about  its  centre  of  gra- 
vity, as  if  the  velocity  of  this  point  was  cipher,  and  the  velo- 
cities of  the  points  of  its  surface  were,  nevertheless,  those 
which  really  have  place  at  each  instant.  It  follows  from  this, 
that  the  resistance  of  the  medium  will  affect,  at  once,  both  the 
motion  of  translation  and  the  motion  of  rotation  of  the  movc^ 
able,  and  that  in  the  case  of  a  body  of  any  form  whatever, 
these  two  motions  will  mutually  depend  on  each  other,  and 
cannot  be  determined  separately. 

If  the  moveable  is  a  homogeneous  sphere,  or  one  composed 
of  concentrical  strata,  on  which  no  velocity  of  rotation  is  im- 
pressed at  the  commencement,  then  no  motion  of  this  kind 
will  arise  during  the  continuance  of  this  motion,  which  will 
be  merely  one  of  translation,  in  which  all  the  points  of  the 
moveable  will  be  actuated  at  each  instant  with  equal  and  pa- 
rallel velocities.  In  fact,  if  there  be  drawn  through  the  centre 
of  the  sphere,  a  tangent  to  the  curve  which  it  desenbes,  it  is 
evident  that  every  thing  will  be  similar  about  this  line,  with 
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respect  both  to  the  velocities  of  the  points  of  its  surfacet  tanA 
also  to  the  condensations  or  dilatations  of  the  siUTOUiidin^ 
fluid.  Consequently,  the  resultant  of  the  reststancea  exer- 
cised on  all  the  points  of  the  surface,  will  constantly  ptM 
through  the  centre  of  figure,  which  is  also  the  centre  of  gra* 
vity,  so  that  it  cannot  produce  any  motion  of  rotation.  The 
condensations  or  dilatations  of  the  fluid  in  contact  with  the 
elements  of  the  sur&ce,  will  depend  on  the  relocity  commoo 
to  all  the  {>oints  of  the  moveable,  and  will,  moreover,  be  difle* 
rent  for  the  different  sections  perpendicular  to  the  tangent 
which  we  have  suppose<l  to  be  drawn  through  the  centiv. 
Consequently,  the  resultant  of  the  exterior  resistances  which 
will  coincide  with  this  tangent,  can  only  depend  on  this  velocity, 
on  the  extent  of  the  surface,  and  on  the  natural  elastic  force 
of  the  fluid ;  and  the  motion  of  the  centre  of  gravity  will  be 
that  of  a  detached  material  point,  whose  mass  is  that  of  the 
body,  and  to  which  is  applied  the  resultant  in  question,  in  a 
direction  contrary  to  that  of  its  velocity,  and  also  the  weight 
of  the  IkkIv.  This  has  been  assumeti  in  No.  210,  with  res|M>ct  to 
Inxlii^s  projected  in  artillery  practicts  which  arv  always  !M1|>> 
poseii  to  be  homogeneous  and  |H'rfi*ctly  spherical. 

In  this  case,  the  centre  of  the  bullet  cannot  deviate  from 
the  verticiil  plane  |>awiig  through  the  din*ction  of  its  initial 
velocity,  anti  relatively  to  which  every  ihiiiic  i^  alike  on  all 
sides.  Hut  if  the  projectile  deviates  a  little  from  the  sfihenL-al 
form,  or  if  it  has  not  the  same  density  throughout  its  entire 
extent,  the  resultant  of  the  exterior  ri^^intance^  uhieh  are 
normal  to  its  surfact*,  will  not  |iasH  conxtantlif  thnmgh  it% 
centre  of  gravity ;  it  Mill  conHi^|Ufntl\  priHiuce  a  motion  of 
rotation  ;  and  if  it  in  not  always  comprises!  in  the  vertical  plam*, 
in  which  thecentn^of  gravity  ct»mmenct^  to  move,  it  will  i-ause 
it  to  deviate  from  this  plane  ;  m>  that  the  traji^tory  of  the  priK 
jectile,  rc'fem*d  to  itn  ivntre  of  gravity,  will  no  longer  be  a 
pUiHi  rum.  It  ift  vas\  to  ctMKvive  all  this  when  the  prnjciUlc 
i»  neither  |H;rt*«-etly  spherical  or  homogeneous ;  but  it  ma)  Ih- 
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remarked  that,  even  though  the  defect  of  perfect  sphericity  or 
of  non-homogeneity  be  not  taken  into  account,  still  if  the  bul- 
let is  actuated  by  any  velocity  of  rotation  at  the  mouth  of  the 
cannon,  the  friction  of  its  surface  against  the  air  during  the 
motion,  may  still  cause  its  centre  of  gravity  and  of  figure  to 
deviate  from  the  vertical  plane. 

445.  In  order  to  show  this,  let  g  (fig.  12)  be  the  centre  of 
gravity  and  figure  of  a  spherical  homogeneous  body,  and  agb 
the  diameter  which  is  a  tangent  to  the  trajectory  described  by 
G.  Let  us  suppose,  for  greater  simplicity,  that  the  axis  of 
rotation  which  passes  through  the  point  g,  is  perpendicular  to 
this  diameter.  Let  abde  be  the  section  of  the  moveable,  per- 
pendicular to  this  axis,  and  dge  a  diameter  of  this  section,  at 
right  angles  to  agb.  Likewise  let  the  motion  of  the  point  g 
be  from  a  to  B,  in  the  direction  indicated  by  the  sagitta  «,  and 
the  motion  of  rotation  in  the  direction  indicated  by  the  sagittae 
placed  at  a,  d,  b,  e.  The  friction  of  each  element  of  the  sur- 
face against  the  air,  which  arises  from  the  motion  of  rotation, 
will  be  a  force  acting  along  the  tangent  to  the  surface  in  a  di- 
rection contrary  to  this  motion.  On  each  section  parallel  to 
ADBE,  it  will  vary  from  one  point  to  another,  in  consequence  of 
the  difference  of  density  of  the  fluid.  The  fluid  will  be  con- 
densed before  the  projectile,  and  it  will  be  dilated  behind  it ; 
consequently,  the  friction  will  be  greatest  on  the  side  of  the 
point  B,  and  least  on  that  of  the  point  a.  Hence  it  follows, 
that  if  all  the  forces  arising  from  the  friction  exerted  against 
the  surface,  be  transferred  parallel  to  their  directions,  to  the 
point  g,  there  will  result  a  force  acting  along  the  part  gd  of 
the  diameter  dge.  Let  this  force  be  denoted  by  f,  the  weight 
of  the  body  by  p,  the  resistance  of  the  medium  transferred  to 
the  point  g,  and  acting  in  the  direction  of  ga,  a  part  of  the 
diameter  agb,  by  R.  The  motive  force  of  the  point  g  will  be 
the  resultant  of  the  three  forces  f,  p,  r,  and  its  accelerating 
force  will  be  equal  to  this  resultant,  divided  by  the  mass  of 
the  projectile. 


I'io  or  m  aonos  or  a  iolid  kodt  bxtii 


TIu»  Imidc  <»e&btufa«^  tf  c^  Am  ot  rotuion  be  vertical* 
ana  «:iNe^e^«f«:lT.  cuorrsM  is  c^  poDe  ot'  die  two  farcei  r 
Axui  u  G9  dbe  %isnKtaua  «Hf  dtie  Mce  r  vili  be  perpendicular  to 
ik»  ptADe :  it  vil  titereiLYe  ca%«  tbe  aoreable  to  ileriaie 
tEvoi  ck»  T>fracL  ^i^iae.  Vy  nr^irt^  it  oo  tbe  tide  of  tbe  point 
D :  Aa>i,  isL  tiu»  c-A<tf.  tlsie  tra.jWtocT  oi  ibe  point  c,  will  be  a 
cmm  '*/ ^HMMtf  caLrr>xrmrtr.  IL  oo  the  oMitimnr,  the  azii  oC 
ToCftOOQ  u  bociiuoc&L  o9  tbe  cxrvetioo  of  tbe  force  r,  will  be 
>»«(«i  ia  xhe  ivrtical  pLiae  oc  tbe  torce«  p  and  &»  wbicb 
ill  b«  that  of  tbe  lectioo  adbe«  cooftequently,  tbe  point  c  will 
not  deriice  rrooi  ciu»  piaae.  and  its  trajectory  will  be  a  plane 
curre. 

446.  It  apf^*ar»  that  in  tb»  last  case,  tbe  rerticml  coh^m^ 
nent  of  tbe  iorce  r  will  increase  or  diminish  the  weight  r, 
a«rcor\iin«r  a»  the  cirvcciiMi  of  the  tacitta  a  h  upwards  or  down- 
wards. Tbe  force  r  will  be  rertical«  and  this  dinunution  or 
increa:$e  ot  wei:^t  wui  be  a  auixfaiaai  when  the  directicNi  ab 
t»  horizontal.  Thti<<  in  the  horiiontal  \vtA*  if  the  bullet  be 
^uppiMi^i  to  tun  a'^vkut  a  horiiootal  axx^  (trrp«*n«iiculi&r  to  the 
<iirecri«in  of  the  WiL  the  friction  of  the  pmjcctile  ai^ti«t  the 
air  nill  incn-a^^  it^  woij^ht  and  liimint^h  the  rani^e,  nhcn  the 
anti'n«»r  [virt  ot  thi«  body  turns  upvartl^  from  the  horiion« 
and  v%h^-n  thi^  {virt  turns  towards  the  horiioii,  the  friction  will 
diminish  tho  uci^ht  and  increase  the  ruiitc^^.  It  mav  evrn 
hap|Hn,  in  thi^  «<vond  ca»e«  that  the  trajiHTtory  Inxome^  ci»n- 
%'ex  til  tlie  hori/«>n«  for  iii  ortier  tliat  thi^^  should  lake  place,  it 
would  Ik>  only  niHX-si^iry'  for  the  nuation  lo  he  suActonrlv 
rapid  to  r\*tidi*r  the  force  r  irrigator  th:ui  the  woi^rht  r ;  Kut 
then  a«  th«*  friction  would  «limini^h  the  veUK*ity  of  n>tatit»fi, 
the  f»»rce  r  w«>uld  decrt'aso,  and  e%'entually  Invitme  le«*  than  r. 
when  the  tnjectory  would  aii^iin  lK'o»me  o>ncave  tow.inU  i:.< 
ground  a«»  iiou.d. 

The^'  oMiMdtTatioiiv  comi»tni*il  with  ihoM*  t^i  the  precetiiriij 
nuniin-r,  nhim  that,  inile|K*ndently  of  the  delect  of  i^phcrictt^ 
and   hoin(»^eneil)    ot    the    hulleU    the    irietion   ol   it»    »urtat,^ 
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against  the  air,  arising  from  the  motion  of  rotation,  which  it 
may  acquire  in  moving  in  the  interior  of  the  cannon,  may 
affect  the  accuracy(^)  of  the  aim,  because  this  friction  may 
cause  the  centre  of  the  bullet  to  deviate  from  the  vertical 
plane  of  projection,  and  also  produce  an  inequality  in  the 
ranges,  as  this  force  may  increase  or  diminish  the  weight  of 
the  moveable.  However,  none  of  these  effects  takes  place,  if 
the  bullet  turns  about  the  diameter  ab,  in  the  direction  in 
which  it  moves ;  for  then  the  friction  is  equal  and  contrary 
for  two  opposite  elements  of  each  section  of  the  surface  per- 
pendicular to  the  axis  of  rotation ;  hence  it  follows,  that  the 
forces  arifflng  from  the  friction  exercised  on  all  the  elements, 
destroy  one  another  two  by  two,  when  transferred  to  its  centre 
<^f  gravity;  so  that  the  motion  of  this  point  will  not  be  de- 
^ged  by  the  total  friction  arising  from  the  rotation. 


CHAPTER  VI. 

OF  THE  MOTION  OF  A  HEAVY  SOLID  BODY  ON  A  GIVEN  PLANV. 

I.  Ca»e  in  which  the  Friction  is  not  taken  into  Accomni. 

447.  For  greater  simplicity,  we  shall  suppose  that  Uie 
moveable  touches  the  given  plane  only  in  one  point*  whidi 
we  shall  denote  by  k,  and  which,  in  general,  may  vary  boUi  oo 
its  surfieice  and  on  the  plane.  As  the  forces  lost  in  each  iiifi- 
nitely  small  instant  constitute  an  equilibrium,  they  must  be 
reducible  to  a  single  force,  passing  through  the  point  a,  nofw 
mal  to  the  given  plane,  and  so  directed,  that  it  nouiy  always 
tend  to  press  the  moveable  against  this  plane.  Hib  resultant 
will  be  the  pressure  that  the  plane  sustains,  and  which  will 
be  destroyed  by  its  resistance  denoted  by  k.  If  to  the  weight 
of  the  body,  tliis  force  R  of  an  unknown  magnitude  be  joined, 
we  need  not  consider  the  given  plane  at  all,  but  regard  the 
moveable  as  entirely  free. 

Hence  it  follows,  that  the  motion  of  its  centre  of  gravity 
«  will  be  the  same  as  that  of  an  isolatetl  material  pointy  whose 
mass  is  that  of  the  moveable,  and  to  which  there  is  applied,  the 
weight  of  this  body  and  the  force  R,  |>arallel  to  their  re!»|)ective 
directions.  At  the  end  of  the  time  /,  let  x, ,  yi,  Ti,  be  the  co- 
ordinates of  (•  referred  to  fixed  nnrtangular  axes,  and  A,  m»  r* 
the  angles  which  the  direction  of  the  force  R  makes  with  Uiie« 
drawn  |>arallel  to  these  axes,  through  the  point  k.  If  the 
axis  of  the  poiutive  coordinates  of  ^i,  Ik*  <iupposetl  to  be  ver- 
tical, and  directed  upwards  from  the  horixon,  we  shall  have 
for  the  threi*  differential  i*<|iuitionn  of  the  motion  of  the  point  o. 
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dPXi  . 

M  -TST  =  R  COS  A, 

or 
(Pz 

M  -^  ZZ  R  COS  V  —  M^, 


0) 


g  denoting  as  usual  the  gravity,  and  m  the  mass  of  the  body. 
If  the  given  plane  is  fixed,  the  angles  X,  /u,  v,  will  be  constant 
and  given ;  if  it  is  in  motion,  we  shall  suppose  this  motion  to 
be  known,  and  that  it  cannot  be  modified  by  that  of  the  body  ; 
X,  ft,  V,  will  then  be  given  functions  of  L     As  the  moveable  is 
a  heavy  body,  in  order  that  it  may  never  be  detached  from 
this  plane,  whether  fixed  or  in  motion,  it  should  be  always 
situated  above  it,  consequently,  r  cos  v  the  vertical  component 
of  the  resistance  of  the  plane  will  be  always  positive,  and  v 
will  be  always  an  acute  angle ;  the  other  two  given  angles  X 
and  /i  may  be  either  acute  or  obtuse.     At  the  same  time,  the 
body  in  virtue  of  the  forces  r  and  m^,  applied  to  the  points  k 
and  o,  will  turn  about  o  as  about  a  fixed  point  (No.  438) ; 
but  as  the  weight  Mg  will  not  influence  this  motion  of  rota- 
tion, the  differential  equations   of  this  motion  will  depend 
solely  on  the  force  r.     In  order  to  obtain  them,  we  shall  take 
for  the  second  members  of  equations  (a)  of  No.  4 12,  the  mo- 
ments of  the  force  r  with  respect  to  the  three  principal  axes 
of  the  moveable,  which  intersect  at  the  point  g,  multiplied 
respectively  by  cU.    Denoting  the  coordinates  of  the  point  k 
referred  to  these  axes,  by  a,  /3,  y,  and  the  angles  which  the 
direction  of  the  force  r  makes  with  lines  drawn  parallel  to 
these  same  axes  through  k,  by  X^  fi'j  v\  these  moments  will  be 

OR  cos  jit'  —  /3r  cos  X^ 
yR  COS  X'  —  aR  cos  v', 

/3r  cos  i/  —  yR  cos  )u', 

and  equations  (a)  will  become 

VOL.  II.  z 
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odr  4-  (b  —  K)iHjdt  =  r  (a  cosi^'—  ^  cosA^A, 

Brfy  +  (A  —  c)r;H// =  r(7COsX'— acwvO^'^f       *   (*) 

^^P  +  (^-  ""  ")  Q^'f^  ^Kificmv' "  yco^fi)dt\    . 

in  which  a,  b,  c,  denote  the  momenta  of  inertia  that  refer  to 
the  same  axes  respectively,  as  the  angles  W  fi\  v',  and  p,  9,  r, 
the  components  of  the  angular  velocity  of  rotation  ( No.  407). 
To  these  we  must  join  equations  (7)  of  No.  410«  namelT, 

pdt  zi  sin Osin  fd\l,  —  cos  fdO^  1 

9rf/ =  sin  0  cos  f  </^  +  tin  fi/O.  ^       (3) 

rdizzdf-^cmedyl,.  J 

We  shall  suppose  that  the  nine  cosines  a,  h^  &c.,  wlio«e 
values  in  functions  of  f ,  \^,  0,  have  been  given  in  No.  379, 
are  those  of  the  angles  which  the  fixed  axes  of  Xi,  jfi,  r|,  die 
coordinates  of  the  point  g,  make  with  lines  parallel  to  die 
principal  axes  relative  to  this  point,  drawn  through  the  origia 
of  these  coordinates ;  then  it  is  evident  from  equatioo  (t)  of 
No.  9,  that 

cos  A' z:  a  cos  A  +  a'cos;i  +  ^cos», 

cos  ;i'  =  A  cos  X  +  ft'  cos  /I  +  A'  cos  r,  (4) 

cos  v'  zz  c  cos  X  +  c'  cos  /I  +  f '  cos  y, 

will  be  the  values  of  cos  X',  cos/u',  cos  v\  which  should  be  sub- 
stituted  in  p(|uationH  (2). 

The  |M>Hition  of  the  moveable  at  any  instant  whatever,  with 
respect  to  the  fixed  planes  of  the  axes  of  X|,  |fi«  ^i,  will  be  com- 
pletely determined  by  means  of  thene  coonlinates  and  of  the 
three  angles  f^  \f,^  0,  already  defined  (No.  378) ;  the  poiitioQ 
of  the  instantani*ous  axis  of  rotation  in  the  interior  of  the 
movi'abKs  and  itn  velcHrity  alHUit  this  axis  will  de|iend,  roon^ 
over,  on  the  thnv  quanticien  /;,  y*  '* '  <be  solution  of  the  prv^ 
Idem  will,  therefi>n*,  con«i«»t  in  «>ur  d^nlucing  fr«>m  the  nine 
equations  (1),  (2),  (3),  the  values  of  these  nine  unknown 
quantities  in  functions  of  / ;  but  as  tbeae  equatioot  cootaia 
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the  force  r,  and  the  three  coordinates  a,  fi,  7,  which  are  also 
unknown,  four  more  equations  are  required,  which  may  be 
obtained  in  the  following  manner. 

448.  Let  L  be  a  given  function  of  a,  /3,  y,  and  let  us  re- 
present the  equation  of  the  surface  of  the  moveable,  referred 
to  its  principal  axes  which  pass  through  the  point  6,  by  l  =  0. 
If  we  make 

'  =  [(S)V(|)V(i^)T 

^e  shall  have  (No.  21), 

'^^=''^'     cos^'=v^,     cosi,'=v-,        (5) 

U)  which  the  sign  of  the  quantity  v  must  be  such,  that  the 
Angles  X^,  n'y  v'i  may  respect  the  interior  part  of  the  normal  to 
the  surfuce  of  the  moveable,  which  will  be  the  superior  part 
o{  the  normal  to  the  given  plane.     As  one  of  these  equations 
may  be  deduced  from  the  two  remaining,  by  substituting  for- 
mulae (4),  in  place  of  cos  X^  cos  n',  cos  v^  the  resulting  equa- 
tions, together  with  the  equation  l  =  0,  will  furnish  three 
of  the  four  required  equations. 

If  x,  y,  z,  be  the  coordinates  of  any  point  of  the  g^ven  plane, 
referred  to  the  same  fixed  axes  as  a?i,  ^i,  Zi,  and  X,  /u,  v,  the 
angles  which  the  normal  to  this  plane  makes  with  these  axes, 
we  shall  obtain,  for  its  equation, 

X cosX  4-  y  cosfi  +  z cos  v  =  f ; 

ti  being  a  given  quantity,  which  will  be  constant  when  the 
given  plane  is  fixed,  and,  generally,  a  given  function  of  t. 
Moreover,  if  2:,  y,  r,  are  the  coordinates  of  the  point  k,  which 
exists  in  this  plane,  we  shall  have,  by  the  formula  of  No.  377, 

a;  =  a:,  +  oa  +  fe/3  +  <?y» 

y  =  yj+a'a  +  ft'/3  +  c'y,  \        (6) 
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The  values  of  x,  y,  Zj  should  therefore  tatitfy  tlie  pte* 
eeding  equation ;  by  substituting  them  in  thb  equatioii,  thcie 

will  result(a)  in  consequence  of  formuks  (4), 

«iCOsX-hyiCosfi-hr,cosv-hacosX'+/3cos/i4'+7COiir'^C,    (7) 

which  will  be  the  fourth  equation  that  b  requisite  to  detenniae 
the  unknown  quantities  of  No.  447. 

If  the  moveable  be  terminated  by  a  point,  and  always 
touches  the  given  plane  with  its  extremity,  a,  /3,  7,  the  coor- 
dinates of  the  point  k,  will  be  constant,  and  they  can  be  dfr> 
termined  by  means  of  the  position  of  this  point  on  the  sorfiwe, 
and  its  distances  from  the  planes  of  the  principal  axes  of  the 
moveable,  which  intersect  at  the  point  o.  But  equaticms  (5) 
wiU  not  obtain  in  a  point  of  this  nature ;  however,  cqnatiMi 
(7),  which  expresses  that  this  point  appertains  to  tlie  gives 
plane,  will  always  subsist ;  and  it  is  only  necessary  to  joia  it 
to  the  equations  of  the  preceding  number,  in  order  to  detcN 
mine  the  nine  unknown  quantities  of  the  problem,  and  tlie 
magnitude  of  the  force  r  which  these  equations  contain(6). 

449.  When  the  given  plane  is  fixed  and  horisontal,  by 
assuming  it  for  that  of  the  coordinates  x  and  y,  there  will 
result 

COsX=0y     COA;i  =  0y     cosv=l,     (  =  0; 
which  will  reduce  formula?  (4)  to 

cos  X'  =  a",     cos;i'  =  b'\     cos  y'  =  c''. 

In  virtue  of  the  two  first  equations  (1),  the  horixontal  mo> 
tion  of  the  |>oint  a  will  be  uniform  and  rectilineal ;  its  velocity 
parallel  to  the  given  plane,  will  depend(r)  on  the  borixootal 
percuHHion  which  the  moveable  cxperiencos  at  the  commence^ 
mcnt  of  tho  motion. 

The  third  c«|uution  ( I )  will  give 


=  M(^J+r/); 
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by  means  of  which  the  value  of  r  will  be  known,  when  that 
of  Si  shall  hare  been  determined.  At  the  same  time,  equa- 
tions (2)  will  become 

c  dr  +  (b  -  A)pgdt  =  m  (^  +  g)  (aft"-  /3a")  dt. 


Bdy  +  (a  -  c)  rpdt  =  M  (^  +  g^  (yo"-  «c")  *, 
a4»  +  (c  -  B)  yrA  =  M  {^  +  ff)  (/3c"-  76")  dt; 


.    (8) 


and  equation  (7)  will  be  changed  into  the  following,  viz. : 

Zi  +  a'^a  +  b"^  +  c"y  =  0,  (9) 

firom  which  the  value  of  Zi  may  be  deduced,  in  order  to  sub- 
stitute it  in  the  preceding  equations. 

Thus,  in  this  case,  the  problem  will  depend  on  equations 
(3)  and  (8),  by  means  of  which,  />,  q,  r,  ^,  i//,  0,  can  be  deter- 
mined in  functions  of  /,  as  in  the  motion  of  solid  body  about 
a  fixed  point.  If  the  position  of  the  point  k  changes  on  the 
sur&ce  of  the  moveable,  the  quantities  a,  /3,  y,  should  be  eli- 
minated from  these  equations  by  means  of  l  =  0,  and  formulae 
(5),  which  will  in  this  case  be 

a"-v—       V'-v—       c"-Y—  (m 

If,  on  the  contrary,  the  position  of  the  point  k  on  the  sur- 
face of  the  moveable  is  always  the  same,  the  constant  and 
given  coordinates  of  this  point  should  be  substituted  in  equa^ 
tions  (8),  in  place  of  a,  /3,  y.  This  second  case,  is  that  of  the 
motion  of  a  top  on  a  horizontal  plane,  in  which  the  friction  of 
the  point  k  against  this  plane  is  not  taken  into  account. 

In  the  state  of  equilibrium  of  a  heavy  body  on  a  fixed  hori- 
zontal plane,  the  line  gk  will  be  vertical ;  if  this  state  is  stable, 
when  the  moveable  is  caused  to  deviate  from  it  by  a  small 
quantity,  and  is  then  remitted  to  itself,  it  will  make  very  small 
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occillations,  which  we  may  detennine  to  any  degfPM  of  mppmi^ 
mation  we  please,  by  means  of  the  preceding  cquatioot.  Wc 
shall  restrict  ourselves  here  to  point  out  this  ejounpk,  m  aa  ex* 
ercise  of  the  calculus.  We  may  suppose,  for  g^reater  cleamesa* 
and  in  order  to  simplify  the  question,  that  the  moraable  is  a 
homogeneous  ellipsoid,  or  a  sphere  whose  centre  of  grmrity 
does  not  coincide  with  the  centre  of  figure. 

450.  It  is  easy  to  obtain  the  two  first  integrals  of  eqiia- 
tions  (8) ;  for  by  multiplying  them  by  c^,  b",  tf\  respcccivdy, 
and  then  adding  them  together,  their  second  memben  dia* 
appear,  and,  if  we  then  integ^te,  we  obtain,  as  in  No.  4  IS, 

Aa>  +  BbTq  +  cc'V  =  / ; 

/  being  an  arbitrary  constant,  which  expresses  the  tarn  of  tfe 
moments  of  the  quantities  of  motion  of  all  the  pomts  of  tlie 
body,  with  respect  to  a  vertical  axis  passing  thmngh  the 
point  G. 

In  order  to  obtain  a  second  integral  of  these  same  eqvB* 
tions  (8),  let  them  be  multiplied  by  r,  #/,/>,  respectively,  and 
then  added  together,  this  gives 

crdr  +  Bfjdij  +  Apdp  =  M  \~}  -f  ^j  [o  {b"r  -  tTq) 
-h  P(d'p  -  a''r)  +  y  (a"y  -  h'p)]  di, 

which,  in  consequence  of  the  three  last  equations  (8)  of  No. 
411,  is  equal  to 

crdr  +  nqdij  +  Ap^fp  =  m  (-^  +  ff^  (aihf'  ^  fidb"  +  ydc"). 
By  differentiating  equation  (9)  with  respect  tor,  we  obtain 

Now,  when  k  is  always  the  name  point  c»f  the  surfiKV  oi 
the  moveable,  the  fk-cond  member  of  \h\%  ecpiation  is  riplirr« 
because  its  coordinati*s  a,  /3,  >•  are  in  this  ca^  coosUnt.     It 
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is  also  cipher,  when  k  is  displaced  on  thU  surface^  for,  in 
virtue  of  equations  (10),  we  have 

which  is  cipher,  because  l  z:  0,  during  the  continuance  of  the 
motion,  and,  therefore,  dt,  =  0.  Consequently,  in  these  twj 
cases,  we  shall  have 

ado!'  -h  /3d&''  +  7rfc"=  -  dz^ ; 
lience  there  results, 

crrfr  +  Bqdq  +  \pdp  +  m  ^— ^  H-^j  d2ri=:  0, 

and,  by  integrating, 

cr»+  By«  + A/i«+  M  (^  +  2^2,)  =  A; 

A  being  an  arbitrary  constant. 

These  two  integrals  will  be  sufficient  to  enable  us  to  re- 
solve the  problem,  when  the  question  is  respecting  a  homoge- 
neous solid,  terminated  by  a  sur&ce  of  revolution ;  this  is  what 
has  place,  for  example,  in  the  case  of  a  top.  The  axis  of  figure 
is  the  right  line  gk  ;  and  if  c  be  the  moment  of  inertia  with 
respect  to  this  axis,  we  shall  have 

b=:a,     a=0,     /3  =  0; 

y  will  be  the  length  of  gk  ;  and,  from  equation  (9)  and 
c**  =  COS0,  we  shall  have 

Zi  =  —  yCOsO 

for  the  value  of  the  vertical  ordinate  of  the  point  g.  The 
first  equation  (8)  will  g^ve  r  =  ti,  n  being  an  arbitrary  con- 
stant, denoting  the  velocity  of  rotation  of  the  moveable  about 
its  axis  of  figure.  But,  by  the  values  of  a"  and  ft"  (No.  378), 
and  the  two  first  equations  (3),  we  have 
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I'Miuequently,  the  two  tntegmls  which  we  have  obtaliicd  i 

CKCOtO—  AUU'O—ZZA 

{b  which  ^  cfi'  is  comprised  tn  tfae  nxniaiit  quantity  h^tt),  j 


These  two  la>t  c 


I  will  make  km 


t  equations  i 
elliptic  funcdoos,  tb«  ralues  of  ^  and  /  in  functions  of  fi 
third  pquBtioD  (3)  will  then  Kirc  thi;  ralao  of  f ;  aad 
problem  will  Itc  rtTSolvrd  in  the  Munr  nunnrr  ai  that  of  Vo. 
425,  th«  solution  of  which  biw  been  alnady  girra  ta  d 

45 1,  'llic  moveable  being  alwayt  a  1 
of  evolution  Ivrminaled  by  a  pmnt,  and  X,  the  i 
this  point,  being   constantly  tuppoaed  to   toach   i 
plane,  let  now  tlii<  plane  be  in  motion,  M  that  I 
X,  II,  V,  and  the  quantity  Z  may  b«  given  fiinetiona  i 
moment  of  inertia  belonjfing  to  th«  axis  of  Rgun  b 
two  other  moments  a  and  n  will  be  equal,  the  i 
and  ji  will  be  cipher,  and  y  will  exprcw  the  length  of  ax. 
fint  eqiution  will  in  thia  case  ^ve  r  =  a,  r  denociBf  ••  iW    ^ 
trvy  constant ;  bo  that  the  anguUr  velocity  of  the  ■ 
■bout  the  axis  of  figure  will  be  constant,  as  in  the  ee 

■  the  plane  b  fixed.     And,  in  consequence  uf  fonaala  (4),  t 

w.tmo  other  eqnatioas  (2)  will  become 

ul^  +  {k~c)nftdt  =  *y(acmX-\-a'cn9ft+a"co»t>)tltt 
4^— (a— c)afdk=— a7(fr«»A+J/cm^.f&''oos*>)dV. 
equatino  (7)  will  become 

*iCO«X  +  jriCo«fi-f  ;,eo«i>+-)i<rooaA-f<'co^-fe*coae)=Cl  (I! 
I  and  equation*  ( I )  and  (3)  will  not  undergo  any  change. 
^^ten  of  equauons  (1).  (3),  (II),  (13)  should  f' 

I  la  dctemine  the  nine  oedMMta  />,  ?,  f,  ^  I 
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X,  y^  ZfB,;  but  the  rigorous  integration  of  these  equations  is 
impossible  in  the  present  state  of  the  science ;  and,  in  order 
to  obtain  approximate  values  of  the  unknown,  which  are  not 
very  complicated,  we  are  obliged  to  restrict  the  generality  of 
the  question  by  different  hypotheses  which  we  will  state  ac- 
cording as  they  will  be  necessary. 

452.  We  shall  suppose,  in  the  first  place,  that  the  rotation 
of  the  moveable  about  its  axis  of  figure  is  very  rapid,  and  that 
the  different  motions  of  the  g^ven  plane  are  very  slow  relatively 
to  this  rotation;  so  that  if,  for  example,  the  perpendicular  to  the 
given  plane  erected  at  the  point  k,  oscillates  on  each  side  of 
the  vertical  which  passes  through  this  point,  or  turns  about 
this  line,  the  duration  of  each  oscillation  or  each  revolution 
may  be  very  great,  relatively  to  a  revolution  of  the  moveable 
about  the  axis  kg  ;  and  that  the  same  will  be  the  case,  if  the 
given  plane  performs  oscillations  parallel  to  itself. 

We  shall  suppose,  secondly,  that  the  angles  0  and  \p  vary 
very  slowly  with  respect  to  the  angle  ^ ;  a  supposition  which 
should  be  confirmed  d  posteriorly  by  the  values  which  will  be 
obtained  for  these  three  angles. 

If  in  a  first  approximation,  the  differential  d\p  which  occurs 
in  the  third  equation  (3)  be  neglected,  and  if  we  suppose 
that  ^  =  0  when  ^  =  0,  we  shall  have  ^  =  n^,  at  any  instant 
whatever. 

By  means  of  the  formulae  of  No.  378,  we  shall  then  have 

acosX  +  a'cos/u  +  a"cosv  =:  psinn^  +  Qcosnt, 
6cosX  +  fe'cos/x  +  6"cos  V  =:  pcosn^  —  Qsinn^  ; 

in  which,  for  the  sake  of  abridging,  we  make(e) 

p  zz  cosX  cosOsini//  +  cos/u  cos  0  cos \//—  cos  v  sin  0, 
Q  =  cosX  cosxp  —  cosfi  sinxl^ ; 

and  equations  (11)  will  become 

Adgr  -^  (a— c)npd^  =  R'y(psinn^  +  Qconnt)cUy 
/^dp  —  {K'-c)nqdt  =  R7(Q8inn/  —  Tco%ni)dt. 

VOL.  II.  2  A 
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Nowy  in  the  second  hypothetuiy  the  quanCitict  p  aad  q  wQL 
vary  very  slowly,  this  will  be  also  the  case  with  respect  to  •« 
as  wc  shall  sec  immediately ;  therefore  in  the  integimtioa  oT 
these  equations,  we  may  consider,  in  a  first  appro¥imalioa, 
that  p,  Q,  R  are  constant  quantities,  and,  consequently,  only 
take  into  account  the  variation  of  siniU  and  cosiil  in  their  si^ 
cond  members.  If  m  be  a  very  small  fraction  of  «,  and  if  the 
coeflBdent  of  sinn/  contains,  for  example,  a  term  which  has 
OMMi  for  a  factor,  iinnt  should  be  replaced  by  }sin(ii-f  *)! 
-f  }  sin(ii— m)/ ;  hence  as  the  coeflBcient  of  siniil  is 
as  constant,  mt  must  be  neglected  with  respect  to  Ml,  at 
in  the  first  approximation(/). 

In  this  manner,  the  complete  integrab  of  the 
equations  will  he(jg) 

psDsmf JitZ+Bcosf^^^Jiil — ^(QCosNl  +  Psbaf), 

7= D  cos  f )"'~  *  ^^  f-^^jjt/+— (Qsbiil— PCoa«^ 


D  and  B  being  two  arbitrary  constants.  In  order  to  del 
them,  let  the  instantaneous  axis  of  rotation  coincide  with  the 
axis  of  figure  at  the  commencement  of  the  motion  ;  we  shall 
then  have  p  zz  0  and  7=0,  when  /  =  0 ;  and  if  p%  q\  u\  be 
the  values  of  p,  q,  r,  at  thin  same  epoch,  there  will  result 


'^v/ 


E  = 


—  y^^ 


CM 


7rV 

D  =  ' . 

en 


Therefore,  at  any  instant  whatever,  we  shall  have 

'=A[-'(''-(^)"'+«'~(^)« 

—  RfPMiin/  +  gctMii/ j  J, 

«=A[«('—(^)"'-'»(^)« 

—  R  f  p  C05  Nl  —  g  sin  */)  J. 
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If  we  suppose,  that  in  the  two  first  equations  (3),  ^  =:  ntj 
obtain  from  them(A) 

sin  Od\p  ri  (j7  sin  nf  +  9  cos  nt)  dtj 
dd  =  {q  sin  nt  ^  p  cos  nt)  dt ; 

^d  by  substituting  for  p  and  q  their  values  given  above,  there 
Results 

sin  0eA^  =  ^ —  L '^  V^  ^®  — "  +  ^'®*"  — )  "~  ^^J» 
dO  =  —  I  r'jp'  sin q'cos — J  +  RQJ* 

Now,  if  c  is  not  a  very  small  fraction  of  a,  it  is  necessary, 

in  order  that  0  and  \p  may  vary  very  slowly,  as  has  been  sup* 

cnt  cnt 

posed,  that  the  terms  depending  on  sin  —  and  cos  —  should 

disappear  from  these  formulae ;  which  condition  will  be  always 
fulfilled,  by  supposing  that  at  the  commencement  of  the  motion, 
RG  the  axis  of  figure  coincides  with  the  perpendicular  to  the 
given  plane. 

In  feet,  if  at  the  commencement  of  the  motion,  c  is  the 
angle  that  the  perpendicular  to  the  given  plane  makes  with  the 
vertical,  and  ('  the  angle  that  its  horizontal  projection  makes 
with  the  line  from  which  the  angle  \p  is  measured;  at  this 
epoch,  we  shall  have  (No.  8), 

cos  V  zz  cos  c,     cos  /u  =  sin  £  cos  £',     cos  X  =  sin  c  sin  e^ 

and,  if  \p'  and  6^  be  the  initial  values  of  xp  and  0,  there  will 
result(i) 

p'  =  cos  0'  sin  €  cos  (c'  —  ^)  —  sin  0'  cos  c, 
q'  =  sin  £  sin  (f'  —  i//'). 

Now,  if  the  axis  of  figure  was  perpendicular  to  the  given 
plane,  when  the  motion  commenced,  we  shall  have  \p'  zz  c% 
and  ©'=:£,  hence  there  will  result  p'  =:  0,  q'  =:  0 ;  in  conse- 
quence of  which,  the  preceding  formulae  are  reduced  to 
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ri„(w^  =  -!i?:2*,  e=?22*.  (13) 

^  cn  en 

453.  Now,  it  is  necessary  still  to  suppose  that  the  perpen- 
dicular to  the  given  plane  and  the  axis  of  figure  of  the  move- 
able,  deviate  very  little  from  the  rertical  direction  during  tbt 
continuance  of  the  motion,  the  supplement  of  the  angle  9  will, 
consequently,  be  constantly  very  small ;  for  0  is  the  obtoic 
angle  comprised  between  the  vertical  drawn  through  the  point 
G  upwards,  and  the  line  drawn  from  g  towards  the  point  E, 
which  is  below  g.  We  shall,  therefore,  neglect  the  square  of 
tin  0,  and  assume  cos  0  =  —  1  (it).  The  quantities  cos  X,  cot  p, 
will  be  very  small,  and  if  their  squares  be  neglected  we  shall 
have  cos  v  =  1(0.     Moreover,  we  have  (No.  378) 

c  =  sin  0  sin  i/^,     c'z=  sin  0  cos  ^,    c^'^cosO^^I. 

Hence,  if  the  products  sin  0  cos  X,  sin  0  cos  pg  be  neglected 
equation  (12)  will  give 

Zi  =  7  +  5  — 'iCosX  —  yiCOS;i. 

If,  therefore,  independently  of  the  smallness  of  cos  X  and 

COS  ^,  the  vertical  oscillationn  of  the  given  plane  are  likewise 

supposed  to  be  very  small,   the  variations  of  Zi  will  be  to 

likewise;  the  value  of  R  funilnhetl  by  the  third  equation ( I ), 

namely 

if*" 

RSMy  +  M-^, 

J?. 

mill  differ  very  little  from  Mjf ;  and  if  the  pn>ilucts  of  -j^*« 

and  of  each  of  the  quantities  cos  A,  coh^,  mu  0,  U*  ncgl«<ct<!d, 
it  will  l>e  sufficient  to  Hul^titute  My  in  place  of  a,  in  equation* 
(13).  Also,  by  Hubstituting  the  values  of  r  and  g,  th 
equations  will  )K*come(m) 

sin9//d  =r     ^"^  (sin  9  —  cosAninX  —  cosiico<«i)d!r, 
111 

i/0=  ^^(cosXco*i-  wi^^wnyDdt. 
in 


(15) 
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Tbe  two  first  equations  (1)  will  become,  at  the  same  time, 

^  =  ^COSX,      ^=^C08/u.  (14) 

By  differentiating  the  values  of  c  and  d  with  respect  to  U 
and  substituting  d6  in  place  of  cf.sin  0,  we  obtain 

dc  =  sin  y^jdd  +  cos )//  sin  Bd\p^ 
ddzz.  cosxf^dd  —  sin  xj^  sin  Odxf^ ; 

m 

and  if,  in  these  formulse,  there  be  substituted  in  place  of  sin  Od^p 
and  ddi  their  values  g^ven  above,  there  results 

dc  —  &fndt  =:  —  wi  cmfxdtj 
dcf+cmdt  zz  m  cos  Xctt, 

in  which,  for  the  sake  of  abridging,  we  make  ——  =  m.  Thus 

the  question  is  finally  reduced  to  the  integration  of  these  linear 
equations  which  are  of  the  first  order  with  respect  to  the  un- 
known quantities  c  and  c',  and  have  constant  coefficients.  It 
may  be  observed,  that  it  was  by  employing  these  same  unknown 
quantities,  namely,  sin  6  sin  \p  and  sin  0  cos  xp^  in  the  problem 
of  the  motion  of  the  moon  about  its  centre  of  gravity,  that 
Lagrange  succeeded  in  reducing  the  differential  equations  of 
this  problem  to  the  linear  form ;  and  this  enabled  him  com- 
pletely to  explain  the  phenomenon  of  libratioriy  which  he  was 
not  able  to  accomplish  in  his  first  investigations  on  this  subject. 
454.  By  integrating  equations  (15)  in  the  usual  maimer, 
we  obtain,  by  substituting  for  c  and  d  what  these  letters  de- 
note(it), 

sin0sini/^=:Asinm^+A'cosm^ 

— m  sin  mt  J  (cos  /i  sin  mt — cos  X  cos  mi)  dt 
—  wi.cosr?i^$(cos^cosiw^+cosXsinm^)(ft, 

sin  0  cos  )//=A  cos  m^  —  A/ sin  m^ 

— mcos97i^^(cos/usinm/*cosXcos97if)(/^ 
-f-m .  sin  m^^(cos/Licosm^-|-cosXsin  m^)  (/^, 

in  which  A,  k\  denote  two  arbitrary  constants. 


(16) 
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If  the  integ^s  indicated  in  these  formube  be  lappotri  t0 
commence  with  /,  and  if  0  and  xf/'  denote,  an  before,  the  iaitid 
values  of  6  and  \p^  we  shall  obtain,  by  making  izzO^ 

k  =  sin  0' cos  ;/^',     A'  =  sinO'sini^^ 

for  the  values  of  A  and  k\  which  will  be  cipher,  when  the  aiii 
of  the  figure  of  the  moveable  is  vertical  at  the  comroeDccoMat 
of  the  motion,  in  which  case  we  shall  hare  O'  =  0. 

When  the  actual  values  of  cosX  and  cos/ti  are  girea  ia 
functions  of  ^  by  performing  the  requisite  integratiom,  cqua* 
tions  (16)  will  make  known  the  values  of  9  and  i/^,  and  conw 
quently,  the  position  of  the  axis  of  figure'of  the  moveabk  at 
any  instant  whatever.  At  the  same  time,  we  shall  have,  bj 
the  third  equation  (3), 

^  =  M/  -  i/,  +  l/'', 

by  making  cos0  =z  —  1,  and  assuming  ^  =  0,  when  1  =  0. 
The  two  first  equations  (3),  in  which  ^  is  made  simply  equal 
to  nt,  will  give  the  values  of  p  and  7,  which,  with  the  equa- 
tion r  =  /I,  will  enable  us  to  determine  the  axin  of  rotation  and 
the  angular  velocity  of  the  movi^able  about  xh\<  axis  at  any 
instant  whatever.  Finally,  the  valuer  of  j,  and  •/,  in  functions 
of  ^  can  be  obtained  l>y  two  ^ucci»ssive  integrations  of  equa- 
tion (14) ;  from  which  those  of  z^  and  R  may  be  immediately 
ileduced. 

Hence  then  it  appean,  that  approximate  values  of  all  iht 
unknown  cpiantitii*^  of  the  problem  can  ))e  determini\l,  by 
means  of  the  given  values  of  cos X  and  cohu.  By  mea!t^  of 
thi*He  approximate  values,  those  of  the  quantitit*s  negK*cttnl  in 
thin  first  approximation  may  be  computi*<l :  then  if  in  a  s<^cond 
approximation,  the  quantities  thus  computed  Ik*  taken  into  ac- 
count, \ie<*haU  arrive  at  other  values  of  the  unknown  quan- 
tities more  accurate  than  the  first,  and.  by  proctHHiing  in  this 
manner,  we  »liall  olitain,  by  the  general  melhcMi  of  ^uconMirr 
Mpproximations,  expressions  of  the  unknown  quantities,  to  an% 
degret*  of  accuracy  we  pli*ase.     In  the  preceding  article**  the 
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values  of  these  quantities  were  not  determined  beyond  a  first 
approximation,  there  would  be  no  other  difficulty  attending  a 
second  or  third  approidmation,  but  what  arises  from  their 
length. 

455.  n  the  velocity  of  rotation,  impressed  on  the  moveable 
about  its  axis  of  figure,  being  supposed  to  be  very  great,  the 
quantity  m  will  be  generally  very  small.     It  follows  therefore 
from  formulae  (16),  that  the  variations  of  cosX  and  cos^, 
arising  from  the  small  oscillations  of  the  normal  to  the  given 
plane  on  which  the  moveable  presses,  will  be  very  inconside- 
rable in  the  value  of  0.    Consequently,  if  the  moveable  is  termi- 
nated at  its  superior  part  by  a  plane  surface,  perpendicular  to  its 
axis  of  figure,  and  if  at  the  commencement  of  the  motion,  this 
8ur&ce  was  horizontal,  and  the  axis  vertical,  which  would 
cause  the  terms  multiplied  by  k  and  k^  to  disappear(o),  this 
sm&ce  would  sensibly  preserve  its  horizontality  during  the 
continuance  of  the  motion,  notwithstanding  the  small  oscil- 
lations of  the  given  plane,  and  this  so  much  the  more  accu- 
rately, as  the  velocity  of  rotation  impressed  on  the  moveable 
is  more  considerable.     This  is  the  principle  of  the  method 
which  has  been  proposed  for  obtaining  at  sea,  independently 
of  the  dipping  and  rolling  of  the  vessel,  an  artificial  horizon 
which  may  be  used  in  making  astronomical  observations. 

In  consequence  of  the  smallness  of  m,  sinmt  and  cosm^ 
may  be  regarded  as  constant  quantities  in  the  integrals  which 
formuke  (16)  contain.  Thus,  for  example,  by  integrating  by 
parts,  we  shall  obtain  (p) 

^cosX  co%mtdt  =  cosm^JcosXcte  +  wsinm^JJcosXA^  +  &c. ; 

and  if  the  variations  of  cosX  are  very  rapid  relatively  to  those 
of  sin  m/  and  cosmf,  although  very  slow  with  respect  to  the 
rotation  of  the  moveable,  this  series  will  be  very  convergent, 
and  may  be  reduced  to  its  first  term ;  this  comes  to  consider- 
ing cos  nU  as  constant  in  the  integral  ^cosX  Qosmtdt. 

In  this  way,  and  by  supposing  A,  k'  respectively  equal  to 
cipher,  formulae  (16)  will  be  reduced  to 
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sintfsin^  =:  —  tnlcoBfidi^    sin 0  cos i^  =  M$eotXd!r. 

Likewise,  if  the  centre  of  grarity  of  the  moremble  has  not 
received  any  horizontal  velocity  at  the  commencement  of  tht 

motion,  so  that  ^  =  ^>  ^  =  ^»  ^^^^  ^  =  0,  equations  (14) 
will  give 

-^  z^JcosXA,    ^zzglcosfHti; 

in  which  the  integrals  commence  with  /,  as  in  the  preoedinc 
equations.  Therefore  by  eliminating  them,  and  subtlitiitiBf 
for  m  its  value,  we  shall  have 

sin98mil  = '-  ^,     sin9cosiI  =  — i  -7-:. 

en    di  ^      cm    di 

The  difference  of  sign  in  these  two  formuke  arises  from  tUi, 
that  as  the  angle  }f,  is  increased  by  90%  the  axis  of  the  podim 
abscissae  fulU  on  the  axis  of  the  negative  ordinates,  and  this 
last,  on  the  axis  of  the  positive  ab!ici«^s8P  (No.  378);  so  that 
by  putting  4^  +  90°  fon/^  in  the  first  formula,  we  must,  at  the 
same  time,  change  yi  into  —  Xi ;  which  gives  the  s«*ci>nd  formula. 
By  dividing  these  e<|uations  the  one  by  the  other,  therr 
results 

Now,  if  through  the  point  g  a  plane  bt>  drawn  pcr^iendicuUr 
to  GK  the  axin  of  figure,  \L  in  the  angle,  which  the  intenection 
of  this  equator  of  the  moveable,  and  of  the  horii4>ntal  plane  ol 
the  axes  of  X|  and  j^,,  makt^  with  the  axi^  of  jt^  ;  moreover, 
the  variables  j*|  and  y,  are  the  ctMirdiiiateH  of  the  pn^jectioii  ol 
the  |>oint  c;  on  thin  horizontal  plane;  it  folliiM»  tliert*fore  that 
this  interM*etioii  in  eonntuntly  |»arullel  to  the  tangent  to  the 
curve  descrilH*d  by  the  horizontal  projection  of  the  ci*ntnr  ol' 
gravity  of  tlie  moveable.  If  the  horizontal  velocity  of  this 
point  be  denoted  by  m,  so  that  we  may  have 
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u«=: 


_  dx^  4-  dy{ 


de 

we  shall  also  have  (9) 


8in0  =  — ^, 
en 


for  the  sine  of  the  inclination  of  the  moveable  on  the  horizontal 
plane,  which  inclination  is  the  supplement  of  the  angle  0. 

These  different  formulae,  and  the  consequences  which  may 
be  deduced  from  them,  will  subsist  as  long  as  n  the  velocity  of 
rotation  of  the  moveable  about  its  axis  of  figure  is  very  great ; 
but  the  resistance  of  the  air  and  the  friction  of  the  point  k 
against  the  plane  on  which  the  moveable  presses,  will  con- 
tinually diminish  this  velocity,  and  when  it  ceases  to  be  very 
great,  the  axis  gk  will  deviate  more  and  more  from  the  ver- 
tical direction,  and  the  moveable  will  at  length  fall  on  this 
plane,  as  in  the  case  of  a  common  spinning  top. 

It  should  likewise  be  observed,  that  the  vertical  oscillations 
of  the  given  plane,  from  which  the  reciprocal  variations  of 
the  quantity  ^  arise,  do  not  affect  the  variations  of  the  angles 
^  and  0.  But  if  the  given  plane  rises  or  falls  vertically  with  a 
motion  uniformly  accelerated,  the  quantity^  which  is  comprised 
in  its  equation  (No.  448),  will  contain  a  term  ±  \g*i?^  in  which 
^  denotes  a  positive  constant  quantity.  The  value  of  r  made 
use  of  in  No.  453,  instead  of  being  m^,  will  be  then  m(</±^, 
therefore  we  should  substitute  {g  ±  g'^  for  g  in  the  value  of  wj ; 
so  that  a  motion  of  this  kind  will  influence  the  variations  of  0 
and  ;//.  If  the  given  plane  descends,  in  which  case  g'  should 
be  affected  with  a  negative  sign,  it  is  necessary  that  g'  should 
be  less  than  g^  otherwise  the  value  of  r  would  become  nega- 
tive, which  implies  that  the  moveable  ceased  to  press  on  the 
given  plane,  which  would  fall  quicker  than  this  heavy  body, 
and  must  consequently  be  detached  from  it. 
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II.  Case  in  which  the  friction  is  taken  intoAccomnt. 

456.  In  the  present  state  of  the  science,  the  laws  of  tb 
friction  of  bodies  in  motion,  can  only  be  determined  by  expe 
riment ;  therefore,  previously  to  our  taking  into  account  tU 
force,  which  is  of  a  peculiar  kind,  in  the  equations  of  the 
tion  of  a  body  which  presses  on  a  given  plane,  it  is 
to  state  the  general  results,  which  have  been  fumitbed  b 
observation  on  this  subject. 

1st.  The  friction  of  one  solid  body  on  another  is  indepcf 
dent  of  the  velocity  of  the  moveable. 

2ndly.  It  is  also  independent  of  the  extent  of  soifiMe  < 
the  rubbing  body. 

3rdly.  It  is  proportional  to  the  total  pressure  exerted  c 
this  surface. 

These  two  last  laws  also  obtain  in  a  state  of  rest  (  No.  969 
at  the  instant  that  tiie  equilibrium  gives  way,  and  when  tl 
contact  of  the  bodies  has  continued  sufficiently  long  to  enab 
the  friction  to  attain  its  maximinn. 

When  a  fluid  flows  over  a  solid  IkkIv,  the  laws  of  its  fri 
tion  are  different.  For  in  this  ca<o  it  apfH^ars  fnmi  expc*riiiien 
that  it  is  proportional  to  the  Vi*locity  of  the  fluid  and  to  tl 
extent  of  surface,  and  that  it  dot*s  not  de|H*iid  on  the  pn-^^ui 
In  the  case  of  an  aeriform  fluid,  there  is  rcaMin  to  sup}H>»e  th 
the  friction  increases  or  diminishes  uith  the  densit\,  as  h 
been  assume<l  in  No.  444  ;  so  that  at  iH)ual  tem{K*ratun*s 
is  found  to  depend  indirectly  on  the  magnitude  of  the  pn 
sure. 

457.  Let  us  now  sup|>ose  that  a  solid  body,  wIiom*  lo^ 
a  plane  surface  of  any  extent  whatever,  in  laid  on  a  Axetl  ha 
zontal  plane,  and  that  the  vortical  ilrawn  thnnii^h  it%  centrv 
gravity  a  (fig.  i:{)  mei'tn  the  fixed  piano  uithin  tho  arcji 
this  bas«*,  which  we  know  is  the  condition  that  i%  ncHY^Aj 
and  sufficient  to  iniure  the  equilibrium.     Let  it^  ma%%  lie  t 
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noted  by  3i,  and  its  weight  by  p.  To  any  point  a  of  its  sur- 
bce  which  is  situated  in  the  horizontal  plane  drawn  through 
the  point  g,  let  a  cord  be  attached  which  may  pass  over  the 
fixed  pulley  b,  in  such  a  manner  that  BAmay  be  the  production 
of  GA.  At  c  the  other  extremity  of  this  cord,  let  another  body 
whose  mass  is  denoted  by  m',  and  weight  by  p^,  be  suspended, 
in  such  a  manner  that  g^  its  centre  of  gravity  may  exist  on 
the  vertical  drawn  through  the  point  c. 

The  equilibrium  will  subsist  as  long  as  the  weight  p^  in- 
creased by  the  weight  of  the  vertical  part  of  the  cord,  is  less 
than  the  friction  of  m  on  the  fixed  plane,  and  of  the  cord  on 
the  pulley  b  ;  and  if  v'  be  gradually  increased,  the  equilibrium 
▼ill  give  way,  at  the  instant  that  p^  surpasses  the  sum  of  these 
frictions,  diminished  by  the  weight  of  the  vertical  cord.  If 
this  last  quantity  be  neglected  relatively  to  p',  and  if  the 
frictions  of  m  against  the  fixed  plane,  and  of  the  cord  against 
the  fixed  pulley,  which  obtain  immediately  before  the  equili- 
bnum  gives  way,  be  denoted  by  f  and  f'  respectively,  we 
shall  have 

p'  =  F  +  f'. 

As  the  pressure  exerted  on  the  base  of  m  is  p  the  weight  of 
thte  body,  the  friction  f  is  proportional  to  p.  Also,  by  what 
°^  heen  6bserved  in  No.  302,  the  friction  f'  is  proportional 
to  the  force  f  ;  consequently,  we  have 

F  =/p,     f'  zi/'f, 

f^\if  denoting  two  fractions  independent  of  the  magnitudes 

0*  J*  and  F.    By  means  of  these  values,  the  preceding  equation 

beconaeg 

p'=/p+//p; 
"Om  which  we  obtain 

A«  the  value  of  the  weight  p',  at  the  instant  that  the  equi- 
librium gives  way,  can  he  known,  this  equation  will  determine 
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the  value  ofy*with  respect  to  the  body  m  and  to  the  horizonul 
plane  on  which  it  is  laid,  when  the  value  off  with  re^prrf  to 
the  cord  and  the  throat  of  the  pulley  is  known.  The  neftW 
pointed  out  in  No.  261)  will  make  known  this  value  ofy^  inde- 
|>endently  of  any  other  quantity  of  the  same  nature,  when  the 
angle  at  which  the  moveable  commences  to  slide  down  a  pUne, 
that  is  gradually  inclined,  is  known. 

458.  At  the  instant  that  the  weight  p\  increased  by  the 
weight  of  the  vertical  conl,  exceeds  ever  so  little  the  quantity 
F  4-  I-')  the  equilibrium  will  give  way,  and  djbrtiori  when  the 
weight  p'  is  still  greater.  The  body  m  will  slide  on  the  hori- 
zontal plane,  and  m'  will  descend  vertically.  If  the  friction  of 
M  against  this  plane,  during  the  motion,  be  denoted  by  H,  it 
will  be  a  given  fraction  of  the  pressure  p.  With  respect  to 
the  pulley  d,  we  may  either  suppose  that  it  is  entirt*ly  fiiett 
and  remains  immoveable,  or,  that  it  turns  about  an  boriiontal 
axis,  perpendicular  to  the  plane  of  the  cord  adc.  Io  the  first 
case,  there  will  be,  during  the  motion,  a  certain  friction  agaiiHl 
the  pulley,  which  will  be  tiiflferent  from  f\  and  uhich  should 
be  added  to  ii ;  in  the  second  case,  if  the  conl  dix***  not  %liiic 
on  the  pulley,  there  \^ill  be  no  friction  of  the  one  again^^t  the 
other  ;  but  the  motion  ettniinunieated  to  the  pulU  y,  by  the 
intervention  of  the  cord,  should  be  taken  into  account*  a%  if  it 
was  attac'lieil  to  it.  We  shall  sup|>osi*  that  the  M*o>iid  of  ilii-«r 
two  eits4*s  is  the  one  that  has  place. 

In  onler  to  4)btain  the  e(|Uation  of  miction.  It  t  the  hori- 
zontal and  vertical  parts  of  the  oinl  Am*  at  (lie  i*n«i  of  an\ 
time  ^  be  denot«Ml  \\\  z  ami  ;'  resju'etively,  and  tlii-ir  ma«M^ 

by  fi  and  ^Z.      The  vrlocitien  of  M  and  m'  at  this  instant*   will 

ilz  dz' 

be *  and    ,*  ;  and  the  n^i^istanei-s  of  the  air  exertitl  ainiiii^t 

at  lit  ^ 

fiz*  i/r'* 

their  hurfaet  •*,  mav  be  denoted  bv  n  •.  ,    and  a     ,"  -r*  a  and  is 

tit'  iii' 

bein^  two  conniaiit  quantities,  dfpt-nding  on  their  form  «n«i 
extent.  Therelore,  if  the  ifravilv  In*  denoted  bv  </,  the  m«»(i%r 
forces  applieii  to  the  «»yMem   uill  be  the  weight  (m    ^  u  i^*. 
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diminished  by  the  i^istance  a'  -^^j  and  the  horizontal  force 

H,  increased  by  the  resistance  a  -7^.  Their  moments  with  re- 
spect to  the  axis  of  the  pulley  b,  should  be  subtracted  the  one 
from  the  other ;  and  if  the  radius  of  this  circular  pulley  be  de- 
noted by  Cy  their  difference  will  be  equal  to 

c[(M'  +  M')g-a'^-H-ag].  (a) 

€Pz' 

The  motive  forces  which  actually  have  place,  are  (m'+^^  -^- 

in  the  vertical  direction,  —  (m  4-  ^)  ^  in  the  horizontal  di- 
rection, and  those  of  all  the  points  of  the  pulley.  As  the  mo- 
ments of  these  last  forces  with  respect  to  the  axis  of  the  pulley, 

must  be  added  to  the  vertical  motive  forces(r),  and  as  the 

1  dz' 
angular  velocity  of  the  pulley  is  -  -r-,  if  we  denote  its  mass 

by  nt,  and  its  moment  of  inertia  with  respect  to  this  axis  by 
inA^  it  follows,  from  what  has  been  established  in  No.  392, 
that  the  moment  of  these  last  forces  with  respect  to  this  axis, 

is -rj-j  consequently,   the  sum  of  the  moments  of  the 

c    av 

effective  forces,  with  respect  to  this  same  axis,  will  be 

Now,  in  order  that  the  motive  forces  applied  to  the  system 
may  be  in  equilibrio,  by  means  of  the  axis  of  the  pulley,  with 
the  effective  forces  taken  in  a  direction  opposite  to  that  in 
which  they  act,  it  is  necessary  that  the  two  expressions  (a) 
and  (b)  should  be  equal  to  each  other ;  hence  there  results. 
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If  the  cord  abc  be  supposed  to  be  inextensible,  tbc  warn  of 
its  parts  will  be  constant,  therefore,  if  the  entire  leDgth  be 
denoted  by  /,  we  shall  have 

,_        dz' _      dz      d^z' _      d^z 

Let  the  weight  of  the  entire  cord  be  denoted  by  ir,  and  the 
weight  of  m  the  mass  of  the  pulley  by  p,  we  shall  iikewiif 

have 

wz  ,  irz 

wc  have  also 

and  since  the  friction  ii  is  proportional  to  the  weight  r,  «e 

have,  besides 

H  =  Ap, 

in  which  A  denotes  a  constant  coefficient  independent  of  r. 
By  means  of  these  diflferent  values,  the  equation  of  mociiw 

will  become(/f) 

(pk\  (Pz         r,  ,  wz       ,  d:*l 

451).  It  cannot  be  integratetl  in  a  finite  form,  unle**  the 
terms  whicii  arise  from  the  resistance  of  the  air  be  neglccteil. 
in  which  case  it  is  re<luce<l  to(/) 

d'z 


hy  making,  in  ortler  to  abridge. 


p*~.  -  -'  .: - ... . ... .  ;=-.  =  »^ 


1*4- ••'+«•+ ••-  f+l'+M-  +  ^ 

lt«compU*ti*  integral  will  be  then 

Z=ZCt         '  +  €  >  +  -J  • 
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5?w' 


c  and  c'  being  two  arbitrary  constants  introduced  by  the  inte- 
gration, and  e  the  base  of  the  Naperian  system  of  logarithms. 
If  this  value  of  z  be  substituted  in  the  terms  of  the  equa- 
tion of  motion,  which  arise  from  the  resistance  of  the  air.  and 
if  this  equation  be  integrated  again,  a  more  exact  value  of  z 
will  be  obtained ;  however,  as  the  preceding  is  sufficiently  ac- 
curate for  our  purpose,  it  is  not  necessary  to  continue  the  ap- 
proximation fsurther ;  and,  in  order  to  determine  the  constants 
c  and  c\  if  y  be  the  initial  value  of  z^  we  shall  have  jsr  =  y 

and  -r-  =  0  when  ^  zi  0 ;  hence  there  results(M) 
at 


c  —  c'=0; 


bom  which  we  obtain 


c  =  c'=  \y  — 


^d)  consequently, 


2^' 


=*(-^)('' 


^  ^y  instant  whatever. 

If  0  be  the  time  that  the  weight  p  takes  to  reach  the  pulley 
^>  that  is  to  say,  to  traverse  the  distance  y,  we  shall  have  at 
^^  same  time,  ^  =  0  and  z  =  0 ;  hence  we  infer 


d 


y/^       ^Q}/?^ 


(a/-^7)     c       '  +  c 


)= 


2  a/. 


When  9  is  given  by  observation,  this  equation  will  enable 
^  to  determine  the  value  of  a,  and,  consequently,  that  of  h 
^^^  coefficient  relative  to  the  friction  of  the  weight  p,  when  it 
^^ves  on  the  horizontal  plane.  In  this  experiment,  the  value  of 
^  inay  be  assumed  to  be  what  we  please,  provided  it  exceeds 
"^  friction  which  has  place  in  the  state  of  equilibrium.  If  the 
Weight  w  is  very  small  relatively  to  the  weights  p  and  p',  /3 
^  be  a  very  small  fraction,  and  the  exponentials  may  be  de- 
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velopcd  into  very  convergent  series,  according  to  the  poven  ot 
/3.     In  this  manner,  we  shall  have(r) 

and  if  the  quantity  /3  be  entirely  neglected,  we  shall  hare 
simply 

which,  in  fact,  we  know  ought  to  be  the  value  of  7,  for  the 
motion  of  the  weight  p  is  then  uniformly  acceleratetl. 

Whatever  be  the  motion  of  the  system  under  considcratioii, 
the  tension  of  the  horizontal  part  of  the  cord  adc  is  constantly 
equal  to  the  least  of  tlie  two  forces  which  act  at  its  extremitir* 
(No.  352),  that  is  to  say,  to  the  friction  11  increased  by  the 
resistance  that  the  air  exerts  against  the  surface  of  m.  Tkei^ 
fore,  if  the  resistance  of  the  air  is  not  taken  into  account,  it 
is  constant,  and  equal  to  if  or  Ap,  during  the  entire  continuancv 
of  the  motion ;  and  its  value,  measuri*<l  by  the  extension  of  a 
sprinu^  placed  in  the  direction  of  this  cord,  will  enable  u«  to  do 
tennine  the  coi'fficient  h. 

4<)0.  The  values  of  this  eoefBcient  may  In*  detorminotl.  a* 
has  hivn  just  observed,  either  l»y  obsorvinjj  f>,  tlio  time  ihat 
the  Wright  p  takes  to  reacli  tlu»  pulley,  or  by  mca^iuriiii;  thr 
tension  of  the  cord.  Tliry  ilejK'nd  in  giMHT.il  i»n  the  dr;:rtv  •*»' 
smoothness  of  the  surfaces  which  rub  agaiii^^t  (»ric  another,  ar.i 

on   the   material  of  which  thev   are  iM»:niH>H4tl :  thcv  do  r*'*. 

■  ■  • 

vary  like  thi>se  of  the  coefficient  /*(  No.  2*ilM,  uiih  the  tiir.v 
during  which  the  btMlics  have  l»een  in  ct>ntact,  lH*f«»re  thf\ 
slifle  the  one  on  the  i>ther.  When  thev  attain  to  their  majt* 
miim^  they  always  surpass  the  corr«*sponding  valm-^  of  k  ;  •€» 
that,  in  tlie  ^tate  of  motion,  the  friction  11  i<«  aluav4  le%%  than 
the  friction  denott^l  by  i*,  that  has  place  at  the  in<«tant  in 
\»hicli  the  e<piilibrium  gives  way  ;  and  the  tenMon  oX  the  omi. 
uhen  in  moti(»n,  is  also  less  than  that  which  obtain^  at  the 
la*»t  instant  of  the  i*<iuilibrium. 
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The  weight  p  being  supposed  to  be  at  rest,  the  equilibrium 
subsists  as  long  as  the  weight  p^  is  less  than  f  ;  but  it  has  been 
remarked  that  if  p^,  although  less  than  f,  considerably  exceeds 
Hy  it  is  merely  sufficient,  by  means  of  slight  percussions,  to 
agitate  the  horizontal  plane  a  little,  in  order  that  the  weight  p 
may  commence  to  move. 

When  the  coefficient  h  is  known,  it  is  easy  to  determine 
the  motion  of  the  weight  p  on  an  inclined  plane.  Let  t  de- 
note the  inclination  of  this  plane  to  the  horizon ;  it  must 
always  be  greater  than  the  angle,  at  which  the  equilibrium 
begins  to  give  way,  or,  in  other  words,  it  must  be  such  that 
tang  I  >y (No.  269).  psini  and  pcost  will  be  the  components 
of  p,  respectively  parallel  and  perpendicular  to  this  plane. 
The  first  diminished  by  the  friction  h,  will  be  the  motive  force 
of  the  moveable  whose  mass  is  m  ;  therefore  if  z  be  the  space 
traversed  at  the  end  of  the  time  f ,  we  shall  have 

d^z         .    . 
M-73  =  psint  —  H. 

Moreover,  as  the  pressure  on  this  plane  is  the  other  compo- 
nent pcosf,  we  shall  also  have 

H  =:  Apcosi; 

and  as  P  =  m^,  the  preceding  equation  will  consequently  be- 
come • 

dPz 

^  =  (1— Acoti)^sini; 

from  which  it  appears  that  the  motion  will  be  uniformly  acce- 
lerated, and  the  same  as  if,  there  being  no  friction,  the  sine  of 
inclination  was  diminished  in  the  ratio  of  1— A  cote  to  unity. 
This  quantity  1  — Acott  is  positive,  since  by  hypothesis,  we 
have  A  Z,f^\\Afcoti  Z  1. 

461.  As  the  friction  h  is  proportional  to  the  pressure,  and 
independent  of  the  extent  of  the  rubbing  surface,  it  follows 
that,  the  weights  p  and  p^  of  No.  4/>7  remaining  the  same,  the 
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motion  of  p  on  tbe  hoHsoDlat  pUnc  wili  iwt  be  ehangiid,  «Ih- 
cver  be  llie  extent  of  iu  btue,  pmrUed  tltat  it  always  b»  iW 
same  dci^rvo  nf  »in(Mitliiif««.  Tbiu,  if  tliii  body  i*  »  nrt- 
angular  ItaralIt'io[>i[M^<i,  coniu«ting  of  bonogencmu  bbI^. 
all  whose  toees  tiitve  tbe  same  degree  «C  anwodiBf,  il* 
borixontol  motion  will  Ih<  always  the  sane,  on  whidwvir  af  ib 
faces  It  in  [iluctij,  auil  tlii«  will  be  aim  tbe  caa*  «h«s  the 
body  d(»ccnds  down  an  inclined  plane,  in  which  oh*  the 
wci)i;bt  p'  is  not  miuired  to  set  it  in  motion. 

Fiimlly,  this  proposition,  lliot  tbu  friction  '»  i 
of  ibc  extent  and  contour  uf  tbe  base  of  i>,  and  wnply  | 
tional  to  tht-  weight  p,  implies  that  at  each  point  of  |] 
the  friction  u  proportional  to  tbe  pniMnra  relativi 
point.     In  fact,  Ifnedenoli-  this  Imar  by  ft,  onaafll 
tiol  elcmcDtii  by  •/«,   and  the  vcrtica]  pnanai 
moot  eustains  \ty  pHa,  p  Win^  ihe  prcasore  rate 
unit  of  surface,  the  n^ultAni  <»f  tlie  prcwures  exert«4  ■ 
element*  of  b,  should  reproalucv  the  weight  t>,  ap| 
centn  of  gmnty  c ;  wo  sliouM  llierdbrw  hare 

S/h/«f  =  r; 

and  ifthrangfatbe  projeclioa  of  the  ptrint  o  on  tba  ftxcd  phaa. 
two  rectangular  boriionlal  axes  be  drawn,  of  whkli  oa«  tmj 
hf,  lorexanplc,  the  projection  of  tbe  Um  ob,  aad  Um  bt  ibe 
"  buee  of  Ja  from  this  pmjecttoo,  and  jr  iia  <Bit«aet  6«a  tbe 
I  other  axb,  ««  sbooU  likewise  ban 

S.pdW  =  0,    SwKf.  =  Oi  (V) 

b  boUi  tbeaa  equations  and  also  in  uqaaticm  (a),  tb*  iMa- 
gralion  must  exieml  tu  the  entire  base  h.  This  baing  afned 
on,  if  we  supfioM!  (hat  the  friction  of  the  rUmoA  rfv  «i  Ibe 
fixetl  phinp,  i*  pniportitHinl  to  pdn  the  prcMure  wUab  It  ap«> 
rlcnecs,  and  n)ual  in  kptta,  A  denoting  a  cocAclenl  iaJafm- 
dmi  of  Pt  Bnd  rrUtira  to  the  itature  of  tbe  wrfroa  4m,  w*  aha' 
blT« 


(•) 
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for  the  value  of  the  entire  friction ;  and  as  the  frictions  of  all 
the  elements  are  parallel  to  gb  the  direction  of  the  motion,  if 
Xi  be  the  distance  of  h  their  resultcuit,  from  the  vertical  plane 
passing  through  the  line  gb,  we  shall  also  have 

Now,  if  the  base  of  the  moveable  has  the  same  degree  of 
smoothness  throughout  its  entire  extent^  the  coefficient  h  will 
be  constant,  and  there  will  result 

H  zz  h^pda  =  Ap,     nxi  =  hlxpcUr  =  0 ; 

consequently,  the  entire  friction  will  depend  solely  on  the 
weight  P9  whatever  may  be  the  extent  and  contour  of  its  base; 
and  since  Xx  =  0(a;),  the  direction  of  this  force  must  exist  in 
the  vertical  plane  passing  through  the  line  gb,  so  that  it  can- 
not impress  any  motion  of  rotation  on  the  moveable,  and  its 
motion  must  consequently  be  parallel  to  this  plane,  as  we 
have  supposed. 

When  the  centres  of  gravity  of  the  weight  p  and  of  the 
base  b  are  situated  on  the  same  perpendicular  to  this  base,  as 
in  the  case  of  a  prism  or  vertical  cylinder,  equations  (a)  and 
(b)  may  be  satisfied  by  supposing  that  the  pressure  p  is  con- 

stant  and  equal  to  t.  Conversely,  when  the  value  of  />  is 
constant,  equations  (b)  give(^) 

Sxrf<T=0,     lyd<T=zO; 

it  is  evident  from  these  equations  that  the  centre  of  gravity  of 
6  coincides  with  the  horizontal  projection  of  the  point  g  ;  con- 
sequently, when  this  condition  is  not  satisfied,  the  pressure  p 
necessarily  varies  from  one  point  to  another  of  the  base  of  the 
moveable.  The  determination  of  its  value  at  any  point  what- 
ever, is  then  an  extremely  difficult  problem,  which  cannot  be 
resolved  without  taking  into  account  the  flexibility  of  the 
material  of  which  the  moveable  consists,  and  also  that  of  the 
horizontal  plane  on  which  it  rests,  for  without  this  reference, 
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there  would  he  an  apparent  indetcnnination  in  the  Yaltie  off* 
as  in  the  cane  of  the  problem  of  No.  270. 

If  the  two  eentres  of  gravity  be  supposed  to  exist  on  the 
same  vertieal,  we  shall  have  at  once,  whatever  the  coeficicm 
A  may  be(z), 

p  i» 

;'  =  ^>    n  =  -SArf<T,    J-,SAd<y  =  SAjrrf^. 

Confiequently,  the  ba«<e  being  9upp4)$ed  to  remain  the  <UDr, 
the  entire  friction  ii  will  be  proportional  to  the  wt'^ht  r,  ju*t 
as  if  the  degree  of  smoothness  was  the  same  thr«»ughout  tbr 
entire  extent  of  this  base ;  but  in  general,  as  we  »hal!  haT«  /| 
no  longer  equal  to  cipher,  the  direction  of  the  force  ii  will  do 
longer  coincide  with  the  horizontal  projection  of  the  line  ok 
so  that  when  the  weight  i>'  draws  the  weight  r  on  the  hori- 
zontal plane,  the  friction  will  cause  the  moveable  to  tun 
about  the  vertical,  which  passes  through  the  centre  of  gra* 
vity  G. 

4()2.  The  weight  r  being  supposed  to  be  laid  on  a  fixed  hori- 
zontal plane,  and  the  horizontal  projection  of  the  point  i;  to  coin- 
cide with  the  centre  of  gravity  of  the  base  A,  if,  by  any  meam 
whatever,  there  be  imprensed  on  this  bo<ly  quantities  of  motion 
parallel  to  the  fixe<l  plane,  such,  however,  as  not  to  detach  it« 
basi*  from  this  plane,  the  moveable  will  lie  actuateti  by  t«o 
horizontal  motions,  the  one  of  translation,  which  will  bo  that 
of  its  centre  of  gravity  r,,  and  the  other  of  rotation  about  the 
vertical  |>assing  through  this  |M»int.  Let  uh  now  examine 
how  the  friction  aflTects  these  two  different  motions. 

Let  the  friction  ex|H*rienctMl  by  «itr  the  element  of  A«  the 
directicm  of  which  is  contrary  to  that  of  the  veWity  of  dm 

element,   Ih»  denoted  by  -  -  th.     Let  r  Iw  its  distance  from 

the  axis  of  rotation,  t  and  1/  the  nvtangular  coonlinates  of  the 
centre  of  gravity  of  A  at  the  end  of  any  time  whatever,  rvfemrti 
to  fixe«i  axe«>  drawn  arbitrarily  in  the  horiiuntal  plane,  uikI  Id 
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9  be  the  angle  which  r  makes  with  the  production  of  x.  The 
coordinates  of  d<r  at  the  same  instant,  will  be  x  +  rcosO  and 
y  4-  r  sin  09  and  if  its  velocity  be  denoted  by  t?,  and  the  angles 
which  its  direction  makes  with  lines  drawn  parallel  to  the 
axes  of  X  and  y  by  a  and  /3,  we  shall  have 


dx  .    /»rf0 

f?  cos  a  =  -J-  —  r  sm  0  -=-, 
at  at 

^      dv  ^d9 

rcos/3=z^  +  rcos0^, 


0) 


for  the  two  components  of  this  velocity.    Those  of  the  friction 
will  bct  at  the  same  time, 

—  -T-  cos  aflMT, r-  COS  IdCUt* 

o  o 

Now,  since  the  motion  of  the  centre  of  gravity  is  the  same, 
as  if,  the  mass  of  the  moveable  being  supposed  to  be  concen- 
trated in  it,  the  motive  forces  of  all  its  points  were  applied  to 
it  parallel  to  their  respective  directions,  we  shall  have  for  the 
equations  of  this  motion(a') 


d*a?         kg  g,         . 


(2) 


p 

in  which,  as  g  denotes  the  gravity,  -  is  equal  to  the  mass  m, 

and  the  coefficient  h  is  supposed  to  be  constant  throughout 
the  extent  of  b. 

At  the  same  time,  the  moveable  will  turn  about  the  vertical 
pasring  through  the  point  g,  as  if  this  line  was  fixed,  and  the 
forces  which  act  on  this  body  were  not  changed.  As  the 
moment  of  the  friction  of  da  is  equal  to  the  difference  of  the 
moments  of  its  two  components,  its  value  will  be 

Ap  cos  3ti{<r            ^  .   hvemada       .    ^ 
T^ — .rcosS  + r r.sin  0, 
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the  rotation  being  supposed  to  take  place  in  the  diractioB  ib 
which  the  angle  0  increases,  that  is  to  say,  from  the  ans  e( 
the  positive  xs  towards  that  of  the  positive  y«.  Tliis  heiaf 
agreed  on,  if  the  angular  velocity  of  the  moveable  at  the  end 
of  the  time  t  be  denoted  by  6>,  and  its  moment  of  inertia  with 

respect  to  the  axis  of  rotation  by  — ,  we  shall  have  (No.  39S) 

9 

A'^=-^S(^^<^0-<^«n»0)'^»  (3) 

which  will  be  the  equation  of  motion  about  this  asut,  aad 

df 
when  the  integration  is  performed,  we  should  make  m  =  -j-« 

Of 

and  extend  the  integral  to  h  the  entire  base  of  the  moveable. 

As  in  these  equations  (2)  and  (3),  the  variables  x ,  y,  9,  ate 
not  separated,  the  motions  of  translation  and  rotation  depend, 
the  one  on  the  other,  and,  in  general,  can  only  be  determined 
by  approximation.  There  are,  however,  two  cases  that  can 
be  easily  resolved,  which  we  now  proceed  to  consider. 

403.     If  i\  the  centre  of  gravity  is  at  rest,  we  shall  hare 

—  =  0,  -~  =:  0 ;  and  equations  (1)  will  givc(A') 

cos  a  =  —  sin  0,     cos  li  =  cos  0,     r  =  r  -- ; 

and,  in  order  that  equations  (2)  may  be  satii^fied,  it  U  necw 
sary  that  the  integraU  ^sin  Otia  and  \  cos  Bdo  should  be  cipher ; 
this  (li»|MMulH  only  on  the  contour  of  A,  and  will  be  thecasas  for 
example,  when  it  is  symmetrical  about  the  centxv  of  giarity 
of  this  base. 

K(|uation  (3)  will  bi*come 

di  h  ^ 

from  which  wr  obiain(r') 

dw  kctj 

di  -  -  M  •  • 
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the  constant  ^rd<r  being  denoted  by  c.  Therefore,  the  motion 
of  rotation  will  be  uniformly  retarded;  and  if  the  initial  angu- 
lar velocity  be  denoted  by  Q,  we  shall  have,  at  any  instant 
whatever, 

"  =  "-■ 6F' 
from  which  it  appears,  that  this  motion  will  cease  after  the 

lapse  ofa  time  expressed  by  -? — ,  for  which  we  have  cu  =  0, 

and  the  body  will  be  at  rest. 

On  the  other  hand,  when  the  velocity  of  rotation  is  very 
dow  with  respect  to  that  of  the  motion  of  translation,  equa- 

tions  (1)  will  give  (the  square  of -r-  being  neglected) 

in  which  u  denotes  the  velocity  of  the  point  g,  and,  conse« 

qoently. 

By  means  of  this  and  the  same  equations  (1),  we  can 
obtab(rf') 

1       1       1  /dir  .    ^      dy       Arde 
-  =  -  +  -3 1:77  sm  0  —  :£-co8e  I  -^, 
V      u      vr\dt  dt         J  dt 

\dx       1  (dx        ^      dy  .    A  dy  rdO 

-      \dy       \  (dx       a  ,  dy   .    „\dxrd6 
'^^=udi  +  Adi''°'^-^di'"'VdiW 

Moreover,  as  the  origin  of  the  polar  coordinates  r  and  0  is 
^  the  centre  of  gravity  of  the  base  6,  we  have 

Jr  sin  Od<r  =  0,     Jr  cos  9d<T  =  0. 

This  being  so,  if  these  values  of  cos  a  and  cos  j3  be  substituted 
in  equations  (2),  they  will  become,  as  ^da  =  ^(e'). 
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} 


For  plater  simplicity,  we  shall  suppose  that  the 
symmecrically  disposed  about  its  centre  of  gravity,  in 
case 

$Hco9  0sine</9  =  O,     $r*sin'ac2cr  =  Sr'cos*0i<irz:V« 

y  beintr  a  given  line;  and  if,  in  equation  (3)  the  raliict  of  eofa^ 
cos  /3  be  substituted,  it  will  be  reduced  in  this  case  to 


di*~         u    dt 

Jin  J 

in  which  -7:^  is  substituted  for  its  value  -rC/*)* 
df  di^ 

The  complete  integrals  of  equations  (4)  are  (g^ 
—  =z(a-^  Af//)  cosf,    ^  =  (a  —  kgi)  tin  i ; 

a  and  f  l>eing  two  arbitrary  constants.     By  means  of  then  we 

obtain 

tf  =:  a  —  kgi ; 

from  which  it  appears,  that  the  motion  of  the  point  g  will  be 
uniformly  retarded,  and  that  the  initial  velocity,  and  the  an^le 
\%hic'h  its  direction  makt^  with  the  axis  of  x,  are  respectively 
denoted  by  a  and  c.     Ec|uation  (5)  becomes 

tPB_ hffy^        dO 

its  complete  integral  is  therefore  (A') 


'i="('-*i'y'. 


in  ^hicli  U  denoti'H  the  arbitrary  eon^^tant  that  expresses  ikc 

dO 

initial  angular  velocity.     The  values  of  k  and  -y- or m,  will  be 

10  much  the  more  accurate,  according  as  the  pro«luct  ol  O 
and  ol'  the  greatest  value  of  r  in  a  snuillcr  fraction  of  the  vrUv 
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city  ti ;  it  appears  from  an  inspection  of  them,  that  the  motions 
of  translation  and  rotation  terminate  together,  after  the  lapse 

of  a  time  equal  to  t-* 

When  a  solid  body  moves  on  a  fixed  plane,  which  it  touches 
in  only  one  point  of  its  surface,  a  variety  of  cases  may  arise, 
which  it  is  important  to  distinguish. 

Ist.  The  body  may  roll,  without  sliding,  on  the  fixed  plane, 

in  such  a  manner,  that  the  two  curves  traced,  on  this  plane  and 

01^  the  surface  of  the  moveable,  which  are  the  geometric  loci 

of  their  successive  points  of  contact,  may  have  constantly 

^^  lengths. 

2ndly.  The  moveable  may  turn  on  itself,  while  it  con- 
stantly touches  the  fixed  plane,  in  the  same  point  of  this 
plane. 

3rdly.  The  body  may  slide  without  turning,  in  such  a 
manner,  that  the  point  of  contact  may  constantly  be  the  same 
point  of  its  surface. 

4[thly.  Finally,  it  may  slide  and  turn  at  the  same  time. 

In  the  second  and  third  cases,  the  friction  of  the  moveable 
against  the  fixed  plane  is  the  same  as  if  the  contact  was  of  any 
extent  whatever ;  its  magnitude  is  proportional  to  the  pres- 
sure at  the  point  of  contact,  and  its  direction  is  contrary  to 
that  of  the  velocity  at  this  point.  If  it  be  denoted  by  ii,  and 
the  pressure  by  p,  we  have  h  =  Ap  ;  the  coefficient  h  being 
the  same  as  in  No.  458.  This  law  follows  from  the  circum- 
stance of  the  friction  being  independent  of  the  extent  of  the 
contact ;  it  will  be,  however,  necessary  to  verify  it  by  direct 
experiment.  The  force  h  is  what  is  termed  a  friction  of  the 
Hrst  species. 

In  the  first  case,  the  friction  of  the  moveable  against  the 
fixed  plane  is  termed  a  friction  of  the  second  species.  It  ap- 
pears from  observation  that  this  force  is  in  general  very  small, 
and  may  therefore  be  neglected. 

In  the  last  case,  the  two  kinds  of  friction  obtain  at  the 
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Mine  rime ;  that  of  the  second  species  may  be  DCff^lccCcfl  ivb- 
tivel  y  to  the  friction  of  the  first  species,  which,  at  cadi  laitMU 
acts  in  a  direction  contrary  to  that  of  the  Telocity  of  the  poiat 
of  contact,  and  is  always  proportional  to  the  pressure  at  thii 
))oint. 

Tlieso  rcftults  do  not  obtain,  in  the  case  in  which  the  poiai 
of  contact  is  the  extremity  of  a  point,  or  when  it  appertaim  toa 
8harp  ed^e;  they  will,  however,  have  place  when  the  movcablr 
is4  a  cylinder,  which  touches  the  fixed  plane  in  a  right  bie: 
and,  as  often  as  its  sur&ce  has  neither  points  nor  sharp  edipci^ 
tliev  will  l>e  sufficient  to  enable  us  to  form  the  diffefendal 
equations  of  the  motions  of  translation  and  rotation.  The 
following  example  will  show  how  they  ou^ht  to  be  emplovf^i 
for  this  object. 

464.  Let  the  moveable  he  a  homogeneous  sphere,  placnl 
on  a  fixed  horizontal  plane,  and  let  there  be  impressed  on  thi« 
bo<ly  a  motion  of  rotation  about  a  horizontal  diameter,  and  on 
its  centre  a  horizontal  velocity,  |)erpendicular  to  this  diamef er . 
It  is  evident  that  thi*  moveable  will  turn  about  this  diam^-tt-r. 
which  will  be  transferr(*d  |)arallel  to  itself  and  to  tht*  ti\(^i 
piano,  and  that  the  ctMitrc  of  figure  and  gravity  will  dt-^ribr  s 
horizontal  line,  in  the  vertical  plane  |HT|H*ndicular  to  the  aii« 
of  rotation.  It  is  proposed  to  determine,  at  any  instant  what- 
ever, the  velocitii*s  of  these  two  motions. 

Figure  I  \  n»presents  a  section  of  the  moveable,  per}ien- 
dicular  to  its  axis  of  rotation,  and  p:Lssing  thn>utfh  it«  crntrr 
<i.  The  line  arh  is  the  Si*ct ion  of  the  fixed  plane;  the  (o- 
rallcl  ( cio  is  the  line  descril>ed  by  the(K>int  g,  and  the  contact 
at  the  end  of  any  time  /,  is  sup|MHe4i  to  take  plaiv  at  the  puini 
K.    At  this  iiiHtant,  let  r«;,  the  distaiux*  fn>in  the  fitrd  {mnti*. 

Ih-  drnoto<l  by  r,   the   veliKMty  of  the  |K»int  u  by  -  -,  and  the 

angular  vrltH'ity  of  the  moveable  about  itA  axis  uf  n«tati«»n  b\ 
f«i ;  tliin  l:i^t  uill  Im*  rt'g;iriU*«l  an  |Mi!»itivi*  or  ni*galiv(\  arct«ni- 
itii;  a^  till'  rotation  ha«i  pLuv  in  the  direi*tion  indicati'ti  b\   iht- 
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sagitta  s  or  in  the  contrary  direction.  If,  at  the  same  instant, 
the  absolute  velocity  of  the  point  k  be  denoted  by  Vj  and  gk 
the  radios  of  the  sphere  by  c,  we  shall  have 

dx 

According  as  this  quantity  is  positive  or  negative,  the  point 
K  will  advance  towards  b  or  towards  a  ;  and  the  friction  which 
has  place  in  this  point  k  in  a  contrary  direction  to  v,  will  act 
in  the  direction  ka  or  kb.  When  t;  =:  0,  the  body  rolls  with- 
out sliding,  and  the  friction  is  only  of  the  second  species. 

This  being  established,  let,  as  before,  the  weight  of  the 
body  be  denoted  by  p,  its  gravity  by  g,  the  moment  of  inertia 

pA* 
with  respect  to  the  axis  of  rotation  by  — ,  and  the  friction  at 

the  point  k  by  Ap;  then  if  the  velocity  v  be  supposed  to  be  po- 
sitive, and,  consequently,  the  friction  to  act  in  the  direction 
ka,  the  differential  equations  of  the  motions  of  translation  and 
rotation  will  be 

rfF=-^'     A''^=-%;  (a) 

.        P 

for  G  the  centre  of  gravity  should  move  as  if  -  the  mass  of 

the  moveable  being  concentrated  in  it,  the  friction  was  applied 
to  it  parallel  to  its  direction  ;  and  the  moveable  should,  at  the 
same  time,  turn  about  its  axis  of  rotation,  as  if  this  axis  was 
fixed,  and  the  point  of  application  of  the  friction  and  the  di- 
rection of  this  force  were  not  changed(7).  If  the  moveable 
was  a  sphere,  we  would  have  also 

ft  ^-^., 

and  if  this  body  was  a  solid  of  revolution,  or  a  right  cylinder 
with  a  circular  base,  the  preceding  equations  would  likewise 
obtain,  if,  in  each  case,  the  body  turned  about  its  axis  of 
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figure ;  bowerer,  the  Talue  of  i' would  in  tl 
from  what  it  is  in  the  sphere. 

The  ooefficieot  A  being  sappoted  to  Im 
by  integrating  equations  (a) 

—  zia-^hgU    •#  =  •  — -^-:  (bi 

a  and  a  being  two  arbitrary  eonttanta  which  denote  the  iaidil 
relocities  37  and  •#.     We  shall  have,  at  the 

at 


r  =  a  +  ca-  (l+p)M- 


The  constant  qaantity  a  +  co  is  pocitiTe  by  hypotkcai; 
therefore,  the  velodty  r  is  so  likewise,  for  9  an  interal  <f 
time,  the  value  of  which  is 

in  the  case  of  a  sphere ;  at  the  end  of  thb  time  r  s  0.  Duriaf 
this  interval,  the  preceding  values  of  -j-  and  ^  will  subsiM, 
and  the  twu  motions  of  the  moveable  will  be  uniformly  re» 
tardod.     l*he  value  of  -j-  will  be  cipher  after  the  lapse  of  a 

time  e(|ual  to  ^ ;  if  therefore  this  time  be  less  than  9^  which 
will  be  the  case  if 

dx 
the  velocity  of  —  will  become  negative  beyond  /  =  — ,  and 

-  ^ 


the  centre  of  the  sphere  will  retn>gradc.  This  is  the  cMe,  for 
example,  when  a  billiard  ball  is  struck  in  such  a  manner  w  to 
be  madi*  to  turn  nipidly  about  a  horiiontal  diameter,  while  at 
the  luinie  time  it<i  eentn*  julvanccs  with  a  Ii*m  velocity.  %o  that 
th«*  tpiuntitirn  a  and  a  may  Im*  both  positive,  and  satisfy  thr 
preoi'ding  incH|iuility.  The  motion  of  translation  i*  rrr}* 
de«»tro\rd  h\  thr  friction  against  the  cloth  \  but,  as  the 
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of  rotation  stiU  subsists,  the  friction  continues  to  act  in  a  di- 
rection contrary  to  this  last  motion ;  and  it  is  this  force,  which, 
transferred  to  the  centre  of  gpravity,  causes  it  to  return  towards 
its  point  of  departure. 

If,  at  the  commencement  of  the  motion,  the  sphere  did  not 
turn,  in  which  case  we  would  have  o  =  0,  or,  more  generally, 
if  we  had 

^  2ca 
a>—, 

dx 
the  velocity  -3-  would  not  become  cipher  before  the  velocity 

r,  and  the  centre  o  would  not  retrograde.  But  in  all  cases,  as 
K,  the  point  in  which  the  moveable  meets  the  plane,  has  no 
longer  any  velocity  after  the  end  of  the  time  0,  Ap  the  friction 
of  the  first  species  will  disappear,  the  sphere  will  continue  to 
roll  without  sliding,  and  it  will  only  produce  a  friction  of  the 

second  species.    Tlie  velocities  -r--  and  oi  will  become  constant, 

or  will  only  decrease  very  slowly ;  their  values  will  be  those  of 
formuls  (b),  when  /  =  0,  namely, 

dx      5a—2ca  __  ^ca-^Sa 

It  "        7       '     *^  "       1c      ' 

Thus,  the  general  effect  of  the  ordinary  friction,  or  of  that  of 
the  first  species,  is  to  reduce  to  a  state  of  rest  bodies  which  slide 
without  turning,  and  to  reduce  solely  to  a  state  of  uniformity 
and  equality,  in  opposite  directions,  the  two  motions  of  bodies 
which  slide  and  roll  at  the  same  time.  In  a  perfect  vacuum,  the 
rolling  of  the  moveable  which  results  from  these  two  motions, 
will  subsist  indefinitely,  and  the  friction  of  the  second  species 

will  maintain  the  velocity  v  continually  equal  to  cipher,  and 

dx 
cause  the  two  velocities  -1-  and  w  to  be  always  equal  and 

contrary.  But  the  resistance  of  the  air  deranges  this  equality ; 
the  firiction  of  the  first  species  has  place  again,  and  the  com- 
bined effect  of  these  two  forces  eventually  reduces  the  move- 
able to  a  state  of  rest. 


CHAPTER  VII. 

OF  THE  IMPACT  OF  BODIBS  OF  ANT  FORM  WHATKTtt. 

465.  Thb  position  and  state  of  a  solid  body  in  motion*  Uf 
completely  determined  at  any  given  instmnt,  when  the  cooni^ 
nates  of  its  centre  of  gravity,  the  components  of  the  velodtj 
of  this  point,  the  directions  of  the  three  principal  axes  whach 
intersect  in  this  same  point,  and  the  components  of  the  angular 
velocity  of  rotation  about  these  three  axes,  are  knoim  at  this 
same  instant.     If  this  body  is  met  by  another  moremble«  aU 
the  circumstances  of  whose  state  are  equally  known,   the 
components  of  their  velocities  of  rotation  and  translation  will 
he  chanji^ccl  by  the  iuipactf  but,  both  the  positions  of  their 
centres  of   n-avitv,  and  also  the  directions  of  their  imncind 
axes  will  he  the  same  as  before  the  im|)act ;  for,  although  the 
shock  is  not  instantaneous,  still  the  duration  of  this  phenome- 
non is  always  sufficiently  short  to  permit  us  to  neglect  the 
displacement  of  the  different  points  of  the  two  moveables, 
while  it  is  taking  place,  and,  consequently*  wc  are  justified  in 
considering  their  centres  of  gravity  and  the  points  of  the  two 
moveables  which  ap|H*rtain  to  their  principal  axes  as  scnMUv 
immoveable.     Thereftire  in  the  problt*m  of  the  impact  of  two 
iMxIiiMi,  the  object  will  be  to  determine  in  magnitude  and  di* 
rection,  their  velocities  of  tnin*»lation  and  rotation  after  the 
impact,  from  knowing  the  values  of  thi»se  same  quantities  br- 
fort*  tlic  imiMct,  and  als4>  the  relative  fi>rm«(  and  |M>ikitioiis  of  the 
moveablfH. 

Wo  prfH*tM^I  now  to  give  the  general  Milution  of  this  pro- 
lilom,  ill  thr  tun  c'xtremr  vhm*^^  in  which  the  moveables 
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soft  and  destitute  of  elasticity,  and  in  which,  on  the  other 
hand,  these  bodies  are  perfectly  elastic. 

466.  First,  let  us  suppose  that  there  are  only  two  move- 
ables which  touch  in  one  sole  point,  and  that  they  are  entirely 
free.  Let  m  and  m'  denote  their  masses,  g  and  g'  (fig.  15) 
their  centres  of  gravity,  k  their  point  of  contact,  hkh^  the 
normal  to  their  surfaces  at  this  point ;  likewise,  let  ox,  o^,  gz 
be  the  principal  axes  of  m,  and  gx\  Gy\  gz'  those  of  m^  Let 
IT,  9,  IT  be  the  components  of  the  velocity  of  g  in  the  direction 
of  the  axes  g^,  g^,  gz  immediately  before  the  impact,  at  the 
same  time  let  the  angular  velocity  of  m  about  the  instan- 
taneous axis  of  rotation  passing  through  the  point  g,  be  de- 
noted by  01,  and  the  three  components  of  this  velocity  about 

the  same  axes  gx^  g^,  gz,  by  />,  j,  r,  so  that  — ,  — ,  —  may  be 

6>     Cll     6> 

the  counes  of  the  angles  which  the  instantcuieous  axis  makes 
with  these  lines  (No.  407),  and  also 

tJ'  =  p^  +  g''  +  r^. 

This  being  agreed  on,  if  jr,  y,  z  be  the  three  coordinates  of 
any  point  m  referred  to  the  axes  Gar,  Gy,  gz,  the  components 
of  its  velocity  parallel  to  these  axes,  and  arising  from  the  mo- 
tion of  rotation  of  the  moveable  (No.  418),  will  be 

qz  —  ry,     rx  —  pz^    py  —qx; 

consequently,  we  shall  have  those  of  its  absolute  velocity,  by 
adding  to  them  respectively  u,  v,  tr,  the  components  of  the 
velocity  of  the  point  g,  which  are  therefore  relatively  to  the 
axes  of  X,  jf,  z, 

II  +  jz  —  ry,    v  +  rx  —  pz^     w  +py  —  qx. 

Let  «i,  »i,  IT,,  />,,  5^1,  ri  denote  what  «,  r,  «;,  />,  J,  r  be- 
come immediately  after  the  impact.  Then,  as  the  point,  whose 
coordinates  are  x,  y,  z,  does  not  sensibly  change  its  position 
during  the  impact,  the  three  preceding  components  will  be- 
come 


or  TitR  lUrACT  or  «nDii4 


'1  +  7i'  -  ''ly. 


',  +  r,x  —  pr:. 


. +Piir-f»>: 


and  as  thr  nxi'S  ux,  uy,  g^,  to  whicli  tbry  are  pwmUel,  an  d 
kuppo«ed  to  he  immoveable  during  ih«  impact^  Um  i 
lo«t  l>y  ttiis  poiut,  €«limii(«<l  in  the  dirvcdoo*  of  tl 
will  be  obtained  by  taking  these  last  quantities  I 
ceding.     If,  tliercfore,   the  element  of  the 
coordinate*  are  x,  y,  :,  b«  denoted  by  dm,  \}t»  i 
pamllvl  to  the  axen  m,  oy,  a:,  of  tlic  quanliiy  of  a 
daring  tbe  continuance  of  the  impact,  will  ht 

[b  -  K,  +  (j  -  v,)«  -  (I-  -  rOjf]<<«. 
[i,  _  tr,  +  (r  -  r,>r  -  <p  -  p,>*]Am 
["  -  »i  +  (p  -  px)9  ~{q-  yi)*]rf«. 

In  virtue  of  the  general  principle  of  dymumca  (No.3 
tlie  quantities  of  motion  thus  lost  by  m  and  m'  oiogltl  to  b*  I 
equilibrio ;  and,  by  what  baa  been  obaerved  in  No.  K5, 
equations  of  equilibrium  of  these  Iwn  solid  bodies  wUd^ 
the  one  against  the  other,  can  he  fomml,  by  c 
oi  them  by  ttself,  when  then  u  added  to  ibe  fc 
M  an  unknown  force  m,  acting  in  tba  dlrectioa 

B  applied  to  M*,  the  nme  force  n  actiiif  at  the  poiu  a  j 
l^tbe  direction  xu'. 

These  force*  »,  aetiRg  fn  the  directions  an  and  km', 
Ibt  the  qoandtiefl  of  laotion  inprasaed  by  the  impact  oa  i 
and  m'  ;  and,  prerionsly  to  deacriUng  tk*  « 
of  equilibriunit  it  may  be  renarked  that  t 
pact  which  they  will  enable  ui  to  detemioe.  will  ba^j 
for  the  maw  u,  for  example,  as  if  fi  an  arbittaiy  |«it4 
,  baring  its  centre  of  gravity  in  the  line  a  h,  waa  a 
■to  It,  actuated  by  such  a  Telocity  k  parallel  to  km,  t 
I  s  N  i  for  it  is  rvideut  that  the  roHillaiil  of  the  ( 
a  of  fi  will  be  equal  to  K,  both  io  a 
Fnction ;  tbcn-fnnr  the  pcrcuwon  exertad  <m  m,  tn  the  <C 
KH,  is  alwap  equivalent,  as  has  been  staled  in  No.  4SS,  1 
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equal  velocities  impressed  parallel  to  this  normal  ku,  on  all 
the  points  of  a  part  of  m,  whose  centre  of  gravity  exbts  on 
thb  line. 

467.  This  being  established,  let  a,  6,  c  be  the  three  co- 
ordinates of  K^  referred  to  the  axes  oxy  oy^  gz,  and  a,  /3,  7, 
the  angles  which  the  line  kh  makes  with  lines  drawn  parallel 
to  these  axes  through  the  point  k  ;  the  six  equations  of  equili- 
brium of  the  quantities  of  motion  lost  by  all  the  points  of  m, 
will  be 

Ncoso  +  S[t«  — tti+  (q  -qi)z^  (r-r,)y]d»i=:0, 

N  C0S/3  +  S[^  —  »i  +  ('•  —  ^1)  «  —  (P  —  P\)^^dm  =  0, 
NCOS7  +  llw^Wi+  (j)^p{)y^(q  -  q;)x]dm  =  0, 

N  (iioos/3  —  6cosa)  +  S[t?— t;i-|-(r— ri)a;— (p— /?i)z]-Frfiit 

N  (ccosa  -  acoS7)  +S[t<— Wi+Cj'— yO^z:— (r— r,)y]zdm 

—  S  [^—^\+{p—P\)y—{Q  -qi)x]xdm=zO, 
N  (i  cos  7  —  c  cos/3)  +  S  [m?— «^i+(p— Pi)y—  (7— yi)a?]zd»» 

in  which  the  integrations  are  supposed  to  extend  to  the  entire 


As  G  is  the  centre  of  gravity  of  m,  and  gx,  oy,  ozy  are 
principal  axes,  we  have 

Jarrfm  =  0,      ^ydm  =  0,      ^zdm  =0, 
lyzdm  =:  O9    Izxdm  =  0,     ^xydm  =  0. 

Moreover,  let  a,  b,  c,  denote  the  moments  of  inertia  of  m 
with  respect  to  these  same  axes,  so  that 

then  as  ^dm  =  m,  the  six  preceding  equations  of  equilibrium 
will  be  reduced  to 

VOL.  II.  2    E 


210 


OF  TUB  IMPACT  OF  BODIBS 


N  COS  a  +  M  (m  —  If  i)  =  U, 
NCO»0-f-M(r  —  Ti)  =0, 

NCO87  +  M(ir— IT,)  =  0, 
N  (a  COS  /3  —  ft  COS  a)  +  c  (r 
N  (c  COS  a--  a  cos  7)  +  B  (^ 
N  (ft cosy  —  rco9/3)  +a(p 


r.) 


(1) 


0, 
0, 
0. 


1 


With  respect  to  M'and  its  principal  axes  gV,  o'y^,  oV,  Irt 
the  quantities  which  occur  in  the  preceding  equations  be  de- 
noted l)y  the  same  letters,  with  a  stroke  aboTe  each  of  iheai. 
so  that,  for  example,  a',  /3S  y\  may  be  the  angles  which  the 
line  Kii'  makes  with  lines  drawn  through  K  parallel  to  these 
axi%  and  a\  b\  c\  may  be  the  coordinates  of  this  point,  le- 
ferred  to  these  same  axes.  As  the  magnitude  of  n  must  be  the 
same  in  the  case  of  the  two  bodies  m  and  m',  the  equations  of 
equilibrium  of  the  quantities  of  motion  lost  by  m\  will  be 

N  cos  a'  +  M'  («'  -  11/)  =  0, 

NcoH/3'+  >i'(r'-r,')  =  0, 

N  cos  y'  +  >l'  («•'—  w-|')  =  0,  ' 

N  {a  cos  /3'-  h'  cos  a')  +  c'  (r'-  r/)  =  0, 

N  (r'  cos  a' "  r/'coH  y)  -f-  u'  (#/'—  y/)  =:  O, 

N  (A'COS-y'—  r'ct>Hj-J')  4-    a'(//— />!  )  =  0.         j 

Bcsidi^  the  twclvi*  unknown  quantititii  if|,r|,ir|«if,\r,  ^ar^ . 
Pm  '/i »  ''1  *  Pi\  '//'  ''i^  which  thc!k»  twelve  tHiuations  { 1  \  ami  1 :? » 
contain,  they  also  involve  the  unknown  quantity  n«  n^n^^ 
quell tly  they  are  not  !(uflicient  to  determine  thi*ik»  thirttvn  un- 
known quantities ;  a  thirteenth  inpiation  mu«t  thervfor%*  Nr 
joini'd  to  them,  which,  in  the  case  of  b«Niies  destitute  ot  eU*- 
t icily,  may  Ik*  olitaiiuMl  by  the  follow iiii^  muMdi^ralion. 

4(JH.  If  the  luo  movealdes  wen'  itmMilereil  to  Ih'  jyrftvtl) 
hard,  and  if  the  i*ompres«»ion  which  they  ex|H*rience  durini^  |{.« 
(*oiitiiiii:iiice  of  the  impact,  was  not  taken  int«t  acctMinl,  th«-  «•»• 
iutjoii  III  the  problem  wi>uhi,  in  |M>int  of  fact,  bt*  indeterminate. 
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But,  if  this  compression,  (however  small  we  may  suppose  it 
to  be),  be  taken  into  account,  then  it  may  be  conceived  to 
arise  from  this,  namely,  that  those  points  in  which  the  two 
moveables  are  in  contact,  have  not  the  same  velocity  in  the 
direction  of  the  common  normal  to  their  surfiaices.  In  conse- 
quence of  the  difference  of  the  normal  velocities  of  these  two 
points,  the  two  bodies  lean  and  gradually  press  the  one  agsdnst 
the  other ;  at  the  same  time,  this  difference  diminishes  by  insen- 
sible d^^rees  until  it  entirely  ceases  ;  and  when  the  two  bodies 
are  destitute  of  elasticity,  the  phenomenon  of  the  impact  is  com- 
pleted at  the  instant  in  which  this  difference  becomes  cipher,  and 
these  two  bodies  retain  the  form  which  they  assume  at  the  in- 
stant of  their  greatest  compression.  It  is  this  equality  of  the 
normal  velocities  of  the  two  points  of  contact,  at  the  end  of  the 
impact,  which  furnishes  the  thirteenth  required  equation,  and 
which  consequently  causes  the  indetermination,  that  would  be 
otherwise  in  the  problem,  to  disappear.  Inasmuch  as  the 
point  K  appertains  to  the  body  m,  its  coordinates  referred  to 
the  axes  go;,  Gy,  gz,  are  a,  6,  c ;  by  substituting  them  in  place 
of  X,  y,  z,  in  the  formulae  of  No.  466,  we  have  immediately 
after  the  impact  Ui  -|-  qic — r^by  t?i + ria  —  piC,  Wi + pxb  —  jia, 
for  the  values  of  the  components  of  its  velocity  parallel  to 
these  three  axes,  and  as  a,  /3,  7  are  the  angles,  which  the  line 
KH  makes  with  the  directions  of  these  components,  the  value 
of  the  final  velocity  of  this  point  in  the  direction  of  this  line, 
will  be 

(11,  +  y,c — r  i6)cos  a  +  (r,  +  r,a —p,c)cos/3  +  (m?i +/?i6 — ?ia)cos  y. 

If  the  same  point  k  be  considered  as  constituting  a  part  of 
the  body  m%  its  velocity  after  the  impact  in  the  direction  of 
kh',  will  be 

(«/+7/^-  ri'y)cosa'+  (t?/+  r/a'-p,V)cos^' 
+  (M^i'+K*'-?i'«Ocosy. 

Now,  in  order  that  in  the  two  cases,  the  normal  velocity 
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of  the  point  K  may  be  tlic  tame,  moA  bare  Ibc  « 
tlivw  twu  Inat  i|»antitiM  thmili)  be  equal  aad  I 
contnir)'  tigtn,  or  in  other  «oqrd»,  their  ma  •hooU  b« 
cons«qacntly,  wo  iball  havu 

(»,  +  qie  -  r,b)  COS  d  +  («,'+  7i'c'-  r,'A')o«  a* 
+  (o,  +  r,(i  —  p,c)  co«0  +  (ri'+  r.V—  jh'O  eot  jS- 

As  equations  ( t ),  (2),  (S).  are  all  of  ikc  fint  ingrtt,  m 
respect  to  the  unknown  quantities  k,  m,,  r,,  &r^ 
values  of  tbcM'  quantltivs  may  be  obtain^  by  I 
r«]untion8,  whicli  vuhim  will  make  known  ihcM 
movcablrs  afiiT  tite  iin[>act,  and  also  the  equal  ■ 
quantities  uf  motion  which  arc  imptessed  on  tbcn  bjrl 
cushion  ill  the  <liivction  of  the  cotamoa  nonnal  to  I 

&CC9. 

4G9.   If  now,  tlic  two  bodies  arc  clastic,  ibcte  ate  t 
successive  cpocin  to  be  distingulsbe^l  in  the  [ 
tliu  im|>act ;  tlir  fint  respects  the  instant  at  wbiefa  I 
novcabW  commrncv  to  touch  at  the  point  k  oril 
the  second  will  be  that  of  thrir  greatest  c 
the  normal  velocities  of  the  point  a  will  be  cqaal  a 
tlic  same  way  for  the  two  bodies ;  the  third  will  ba  || 
natiot)  of  the  impact,  at  which  in*taJit  the  two  OMVl 
icponle,  the  ona  from  the  otht-r,  and  will  psaclly  n 
immhin  foms,  if  they  be  prriV-ctly  clastic. 
From  tlw  fint  to  tho  second  epoch,  tha  f 
f'  W  tha  sane  as  if  the  ImmUm  wvr«  daaiitnt*  of  i 
Thetvlbra  we  tua  delermine  by  aaeana  of  the  p 
llooi,  tbo  twdvc  cmapoaeDts  w„  r,,  Ac  of  th*  < 
of  tianatation  and  rotation  of  the  movckhlea  at  the  ii 
their  grcBlost  eomprvHiuo,  and  n  the  quaattty  of  n 
will  be  Impressed  on  each  of  ihcst:  bodies  in  the  d 
KU  (at  m,  and  uf  an'  for  w'.     rruu  the  second  to  tka  Itiai 
epoch,  thni-  !»■•  I>v<lic*,  in  irtrrlini}  to  I 
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will  receive,  along  these  directions^  a  new  quantity  of  motion, 
which,  in  the  case  of  perfect  elasticity,  will  be  also  equal  to  n. 
Consequently,  this  second  part  of  the  phenomenon  ought  to 
be  considered  as  a  second  percussion  identical  with  the  first, 
but  exerted  on  bodies  actuated  by  the  velocities  of  translation 
and  rotation,  which  obtain  at  the  end  of  the  first  part. 

Therefore,  by  this  principle,  agreeably  to  what  has  been 
already  explained  in  No.  360,  if,  at  the  third  epoch,  u,  v,  w,  be 
the  components  of  the  velocity  of  the  point  g  in  the  direction  of 
the  axes  ox,  cy,  qz,  and  p,  q,  r,  the  components  of  the  angular 
velocity  of  M,  about  the  same  axes,  we  shall  have,  in  order  to 
determine  these  six  unknown  quantities,  these  six  equations 

NOOSa  +  M(tii—  u)  =  0, 
N  cos/3  +  M  (t^i  —  v)  =  0, 

N  cosy  +  M  (m?!  —  w)  =  0, 

N  (acos^  —  6  COS  a)  +  c(r,  —  r)  =:  0, 
n(c  cos  a— a  cosy)  +b(ji— q)  =  0, 
N  (6  cos  7  —  c  cos  /3)  +  A  (pi  —  p)  =  0, 

which  are  obtained  from  equations  (1),  by  substituting  u,  v, 
w,  p,  Q,  R,  in  place  of  »i,  Vi,  Wi^  /7i,  ^i,  ri,  also  these  last 
quantities  in  place  of  ti,  r,  w,  /?,  q,  r,  and  retaining  the  quan« 
tity  N. 

If  each  of  these  six  equations  be  added  to  the  equation  (1) 
which  corresponds  to  it,  the  intermediate  unknown  quantities 
iTi,  Ti,  tri,|>i,  9i,  Ti,  will  disappear,  and  there  will  result 

2n  cos  a  4-  M  (ti  —  u)  =  0, 

2n  cos ^  +  M  (r  —  v)  =z  0, 

2NC0S'y  +.M  (m7  — w)  =:  0, 

2n  (acos/3  — ftcosa)  +  c(r— r)=:0, 

2n(ccos  a  — acosy)  +  b(j— q)=:0, 

2n(6cos7  — ccos/3)  +  a(/>— p)=:0. 

These  equations  (4)  are  those  of  the  equilibrium  of  the  quan- 
tities of  motion  lost  by  m  during  the  entire  continuance  of  the 
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impact,  joined  to  the  quantity  of  motion  2  n,  which  b  im- 
pressed on  this  mass,  in  the  direction  kh,  durinK  this  Mme 
percussion.  The  value  of  n,  which  can  be  ohtaiiifd  from 
equation  (3),  after  having  substituted  in  it  the  valnea  of  tht 
unknown  quantities  «|,  9|,  &c.,  m'i,  t/|,  &C.,  which  are  f«- 
nishcd  by  equations  (I)  and  (2),  should  be  put  inaleml of  il  m 
this  equation  (4) ;  however,  as  the  general  ezprcHion  of  this 
quantity  n  is  extremely  complicated,  and  aa  ila  n 
value  can  be  calculated  without  any  difficulty,  in  cad 
lar  case,  we  shall  not  write  it  down  at  length.  If  the  two 
moveables  were  not  perfectly  elastic,  m  will  be  less  in  the  ac^ 
cond  part  of  the  impact  than  in  the  first,  wc  should  then  aas«Be 
for  its  value  in  the  second  part,  a  certain  fraction,  such  aa^S  of 
its  value  dcduciHi  from  equations  (1),  (2),  (3),  and  then  sub- 
stitute (1  +/)n  in  place  of  2  N  in  equations  (4).  Thia 
tiony*will  depend  on  the  degree  of  elasticity  of  the  two 
ables,  and  can  only  be  detennine<l  by  means  of  experimcnis 
instituted  on  bodies  consisting  of  the  same  kind  of  matter,  and 
in  tho  simpiost  ca<is  uith  respect  to  their  primitive  form  an«i 
initial  motion.  Wo  shall  restrict  ourselves  to  the  conMderali«ia 
of  the  case  of  perfect  elasticity,  obsi*rving,  howe\-er«  at  the 
Hiime  time,  that  the  concluding  remark  nuuie  in  No.  466, 
obtains  iMiually,  whatever  be  the  dognv  of  chisticity. 

With  rt'SjK'ct  to  the  bo<ly  m',  if  v\  \\  w\  be  the  cumptw 
neiits  of  the  velocity  of  </  in  the  direction  of  ihe  axf«  «•  i . 
i,'y\  ih'z\  at  the  eiiii  of  the  im)iact,  and  i%  u',  K',  the  com{«i»- 
nents  ot  tho  ant^ulnr  velocity  of  m  alMUit  tliCM*  axe*,  uo  »hjiii 
obtain  i*<itiati(nis  similur  to  i^^piationH  (4  ),  namely, 

•isiosci'  4-%r(f/-  r)  =  iK 

•2  N  eoH^i' 4- >r <  r' -    \ ')=(»,  I 

'jNon*7'  4.M'(ir'—  ^')  =  0, 

'2  \(ti\*n^^i  —  //oM4«')  -t  I  (r  —  II  )  :z  t», 

•J  s{r  ro^fi  —  a  cosy  )  +  U    7         ii)  =  O.  I 

*2  \  (ft  cii'«7  —  r  coHjS* )  4.  \  ( /«  —  I*  )  ^  O  - 
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By  means  of  which  these  six  unknown  quantities  may  be 
detennined. 

The  complete  and  general  solution  of  the  problem  of  the 
impact,  in  the  case  of  two  bodies  entirely  free,  which  are  either 
destitute  of  all  elasticity,  or  perfectly  elastic,  is  obtained  in 
this  manner.  It  may  without  difficulty  be  extended  to  the 
impact  of  three  or  a  greater  number  of  moveables ;  we  shall 
give  fiirther  on  an  example  of  this. 

470.  From  the  preceding  equations  it  appears,  that  in  the 
impact  of  the  bodies  m  and  m^  the  velocities  of  their  centres  of 
g^vity  6  and  g\  estimated  in  a  direction  parallel  to  the  plane 
which  is  a  common  tangent  at  k,  to  their  surfaces,  is  not 
changed. 

In  iGsict,  if  through  the  point  g,  a  line  be  drawn  parallel  to 
this  plane,  making  the  angles  X,  /£,  v,  with  the  axes  gx,  g^,  gz, 
we  shall  have,  as  this  line  is  perpendicular  to  the  parallel  to 
KH  drawn  through  the  same  point  g, 

cosacosX  +  cos/3  cos/i  +  cosy  cosv  =  0 ; 

and,  therefore,  if  after  having  multiplied  the  three  first  equa- 
tions (1)  or  (4)  by  cosX,  cos  ju,  cos  v,  respectively,  they  be 
then  added  together,  there  will  result 

ttcosX  -f-  vcosfji  +  wcosv  =  tiiCosX  +  Vicos/u  +  Wi  cost/ 

=:  wcosX  +  vcosfi  +  wcosv, 

From  which  it  appears,  that  the  velocity  of  g  estimated  in 
any  direction  whatever,  parallel  to  the  tangent  plane  at  k, 
will  be  the  same  before  and  after  the  impact,  whether  the 
bodies  be  soft  or  elastic.  Therefore,  in  order  to  obtain  the 
final  velocity  of  g,  it  will  be  sufficient  to  determine,  in  each 
case,  the  velocity  of  this  point  after  the  impact  parallel  to  the 
normal  kh,  and  to  take  the  resultant  of  it  and  the  velocity  of 
g  parallel  to  the  tangent  plane,  which  it  had  previously,  and 
which  is  not  changed  during  the  percussion.  The  same  will  be 
the  case  relatively  to  g'  the  centre  of  gravity  of  m'. 
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If,  after  havinf^  multiplied  the  three  last  equations  (I)  or 
(4),  by  cmyj  cos/3,  cosa,  they  be  added  together,  that  rmilu 

creosy  +  nq  cos/3  +  A/7C08a  =  cr,  CO67  4-  By  1  cot/3+ APi  cos« 

=  CRCO87  +  BQCOS/3  +  APCOSO. 

Now,  these  three  equal  quantities  are  the  moments  relalire 
to  the  axis  kh  (No.  409),  of  the  quantities  of  motion,  wiih 
which  all  the  points  of  m  are  actuated,  before  the  irapMt,  at 
the  instant  of  its  greatest  compression,  and  at  the  end  of  the 
impact ;  hence  it  follows,  that  the  magnitude  of  this  ma»cnt 
for  the  moveable  m,  is  not  at  all  affected  by  the  impact,  mad 
the  same  is  the  case,  for  the  moveable  u\  and  this  obCaiiM 
whether  the  bodies  be  soft  or  elastic. 

471.  We  now  proceed  to  apply  the  general  eqoatioiis 
which  have  been  obtained  to  several  examples. 

First,  we  shall  suppose  that  kh,  the  normal  at  the  point  of 
contact  of  the  two  moveables,  passes  through  g  the  centre  of 
gravity  of  m,  so  that  it  may  coincide  with  the  line  egh  (fi^. 
Iti).  It  is  evident  from  a  consideration  of  what  the  letters 
o,  /3,  7,  a,  6,  c  signify,  that  in  this  case  we  have 

acos/3  =:  Acoso, 
rcosazz  rtcos-y, 
hco%y  =  ccos^? ; 

and  then  the  threo  last  equations  (1)  and  (4)  will  give 

from  which  it  appears,  that  the  direction  of  the  instantancoii« 
axis  of  M,  and  the  velocity  of  rotation  immediately  before  and 
after  the  im|>act,  arc  tho  same.  Therefore,  whenever  the  normal 
at  the  |K>int  «)f  contact  |KisMr»  through  the  centre  of  gravity  ol 
one  of  the  two  movcubleis  the  im|iact  dtH*s  not  at  all  afftrct  tbr 
rotatory  motion  of  thin  body,  it  only  influences  the  motion  ««t 
translation,  and  thin  in  the  case  whether  the  bodies  be  soft  or 
elastic. 


OF  ANY  FORM  WHATEVER.  217 

If  the  same  normal  passes  also  through  g'  the  centre  of  gra- 
vity of  m',  in  which  case  we  have  likewise 

a'cos/3'  =  6' cos  a', 

c/cosa'  =  flt'cosy', 

6' cosy  =  c'cos/3^ 

the  velocities  of  rotation  wiU  disappear  from  equation  (3), 
which  will  be  reduced  to 

til  cosa  4-  Vi  cos/3  +  1*1  cosy  +  Ui  COSa' 
+  ri'cos/3'  4-  u?/cosy  =  0  ; 
but  from  the  three  first  equations  (1)  and  (2),  we  obtain(a) 

n=:m  [(tt|— tt)cosa+(«'i— t?)cos/3  +  (iri— m;)cos7],    1 
N  =  M'[(iii'- iiOcosa'+(t?/— t/)cos/3'+ (it/- m/)cos 7*] ;  J 

and  by  dividing  each  of  these  equations  by  m  and  m'  re- 
spectively, and  then  adding  them  to  the  preceding,  there  results 

-  H — ,  +  Kcosa  +  rcos/3  -(-M^cosy  +u'cosaf 

M         M 

+  t/co8/3'+  m;'coS7'=:  0. 

Now,  if  GL  and  g'l'  are  the  directions  of  g  and  g'  before 
the  impact,  and  0  and  ff  their  initial  velocities,  we  shall  have 

0COSHGL  =  ucosa  +  rcosj3  +  WCOSy^ 
O^cos  h'g  V  =  tt'cos  of  +  r'cos  j3'  +  m/cos  y', 

as  is  evident  from  a  consideration  of  what  is  denoted  by  the 
letters  ii,  r,  m;,  a,  /3, 7,  u',  t/,  tt/,  a',  /3',  7'.  Consequently,  we 
shall  have(&) 

mm'(0coshgl  +  6'cosh'g'lO 

M  +  m' 

for  the  value  of  n,  which  must  be  essentially  positive,  for  if  it 
was  negative  there  would  evidently  be  no  impact  between  the 
two  moveables  m  and  M^ 

VOL.  II.  2  F 
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In  like  manner,  if  o/  and  q'I'  be  the  directions  of  g  mnd  %/ 
at  the  instant  of  the  greatest  compression  of  the  two  i»ot^ 
ables,  and  fl|  and  6,'  their  velocities  at  the  same  instant,  w< 
shall  also  have 

0iCOSHG/=  II,  C08a  +  F|COS/3  +  ir,co«'y, 

fii'cosn'oTz:  fi/cosa'+  r,'cos0'+  tr/cos-y'; 
and  from  these  several  equations  we  obtain(c)y 

M0COS  HGL  —   M'O^  cos  H'g'l' 
0,  cos  HG/  =  ■ ; » 

A»         »  *u      m'O'cosh'gV— mOcoshgl        1 

©,'  COS  II  '(i  7'  =   ; ; , 

for  the  components  of  the  velocities  of  g  and  a'  in  the  di- 
rections GH  and  gh',  at  the  instant  in  question,  llicy  arv 
(as  appears  from  inspection)  equal  and  contrar}* ;  hence  it 
follows,  that  at  the  instant  of  the  greatest  compresi^on  the 
velocities  of  the  centres  of  gravity  of  the  two  moveables  c»t}* 
mated  in  the  direction  of  the  normal  at  the  |>oint  of  contact  k, 
are  equal.  In  the  case  of  soft  Ixxlii'^,  this  normal  vcltK*itv 
will  be  that  which  obtains  after  the  im|)ai*t.  Whon  thi-  tvo 
moveables  are  |K»rfectly  clastic,  we  shall  have 

0,  cos  no/  =  r  cos  a  +  v  cos^3  +  ^  cos  -y, 
0,'cos  ii'ti'/'z:  r'cosa'4-  v'cos/j'+  w'cos-y'; 

the  velocities  0,  and  tf,',  and  the  directions  i;/ and  i.'t  Untijf 
sup|)<>sed  to  be  those  which  have  place  at  the  end  of  the  im- 
|)act.  Hence,  in  virtue  of  the  three  first  eipiations  (4)  and 
(5),  and  of  the  value  found  alnive  for  n,  we  ^hall  havWf/i 

_  ,       (m  —  M')tf  coH  Hr.i.  —  2M'(^e<>sn'i;'L     1 

*  M  +  .M  ' 

•     (^* 

^,  ,    ,^        (M'—  M)(ycOS  Hii'l.    —  2m0c<>^H«.1 

0,'COSH«iT=  • ; , 

M  +  M 

which  will  Im*  the  com|>oiients  of  the  final  velocitit*^  oX  u  ami 
g'  in  the  direction^  uii  and  (*'ii'. 
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472.  In  the  particular  case,  in  which  the  points  g  and  g' 
move,  before  the  impact,  in  the  direction  of  the  normal  hkh', 
their  velocities  estimated  in  a  direction  perpendicular  to  this 
line  will  be  cipher,  and  they  will  be  likewise  so  after  the  im- 
pact ;  so  that  we  shall  have 

cos  HGL  =:  ±  1,       cos  hg/  =  ±  I, 
cos  h'gVz:  ±  1,     cos  hg/'z:  ±  1, 

the  sign  depends  on  their  directions,  the  velocities  0,  0^  0i,  0/, 
being  always  regarded  as  positive. 

If  g  and  g^  move  in  the  same  direction  before  the  impact, 
as  for  example  from  h'  towards  h,  the  angle  h'gl  will  be 
cipher,  and  the  angle  h'g'l'  equal  to  two  right  angles ;  there- 
fore, in  virtue  of  equations  (7),  we  shall  have 


cos  hg/  =1,     cos  h'gT  =  —  1,     fli  =  0/  = 


M  +  M'    * 


If,  on  the  contrary,  g  and  g^  move  in  opposite  directions 
before  the  impact,  in  such  a  manner  that  the  point  g  proceeds 
from  H  towards  h',  and  the  point  g'  from  h'  towards  h,  we 
shall  have  cos  iigl  zi  cos  h'gV=:  —  I,  and  equations  (7)  will 
give 

cosHG/=^:l,     cosh'gT=±1,     0i=:0/=±^^mi^'; 

M-f-M 

in  which,  the  superior  or  inferior  sign  should  be  taken,  ac- 
conling  as  the  difference  m0  —  M'd'  is  positive  or  negative. 
Formula  (8)  may,  in  the  same  manner,  be  applied  to  these 
two  hypotheses. 

These  results  coincide  with  those  obtained  in  Nos.  361 
and  362,  relatively  to  the  impact  of  homogeneous  spherical 
bodies  ;  but  it  appears,  from  what  has  been  just  established, 
that  they  are  independent  of  the  form  of  these  bodies,  and  of 
their  motion  of  rotation,  and  that  they  only  suppose  that 
the  centres  of  gravity  of  the  two  moveables  move,  before  the 
imi>act,  along  the  normal  to  the  point  of  contact. 
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473.  If  we  suppose  m'=  m,  equations  (8)  bccoou^ 

Oi  COS  hg/  =:  —  0^  COS  h'g'iJj     0,'  COS  h'gT  =:  —  0  cos  huu 

from  whence  it  follows,  that  in  the  impact  of  two  petfectly 
elastic  bodies  whose  masses  are  equal,  the  centres  of  girarity 
of  the  two  moveables  interchange  their  Telodties  estimated 
in  a  direction  parallel  to  the  normal  at  the  point  of  contacii 
when  this  normal,  which  is  common  to  the  two  surfrccs  at 
this  point,  passes  at  the  same  time  through  these  two 

If  the  point  g'  is  at  rest  before  the  impact,  in  which 
tf'zz  0,  and  if,  moreover,  the  mass  m,  on  account  of  its  densitT, 
is  so  small  that  it  may  be  n^lected  with  respect  to  u\  we  shall 
have,  in  virtue  of  equations  (7)(e). 

Ox  cos  hg/  =  0,     9x  cos  h'gT  =  0 : 

so  that  when  the  bodies  arc  soft,  their  centres  of  gravity  g  and 
g'  will  not,  in  this  case,  have  any  normal  velocity  after  the 
impact.  But  if,  on  the  contrar)-,  the  bodies  are  perfectly  elastic, 
we  shall  have,  in  virtue  of  equation;!  (8 ), 

©I'cos  h'gT  =  0,     Ox  cos  Hc;/  =  ~  Ocos  UGL  ; 

from  which  it  u|)(>ears,  that  the  centre  of  i^ravity  «/uill  ii(»i 
Ik*  actuated  by  any  velocity,  and  that  g  will  ac<|uin\  after 
tlie  impact,  a  normal  velocity  equal  and  contrary  to  that  which 
it  had  iH'fore. 

It  in  ea<y  to  inter,  that  the  centre  of  gravity  g  will  be  nv 
fleeted,  making  with  the  normal  at  the  {Mint  of  contact  ol  the 
two  moveahli*H,  the  an^le  of  n^flexion  e(|uul  to  the  angle  of 
incidence.  In  fact,  let  there  he  stHSumeil  on  the  pnnluctii^n  %yi 
iA.  (fig.  17)  a  |mrt  Huch  an  tjv,  to  reprt*<k*nt  the  velocity  «4' t. 
which  movcH  from  y  towardn  <;,  Inffore  the  impact :  and  let  gh 
Ik*  the  normal  to  the  |>oint  of  ct>ntact  of  the  two  moveablr** 
which  [iii<i!k*ii  by  liy|N)theHi«  thnnigh  the  |MMnt  %\x  if  the  vel«w 
city  r/G  In?  n^Mdved  into  two  others  the  one  au  acting  in  tbt* 
dirt*ction  of  thi»  normal,  the  other  bi*  |uurullel  to  the  tangential 
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plane,  the  second  will  not  be  affected  by  the  impact,  and  the 
first  will  be  changed  into  a  velocity  cg  equal  and  contrary  to 
aG.  Consequently,  if  the  rectangle  Gbdc  be  completed,  and 
if  the  diagonal  ed  be  prolonged,  so  that  g/  may  be  equal  to 
Gdj  the  velocity  of  the  point  g  after  the  impact  will  be  repre- 
sented in  magnitude  and  direction  by  g/;  hence  the  angle  of 
reflexion  hg/  will  be  equal  to  the  angle  of  incidence  hg^,  and, 
moreover,  the  magnitude  of  the  velocity  of  the  moveable  be- 
fore and  after  the  impact,  will  be  the  same.  This  case  is  that 
of  an  elastic  body  that  meets  with  a  fixed  obstacle,  which  is 
itself  also  endowed  with  a  perfect  elasticity. 

474.  When  the  moveables  are  homogeneous  spheres,  the 
condition  that  the  normal  hkh'  (fig.  16)  passes  through  their 
centres  of  gravity  g  and  g^  is  always  satisfied.  Conse- 
quently, if  these  bodies  are  perfectly  elastic,  when  they  im- 
pinge they  will  interchange  their  velocities  in  the  direction  of 
the  line  drawn  from  one  centre  to  the  other,  and  they  will  re- 
tain without  any  change,  their  velocities  perpendicular  to  this 
line ;  and  when  they  strike  a  fixed  obstacle,  which  is  itself  per- 
fectly elastic,  they  will  be  reflected,  making  the  angle  of  inci- 
dence equal  to  the  angle  of  reflexion.  It  is  on  these  principles 
that  the  game  of  billiards  is  founded ;  but  it  is  necessary  to  ob- 
serve, that  not  only  the  balls  and  sides  of  the  tables  are  sup- 
posed to  be  perfectly  elastic,  but  likewise,  that  the  fact  of  the 
velocity  of  the  moveables,  when  estimated  either  in  a  direction 
parallel  to  their  common  tangential  plane,  or  in  a  direction  pa^ 
rallel  to  the  sides  which  they  meet,  not  being  affected  by  the 
impact,  is  only  true  on  the  supposition  that  the  friction  arising 
from  their  rotation,  and  from  the  sliding  of  one  surface  on  the 
other,  is  not  taken  into  account.  We  proceed  to  show,  for 
example,  that  the  angle  of  reflexion  depends  on  the  rotation 
of  the  ball,  and  that  it  is  not  equal  to  the  angle  of  incidence, 
when  the  friction  of  the  ball  against  the  side  is  taken  into  ac- 
count. The  same  is  the  case  in  rocket  firing,  when  a  bullet 
hops  on  the  earth;  the  friction  of  this  projectile  against  the 
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|rrounil  and  its  vt.*locity  of  rotation  likvuiM*  aFrct  the  atifW  <4 
roflfxion,  which  may,  on  this  accounr,  be  fiiSorti:  from  iW 
an^K'  of  ini'ith'nco. 

This  qiir<«tion  wili  i*nal>le  us  to  ex|tLiin  in  what  manner  tk 
friction  shoiiM  l>c  taken  into  account  in  the  impact  ot  lM»Br«» 
and  thus  complete  what  has  been  «taled,  in  the  ^v^nd  pan- 
^ra|di  of  the  precedin:^  chapter,  re»{x*clin;r  thi*  kind  of  rv* 
si-^tances.  We  now  therefore  procecil  to  detail  the  {'rinciplc* 
w  hich  arc  to  ^uide  usi  in  this  delicate  matter :  we  hare  here 
conducteil  to  tlieni  hv  anah);;v,  but  thev,  a«  well  a«  the  con- 
si'(piences  uhich  follow  from  them,  should  he  confirmrd  br 
direct  experiments. 

47/>.   Wlii'n  the  ecpiations  of  C(|uilibrium  of  the  q*santxtv« 

of  motion  hM  in  the  impact,   by  the  two  ma<«sos  m  and  w  . 

Were  formed,  the  rji.uitities  of  motion  productMi  by  the  «ei.:ht» 

of  ilie>e  bodies  ijiirin^  tho  continuance  of  the  |H*rcu^i4>n,  «a* 

not   taken  inti>  acefaint,   because  as  this  duration  wa*  vrr\ 

short,  these  quantitii's,  which  are  pn)|M>rtional  tu  it«  are  iilc- 

wiM»   verv   »»nKill,  and   mav   be  neyleeti**!  ndativelv   to   i?  p^ 

which  the  moveablcH  receive  from  their  mutual  Imp.uf.      l>ul 

tluN  ii  n<»t  tlie  caMS  a«»  has  been  alre;niv  remark«ii  \  Nn.  .Vi.'.i. 

with  rr«»peet  tn  the  l"rii'ti<»M  which  take*  plaivdurinvr  the  im}Uh-r. 

ulieii  the  Hurftiei'H  of  the  tu«»  moveables  in  contact  *IiiU-  rJi. 

oae  ai;ain*^t   the  ntiur.      Althou:;h  no  obMTvation^  \\,ivv  S^vi: 

niadi'  on  the  in(en^i(\  (»f  thin  trieliiMi,  it  mav  be  MitiiitH^-  :  b\ 

•  •II. 

imliU'tlon,  thai  it  toUows  the  ;;eneral  laws  of  the  trii  t:<>n  oi 
biidu'^t  subji'Cled  tn  pre'^-^iin*-*  properlj  Hii  called,  ^ioi't'  (lit  >:• 
cii^-^ioii  i-*  <»nl\  a  pressure  of  very  j^real  iiiten^ilv,  actiti^  U*t  j 
Vii\  <»lii>it  interval  ot  lime,  it  mav  theret'ore  )h*  ai!initC«'«i. 
th.it  duilii^  the  eniitinnanee  ot  (h<  impa^'l,  the  Irictioii,  at  eatS 
in*>taiir,  !<•  p!opi»rtii>nal  to  the  ni.ii^niiuiie  of  il.«'  normal  pr%^ 
•«nii%  x^hleh  at  tlii^  iii'«lani  cauM-^  the  tao  nifiviabti^  to  pr\«« 
a^aiiiHt  Miif  anotiti-r,  and  that,  in  tie  ea^*  of  each  nio\t*a!'U'.  ii 
.1  tt  ill  a  iIiniiiiMi  eiiiitiai  •  (o  t*..  t  «i|  (l.i-  relative  ii!«-«i  % 
u  lib  w  !.ich  liil^  niow.il>!f  hU  Ii  •*  on  the  other,  btin^  at  the  ^ii.  v 
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time  independent  of  the  magnitude  of  this  velocity ;  also  that 
when  the  friction  is  changed  into  a  simple  rolling  of  one  body 
on  the  other,  it  disappears,  or  may  be  neglected. 

Now,  the  entire  quantity  of  motion  impressed  on  m  in  the 
direction  of  the  normal  ku  (fig.  15),  has  been  denoted  by  n, 
when  these  two  moveables  are  destitute  of  elasticity,  and  by 
2n,  when  they  are  perfectly  elastic.  If,  therefore,  during  the 
continuance  of  the  impact,  the  surface  of  m  slides  in  one  and 
the  same  direction  on  that  of  m',  and  if  q  be  the  quantity  of 
motion  impressed  on  m  by  the  friction,  estimated  in  a  sense 
opposite  to  that  direction,  we  shall  have  q  =z  An,  in  the  case  of 
bodies  destitute  of  elasticity,  and  q  =  2An  in  the  case  of  per- 
fectly elastic  bodies ;  A  being  a  coefficient  which  depends  on 
the  nature  of  the  sur&ces  of  m  and  m^  at  the  point  of  contact 
K,  and  for  which  that  value  may  be  assumed  which  has  been 
determined  by  experiment,  relatively  to  ordinary  pressures 
(No.  459).  If  the  sliding  takes  place  in  one  direction  during 
one  part  of  the  impact,  and  in  the  opposite  direction  during 
the  other  part,  we^shall  have  q  =  A(n'— n''),  in  which  N^and 
s'*  denote  the  quantities  of  motion  produced  by  the  percussion 
during  these  respective  parts  of  the  impact,  so  that  their  sum 
n'  +  n"  may  be  equal  to  n  or  2n,  n'  being  supposed  >  n". 
If,  at  the  end  of  the  first  part,  the  sliding  is  changed  into  a 
simple  rolling,  we  should  assume  q  zz  An^,  the  friction  of  the 
second  species,  which  has  place  during  the  second  part,  being 
neglected. 

If  q'  denotes  what  q  becomes  relatively  to  m',  it  is  evident 
that,  in  all  cases,  q^  will  be  a  quantity  of  motion  equal  and  di- 
rectly opposecl  to  Q,  for  the  normal  pressure  that  m'  exercises 
on  M  during  the  continuance  of  the  impact,  is  of  the  same 
magnitude  as  that  of  m  on  m^,  and  the  relative  velocity  of  the 
sliding  of  m^  on  m,  is  always  equal  and  contrary  to  that  of  m 
on  M^ 

It  follows  from  this,  that  in  order  tx>  obtain  the  equation 
of  equilibrium  of  the  quantities  of  motion  lost  during  the  im- 
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pact  by  the  body  m,  the  rflect  nf  ibe  friction  being  Uka 
account,  it  will  bu  Kufficuiit  to  join  (o  tbe  quantity  of  ■ 
N  or  2n,  iropreued  on  the  iionnal  in  tbe  diretrtitm  of  them 
tnol  KH,  snotber  quantity  of  motion  u,  nctinjf  in  ad 
contrary  to    kh,    and   expreMurd  in   tlie  manner  jm 
aliove;   and  that,   in  order,  nt   iIm^  same  time,  lo  abtaia  I 
equations  relative  lo  m',   there  should  be  joined  to  tli*  q 
tity  of  motion  v  or  2n,  Actin|{  in  the  dtrcctiua  kh', 
tity  of  motion  q'  equal  and  contrary  lo  g.     lliis  b  wlal  ■ 
now  proceed  to  do  Ju  the  caw  of  the  impact  of  a  b 
■phericftl  projectile  against  a  fixed  obatade. 

416.  For  greater  clearness,  we  »haU  s 
obstacle  that  is  struck  by  the  Hpbcre  M  b  a  h 
and  tbat  previously  to  the  impact,  tbb  sphne  I 
horizontal  axis,  which  U  perpendicular  to  au  tlw  d 
its  centre  of  gravity.     Figure  18  ri>| 
fixed  plane  and  of  m  mode  by  a  Tortical  plane  p 
(i.     As  every  thing  i%  similar  on  each  skle  of  tUs  m 
point  G  will  not  deviate  from  (hU  last  plane  i 
u  will  continue  lo  (urn  about  the  i 
this  same  plane,  and  tbe  point  of  contact  k  will  • 
thu  percussion,  along  &b,  tbe  intcnectiuo  of  tUi  i 
plane  and  of  the  fixed  pUne. 

Let  a  be  the  borixontal  velocity  nf  a 
tlie  inpact,  acting  in  ibe  direction  on.  h  its  verUeal  t 
acting  in  tbe  direction  ok,  y  the  angle  of  fa 
which  case  we  have 


As  tbe  moTcaltle  h,  and  also  tbe  obstacle  whtc^  it  ■ 
supposed  to  be  perCecdy  ebwtie,  it  will  fini  loae, 
onapreHlon,  its  quantity  of  reilioal  notion  deootaj  %lf  i 
tlien  hi  Ktantlag  to  its  prin!liv«  Igiin*  it  will  i 
•qial  and  ooalnry  quantity  of  notlaH,  w  tbat  after  iJm  I 
pact,  a  tbe  cmire  of  gravity  will  be  actuated  br  a  t 
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velocity  b  acting  in  the  direction  of  ge  the  production  of  gk. 
[f  therefore  its  horizontal  velocity  at  this  epoch  directed  along 
Wf  or  in  the  opposite  direction,  according  as  it  is  positive  or 
legSLtivey  be  denoted  by  a';  if  gh'  be  the  direction  of  this 
Knot,  and  if  the  angle  of  reflexion  egh^  be  denoted  by  y\  we 
hall  have 

tany  -J. 

The  line  gh'  will  be  situated  to  the  left  of  the  vertical  ek, 
ike  the  line  gh,  or  to  the  right  of  ek,  according  as  the  quan- 
ity  o^  is  positive  or  negative.  In  order  that  the  angle  of 
eflezion  may  be  equal  to  the  angle  of  incidence,  this  velocity 
^  should  be  positive  and  equal  to  a.  When  these  velocities 
re  not  equal,  the  sig^  of  7^—  y,  the  difference  of  these  two 
ngles,  will  be  always  the  same  as  that  of  a'  -—  a\  and  the 
oint  G  will  retrograde  when  the  velocity  a'  is  negative. 

In  like  manner,  let  the  angular  velocity  of  rotation  of  m, 
efore  the  impact  be  denoted  by  a ;  we  shall  consider  it  as 
ositive  or  negative,  according  as  it  has  place  in  the  direction 
idicated  by  the  sagitta  «,  or  in  the  contrary  direction.  Let 
'  be  what  this  velocity  becomes  after  the  impact.  The  ob- 
>ct  of  the  problem  will  be  to  determine  of  and  a  when  a  and 
are  known.  Its  solution  gives  rise  to  several  distinct  cases, 
ccording  as  the  absolute  velocity  of  the  point  k  is  positive  or 
legative,  that  is  to  say,  according  as  it  is  directed  along  ka 
*r  KB,  during  a  part  of  the  continuance  of  the  impact,  or 
luring  its  entire  continuance ;  these  cases  we  proceed  to  exa- 
nine  successively  in  the  following  number. 

477.  In  the  first  place,  let  us  suppose  that  the  velocity  of 
he  point  k  is  positive,  or  directed  along  ka,  during  the  entire 
ontinuance  of  the  impact ;  then  if  gk  the  radius  of  m  be  de- 
loted  by  c,  this  velocity  will  be  equal  to  a  -^-ca  at  the  com- 
aencement,  and  to  a'  +  ca!  at  the  end  of  the  impact,  so  that 
hese  two  quantities  should  be  positive.  As  the  entire  quan- 
ity  of  motion  impressed  on  m  in  the  direction  gk,  while  the 
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moTeable  is  compressed,  and  also  while  it  rcrerts  to  its 
tire  figure,  is  equal  to  2Mfr ;  by  No.  475  the  quantity  of  as- 
tion  arisiog  from  the  friction,  and  acting  in  the  diicctioii  as, 
will  be  2hMb;  consequently,  a'  the  horiiontal  Telocity  of  the 
centre  of  gravity  o  after*  the  impact  will  be  the  same,  as  if  thi 
mass  M  being  condensed  into  it,  the  quantities  of 
and  2Am6  were  applied  to  it,  in  directions  contrary  the 
the  other ;  this  gives 


Now  since  |  Mr*  is  the  moment  of  inertia  of  m  with 
its  axis  of  rotation,  and  2AmAc  is  the  moment  of  the 
directed  along  ku  with  respect  to  the  same  axis,  it  is  easy  is 
perceive  that  a  —  a'  the  diminution  of  the  angular  velocity  sf 
rotation  will  be  determined  by  the  equation  (/^ 

?  Mc\a  —  a')  =  ik^bc ; 

from  which  we  obtain 

5hb 

c 

From  those  values  of  a"  and  a\  there  will  result 

«'  -I-  m'  =  a  +  ra  —  1  hb; 

and,  as  in  the  case  we  are  conVuloring,  a'  +  ra  must  be  pois- 
tivc,  the  quantity  a  -f  ray  which  is  aUo  |>o<^itivo«  must  he 
^oater  than  7/</>.  When  this  condition  obtains,  we  «liall 
have 

tanir7'  =  T-  —  2^  =  tanj^7  —  2A, 

by  mcaii^  c»f  which   the  an^le  of  reflexion  y'  can  bt'  cWter- 
miiic«l,  when  y  the  angle  of  incidence  and  the  coeflSctcnt  k 
known. 

If  tin*  aliHoluti*  velocity  of  the  i>oiiit  K  i^  con«tantl\ 
tivo,  or  diri*ct(Ml  aloii^r  kii,  the  friititui  uill  act  in  the  di 
K\,  nml  it  uill  he  «»utlieient  to  ch:iti|i:c  the  ^ii^us  of  the  tr 
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multiplied  by  A,  in  the  formulae  of  the  preceding  case,  which 
will  become 

a^:=ia+  2Ai,     a'  =  a  + ,     tangy'  =  tangy  +  2A. 

In  order  that  this  case  may  obtain,  the  direction  of  the 
initial  velocity  of  the  point  k  must  be  contrary  to  that  of  g, 
this  implies,  that  the  direction  of  the  primitive  rotation  is  con- 
trary to  that  which  is  indicated  by  the  sagitta  8.     Moreover, 


of  +  ca'zz  a  +  ca  -^-Thby 

it  is  necessary  that  this  negative  quantity  a  -{•  ca  should  ex- 
ceed the  positive  term  7  hb.(g)  In  this  second  case,  the  angle 
of  reflexion  will  be  greater  than  the  angle  of  incidence,  while 
in  the  first  case,  y  was  less  than  y. 

If,  the  velocity  of  the  point  k  being  positive  at  the  com- 
mencement of  the  impact,  it  becomes  at  a  certain  point  of  its 
duration,  cipher,  and  if  it  continues  to  be  nothing  unto  the 
end  of  the  impact,  the  total  effect  of  the  friction  should,  by 
No.  475,  be  taken  equal  to  hM(b  +  ^)9  ^  denoting  the  verti- 
cal velocity  of  o  at  the  instant  in  question,  which  should  be 
r^;arded  as  negative  or  positive,  according  as  this  instant  oc- 
curs during  the  time  the  moveable  is  eompressed,  or  while  it 
is  reverting  to  its  primitive  figure.  From  hence  we  infer,  as 
in  the  first  case, 

o'  =  a- A(ft  +  6'),    a'  =  o ^^^    % 

and,  consequently, 

tangy  =  tangy  —  A       ^^     > 

If  the  velocity  of  the  point  k  is  cipher  from  the  commence- 
ment of  the  impact,  we  shall  have  V  zi  —b\  and  as  the  friction 
is  cipher,  or  of  the  second  species,  during  the  entire  continu- 
ance of  the  percussion,  it  will  not  affect  the  values  of  a',  a\ 
tangy.     If,  on  the  contrary,  the  velocity  of  the  point  k  does 
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not  become  cipher  until  the  end  of  the  imfMct,  we  thaD  km 
bzzVj  and  these  fonnulse  will  coincide  with  thoee  of  the  fan 
case.  In  general,  the  value  of  V  will  be  unknown,  and  al 
that  is  detennined  respecting  it  is,  that  it  cannot  farpa»  ±  t; 
but  as  the  final  velocity  of  the  point  k  is  supposed  to  be  dpkrt 
we  must  have 

a'  +  ca'=a  +  ca— JA(ft  +  y)  =  0; 
from  which  we  obtain 

and,  con8equently(A), 

a  =  -  cof  = ^ ,    tangy'  =  tangy ^—^ — • 

If,  the  velocity  of  the  point  k  being  positive  in  one  part  of  the 
impact,  it  becomes  negative  in  the  following  part,  and  if  t^  be 
the  vertical  velocity  of  g  at  the  instant  of  this  change  of  siga, 
which  velocity  may  be  either  |K)tiitive  or  negative,  the  quao* 
titles  of  motion  impressed  on  m  in  the  direction  of  kg,  during 
these  two  parts  of  the  percussion,  will  be  m(6-4-&)  and 
m(A— 6')  respectively.  Therefore,  by  No.  475,  ku{b  +  b\ 
—  /iM  (b  —  b^)  will  be  the  entire  quantity  of  motion  produced 
by  tlie  friction  in  the  direction  ku  or  ka,  according  as  it  b  posa* 
tive  or  negative ;  and  as  this  quantity  is  reducible  to  2AmA', 

it  follows  that  the  formulse  relative  to  this  fourth  case  nuiT  be 

• 

dcductul  from  those  of  the  first,  by  sulMtituting  b*  in  pUce  of 
b.  If  the  vcl(K*ity  of  k  was  first  negative,  then  in  order  that 
it  should  afterwards  become  {positive,  the  sign  of  k  should  be 
changed,  as  in  the  second  case.  But  as  the  quantity  6  is  not 
given,  the  diminution  or  increase  of  the  angle  of  rviieiion  caii> 
not  Ik*  known  by  meannoftheM*  formulas;  all  ue  know   !«• 

m 

ti|>ccting  them  i«i,  that  both  the  one  and  the  other  i»  !«*»»  than 
in  the  first  or  M.'cond  ("ase. 

The  qui-Htion  would  Ik*  still  more  complicateti,  it  the  |in>- 
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jecdle  turned  about  an  axis  which  was  mot  perpendicular,  as 
has  been  supposed,  to  the  vertical  plane  in  which  the  point  g 
moves  before  the  impact.  The  friction  would  then  cause  this 
point  to  deviate  from  its  plane  during  the  percussion ;  and  not 
only  would  the  angle  of  reflexion  differ  from  the  angle  of  inci- 
dence, but  likewise  these  two  angles  would  no  longer  be  com- 
prised in  the  same  vertical  plane. 

478.  Now  in  order  to  show,  independently  of  friction,  the 
influence  of  the  impact  on  the  motion  of  rotation,  let  a  simple 
example  be  taken,  in  which  the  normal  at  the  point  of  contact 
of  the  two  moveables,  which  may  always  be  regarded  as  the 
direction  of  the  impact,  does  not  pass  through  the  centre  of 
gravity  of  one  of  these  two  bodies. 

If  during  the  impact  the  instantaneous  axis  of  rotation  of 
M  be  supposed  to  coincide  with  one  of  the  principal  axes,  which 
intersect  at  its  centre  of  gravity,  for  example,  with  the  axis  oz 
(fig.  15),  we  shall  then  have  p  =  0  and  q  zzO.  Likewise, 
let  us  suppose  that  the  point  k  and  the  common  normal  to  the 
two  surfru^es  at  this  point,  are  comprised  in  the  plane  of  the 
axes  ox  and  oy ;  in  consequence  of  this,  the  two  quantities  c 
and  cos  7  will  be  cipher.  By  making  />  =:  0,  ^  =  0,  czz  0, 
cosysO,  in  the  two  last  equations  (1)  or  (4),  it  follows  that 
Pi  zz  0,  and  9i  =  0,  or  p  =  0,  and  Q  =  0 ;  so  that  in  the  two 
cases,  namely,  when  the  bodies  are  soft,  and  also  when  they  are 
dasticy  the  axis  of  rotation  will  still  coincide  after  the  impact 
with  the  axis  gz,  and  the  impact  will  only  change  the  velocity 
of  rotation  without  at  all  affecting  the  instantaneous  axis, 
agreeably  to  what  has  been  already  observed  in  No.  437. 

If  the  body  bi'  be  a  homogeneous  sphere,  the  direction  of 
the  impact  will  pass  through  its  centre  of  gravity ;  conse- 
quently, we  shall  have,  as  in  No.  471) 

of  cos  /3'  =  6'  cos  a\    c'  cos  a'  =  a'  cos  7',     b^  cos  7'  =  c'  cos  /3S 

hence,  the  suppositions  just  stated  being  taken  into  account, 
equation  (3)  will  be  reduced  to 
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(acos/3  — icosa)ri  +  if|C09a  +  r|COS0 
+  ii/cosQi  +  r/ 006  01  +  ir/co«y=0; 

and,  by  combining  it  with  equation  (6),  we  obtuii(i) 

N         N 

--f— ^  +  (aco90  —  frco6a)ri-h«eota  +rco60 

M        M 

+  tt'cosa'+  r'co90'+  ic/cosy=:0. 

Through  the  point  K,  let  lines  be  drawn  parallel  to  the 
directions  of  0  and  0^,  the  velocities  of  o  and  g'  bcfaiv  the 
impact ;  then  if  S  and  S'  be  the  angles  wluch  these  pni^**** 
make  with  kh,  we  sliall  hare 

ttcosa  +<^coa/3  =  9cos£, 
tt'cosa'+r'cos/3'  +  ir'cos7'=  -  O'cosS', 

which  willy  therefore^  be  the  components  of  9  and  9'  along 
this  part  of  the  normal  to  the  point  a ;  and  if  ri  be  eUminated 
by  means  of  the  fourth  equation  (1),  the  preceding  equatmi 
will  become 

-  +  ;^,  H ^ +  (aco80-4co»«)r 

+  0cosS-e'cosS'zO; 
from  which  wc  deduce 

""         (m  +  M')  c  +  MM'  (6  cos  a  —  a  ciwifj)*        * 

Hy  moans  of  this  value  of  n,  the  three  fiwt  equations  ( 1 ) 
or  (4),  aeconiing  a.H  the  moveablcH  aro  H4»ft  or  i-Li*tlo,  «iU 
make  known  M|,r,,ir|,  or  r,  v,  w,  the  three  ctun|^>nonL«  of 
the  velocity  of  i;  after  the  im|iaet ;  and  the  thnv  fir»»t  i*«)ua- 
tion*  (2)  or  (.'*),  uill,  in  like  manner,  determine  the  6nal 
velocity  of «/.  With  res|KHt  to  the  value  of  r'  or  a,  it  may  he 
didiictni  from  the  fourth  iMputiiui  ( I)  or  (4). 

The  quantity  N  munt,  a-*  ha-*  iKeii  alreutiy  rcmarLe«i.  be 
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always  positive ;  for  when  its  value  is  negative,  there  cannot 
be  any  impact  between  the  two  moveables.  The  denominator 
of  this  value  is  positive,  and  so  is  the  factor  of  its  numerator, 
namely  mm'c.  0  and  0'  the  factors  of  its  two  other  terms, 
are  also  positive,  but  the  quantities  a,  i,  cos  a,  cos  j3,  cos  S, 
cos  S'9  may  be  either  positive  or  negative ;  and  their  sig^s 
will  be  g^ven  in  each  particular  case.  As  ;?  =  0,  and  9  =  0, 
r  will  be,  abstracting  from  the  sign,  the  velocity  of  rota- 
don  before  the  impact.  In  order  to  know  the  sign  with 
which  it  should  be  affected  in  the  value  of  n,  let  a  point  be 
assumed  on  the  axis  gx,  at  the  unit  of  distance  from  the  point 
g;  the  velocity  of  this  point  before  the  impact,  estimated 
in  a  direction  parallel  to  the  axis  cy,  will  be  v  +  /"  (No.  466) ; 
hence  it  follows,  that  its  part  r  must  be  positive  or  negative, 
according  as  the  direction  of  the  primitive  motion  of  rotation 
is  from  the  axis  gx  towards  the  axis  oy,  or  from  the  axis  oy 
towards  the  axis  go:,  that  is  to  say,  in  the  direction  of  the 
sagitta  Sf  or  in  the  opposite  direction.  After  the  impact,  the 
rotation  will  have  place  in  the  first  or  second  direction,  ac- 
cording as  the  value  of  r^  or  r  is  positive  or  negative. 

479.  Hitherto  we  have  supposed,  that  the  two  bodies  M 
and  M^  are  entirely  free ;  but  if  they  are  retained  by  a  fixed 
point  or  axis,  the  determination  of  their  motions  after  the 
impact  will  always  depend  on  the  same  principles,  and  will 
merely  differ  in  the  number  of  equations  which  should  be 
considered. 

For  example,  if  the  moveable  m  is  retained  by  a  fixed 
point  G,  the  three  first  equations  of  No.  467  will  be  no  longer 
necessary  for  the  equilibrium  of  n  and  of  the  quantities  of 
motion  which  are  lost,  during  the  impact,  by  all  the  points  of 
this  body.  This  fixed  point  g  will  not  be  always,  as  in  the 
preceding  cases,  the  centre  of  gravity  of  m,  and,  consequently, 
the  integrals  ^xdm^  ^ydm,  ^zdm  will  be  no  longer  cipher;  but 
the  six  quantities  t/,  r,  w^  tii,  Vj,  e^i,  will  be  zero;  and  by 
assuming  that  gx,  g^,  gz,  are  the  three  principal  axes  of  m 
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whtL'h  mtcntect  in  lhi«  point  o,  Uie  Uino  laM  4 
eqnilibriiuD  will  be  then  recluoed  lo 

x(«ccM^  —  AcMa)  +  c(r  — r,)  =  0, 
M  (eeosn  —acoay)  +  b(9  — f,)  =  0, 
V  (fccosy  ~caM^)  +  A(p—p,)  =  0, 
as  In  the  number  dtod.     Ifto  tbcM  equation*  dum  hejakml 
the  six  equation*  (2)  Klattve  to  tl>e  body  m',  which  t«  a 
to  continue  entirely  free,  and  obo  equntitin  (3>,  in  m 
■hould  make  kj  =  0,  Ci  b  0,  w,  =  0,  tro  sfaall  then  I 
ten  equations  which  are  necewary  in  order  to  t 
value  of  N,  and  the  motions  of  the  two  bodiet  after  ll 
when  tliey  are  destitute  of  elaslidiy.     If  tbejr  ar*  | 
elnstic,  the  three  last  equatiooB  (4)  should  be  subt 
the  three  preceding  eqnationt,  and  equations  {5)  a 
employed  in  place  of  equations  (2).     If  tbe  body  uimn 
by  a  fixed  axis  a:,  which  i«  not  a  principal  axki  tW  I 
equation  of  No.  4(>i  will  be  the  only  one  nm— y  is  « 
to  determine  the  equilibrium  of  K  and  of  the  qui 
tion  lost  by  m.     As  the  axis  of  rotatioii  then  t 
a=,  before  and  after  the  impact,  we  shall  ban^  si 
p,  =  0,  7,  =  0 ;  and  as  the  three  componcnta  of  tba  V 
of  o  are  also  cipher,  this  equation  will  be  reduced  to 
N(aeot^  —  bcvtm)  +c{r—ri)  =  Oi 

c  beln;  alwayt  the  moment  of  inertia  with  rcapnet  to  I 
utH  ax.    Vihtn  the  two  bodies  are  perfiKlly  daatic,  it  al 
I  barcplaoed  by 

in  {aeotfi  -  bootm)  +  cir  —  M)i 

■Dd  by  joinin)^  to  it  equation  (3),  and  thuae  whic4i  rrfcr  i 
W>dy  h',  wc  sfaall  hare  all  the  rqnations  which  atv  r 
iar  the  dcteminntian  nf  n  and  the  mtitiana  of  tha  t 
L  ables  afkcT  the  impact. 

4B0.  If  in  place  of  two  bodies  only,   thrrc  or  | 
DBatbcrlnpingvoneachotbersmnltanroasJy,  tha* 
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^oilibrium  of  the  quantities  of  motion  which  are  lost  in  the 
^pacty  by  each  of  these  bodies,  should  be  formed  by  consider- 
iog^  it  by  itself,  after  having  joined  to  the  quantities  of  motion 
lost  by  all  its  points,  other  unknown  forces  n,  n^,  n'',  &c.,  ap- 
plied to  the  points  of  contact  of  this  body  with  all  the  others, 
nd  drawn  from  each  of  these  points  internally,  in  the  direction 
f  the  respective  normals  to  its  surface  at  these  points.  When 
U  the  moveables  are  considered,  the  number  of  these  un- 
nown  forces  will  be  the  same  as  that  of  the  points  of  contact 
f  these  bodies;  for  they  will  represent  equal  and  contrary 
uantities  of  motion,  for  every  two  of  the  moveables  which 
»ach  in  each  point.  But,  at  the  instant  of  the  greatest  com- 
ireflsion,  that  is  to  say,  at  the  end  of  the  impact  of  bodies 
estitnte  of  elasticity,  equation  (3)  will  obtain  for  each  point 
f  contact ;  hence  it  follows  that  we  shall  have  always  a  suffi- 
ient  number  of  equations,  to  enable  us  to  determine  the  state 
•f  all  the  moveables,  and  the  values  of  n,  n',  n^^,  &c.,  at  this 
ostant.  When  the  moveables  are  perfectly  elastic,  the  solu- 
ion  of  the  problem  can  be  obtained  for  each  of  them  sepa- 
ately,  by  considerations  similar  to  those  employed  in  No.  469. 

481.  In  order  to  give  a  simple  example  of  this  general  so- 
ution,  let  m,  m^,  /u,  denote  the  masses  of  three  homogeneous 
pheres,  whose  centres  are  g,  g',  c,  (fig.  19).  If  the  sphere  /i, 
vhich  is  supposed  to  be  at  rest  before  the  impact,  be  struck 
iimultaneously  by  m  and  m^,  which  touch  it  at  the  points  k 
md  K^,  then  though  m  and  m^  should  be  actuated  by  a  motion 
)f  rotation  before  the  impact,  it  will  not  be  affected  by  this 
mpact ;  and  as  fx  does  not  acquire  any  during  this  percussion, 
^e  have  only  to  determine  the  velocities  of  g,  g^,  c,  after  the 
mpact,  in  magnitude  and  direction,  by  means  of  the  velocities 
ind  directions  of  g  and  g',  before  this  impact. 

Let  therefore  a,  6,  c  denote  the  components  of  the  velocity 
>f  G  before  the  impact,  parallel  to  the  three  fixed  rectangular 
ixes,  oar,  oy,  oz,  and  let  a',  ^,  &  be  the  components  of  g'  pa- 
•allel  to  the  same  axes.     Let  w,  r,  ?r,  u\  t/,  ic'y  represent  (lie 
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values  of  these  six  components  at  the  instant  of  f^rcaiest 
pression,  and  ii|,  ti,  w^  the  components  of  the  velocity  of  c  ii 
the  direction  of  the  same  axes,  at  this  instant*  Likewise,  icc 
a>  /3»  79  be  the  angles  comprised  between  the  radius  kc,  lal 
lines  drawn  through  the  point  a  parallel  to  the  axes  ox,  of ,  o£, 
and  a\  /3^  y'  the  angles,  which  the  radius  k'c  makes  with 
lines  drawn  through  the  point  k'  parallel  to  these  axes.  Lit 
N  denote  the  quantity  of  motion  communicated  at  the  inrtaat 
in  question  to  /i  by  m  in  the  direction  of  kg,  or  to  m  by  p  is 
the  direction  kg,  and  n'  that  which  is  communicated  to  ^  bt 
M^  in  the  direction  k^c,  or  to  m^  by  ^  in  the  direction  a'u'. 
The  nine  equations  of  equilibrium,  of  the  quantities  of  mocidi 
which  are  lost,  and  of  the  forces  n  and  n',  which  it  will  be 
sufficient  for  us  to  consider,  will  be 

M(a  — 11)  — NcosasO, 
m(6  —  v)  —  Ncos/3  =:  0, 

M  (C  —  it)  —  X  COS7  zz  0, 

M'(a'— «')  —  x'cosa'=  0, 

M'(A'—  r)  -  N'cos^i'  =0,  .1 

m'(c'—  ir')  —  x'cosy'  =  0,  » 

N  cosa  +  N'cosa'  —  /iW|  zz  0, 

N  COS)3  +  N'cO!J/3'  —  fiVi  zz  0, 
N  COS-y  +  N  COS-y'  —  fiWi  =  0  ; 

with  respect  to  which  it  should  be  remarked,  that  ko  and  k'«. 
are  the  productions  of  kc  and  k'c. 

iMjuation  (3)  applied  to  the  |H>int^  k  and  k'  will  givc«  at 
the  same  time, 

ti|Cosa  -♦-  riCOHz-J  +  M'lCO^-y  zz  woo^o  +  rct>*^3  +  irciM'),  "^ 
•«,coHa'+riCOfi/j'-hfr,cos'y'  =  ii'cosa'+r'coH|i'-f-if'co»'y  :  ^ 

and,  in  thm  manner,  we  sliall  have  the  floven  (Hjuations  which 
are  nocensary  and  Hufficiciit  to  dctermiuc  the  eleven  unknowa 
quanlitii's  n,  n'.  '/.  r«  &c. 
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If  we  make 

cosa  cosa'  +  cos/3  C08j3'  +  cosy  COS7'  =  cosS, 
acostt  +  *cos]3  -f  ccoBy  =  A, 
acosa'  +  6'co8/3'  +  c'cosy'  =  A', 

i  will  be  the  angle  gcg'',  and  k  and  A^  will  represent  the  primi- 
tive velocities  of  o  and  g'  in  the  directions  gk  and  g'k'. 
And  since 

cos'a  +  cos'/3  +  cosV  =  1>     cosV  +  co8'/3'  +  cos'7'  =  ^y 
equations  (a)  will  g^ve 

vr 

u  cosa  +  t;co8/3  +  w  cosy  =:  A , 


N' 


tt'cosa' + ^'  cos  j3'  +  t^cosy'  =  A: •,, 

O    I  N  +  N'COSS 

KiCOSa  +t?iC08p  +^'iCOS7  =: , 

/  .  Of  ,  /        N'+NCOSS 

III  cosa  +t?iC0sp+«t'iC0S7'iz  — • ; 

by  means  of  which  equations  (b)  wiU  become 

M/iA  =  N  (m  +  /u)  +  n'mcosS, 
m'/iA'  =  n'(m'  +  /ti)  +  nm'cosS; 

hence  we  obtain  (A) 

__  A(m^+  /Li)M/i— A^MM^fiCOSg 
"  (m  +  /i)  (m'  -f  fi)— MM'COS^'S' 


,,__  A^M-f /i)  (m^/u—Amm^/icosS 

■"  (M  -f  /i)  (m'  +  /u)  -  MM'C0S*8  ' 


values  which  should  be  always  positive.  By  substituting 
them  in  equations  (a),  the  values  of  ti,  Vy  &c.,  the  nine  com- 
ponents of  the  velocities  of  g,  G^  c,  which  have  place  at  the 
end  of  the  impact,  may  be  determined  when  the  bodies  are 
destitnte  of  elasticity. 

If,  on  the  contrary,  they  are  perfectly  elastic,  and  if  u,  v,  w 
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be  the  components  of  the  velocity  of  c,  and  v\  \\  m\  ihsmt 
of  the  velocity  of  u',  and  I'l  v,  W|  those  of  the  velocity  ofc  ■! 
the  end  of  the  impact,  we  can  obtaini  by  considerations  timiltf 
to  those  already  employed  in  No.  469^  the  foUowing  niDe 
equations : 

M(tt  —  u)  —  Ncosa  =  0, 

M  (r  —  v)  —  Ncos/3  =  0, 

m(m' — w)  —  NCOS7  =:  0, 

m'(m'— u')  — N'cosa'  =  0, 

M'(t»'— V')  — N'cOSf3'  =  0, 
M'(|£7'— W')— N'COSy'  =  0, 

Ncosa-f  N'cosa'  +  ;A(iii  —  ^\)  =  ^» 
Ncos/3+N'cos/3'  -f  ;i(r,  — V,)  =  0, 

N  CO87  4.  n'cOS7'  4-  ^  (iTi  —  ^*l)  =  ^• 

If  each  of  these  equations  be  added  to  the  equation  which  ctir- 

rcsponds  to  it  amon|^st  equations  (a)«  there  results 

M  («  —  r )  —  2  N  cosa  =  0, 
M  (A  —  V )  —  "2  s  coH^j  zz  0, 
M(r  —  w)  -  'is  n>»y  =  0, 
M\rt'  —  I  J  —  2  N  cosa'  =  0, 
M'(//  «  v')  —  2N'cOSf3'  =  U, 
M(r  —  \i')  — 2NCOS-y '  =  0, 
2  N  COSo  +  2  N  COSa'  —  nil  =  0, 
2Nios^i-f  2n  cos^— n\,  =  IK 
2Nct>'iy -f- 2n'c-os7  — M^|Z:t>: 

and  in  ordrr  to  obtain  immediately  from  these  Li»t  cquatMMiiK 
the  vaUu*H  ot  thi*  nine  unknown  quantitie«»  i,\,u,  i',  \.«. 
I  i«  ^  It  ^«  i«  it  in  oiilv  riHiuisitt*  to  substitute  the  prixeding  ^al 
of  N  antl  N    ill  tluni. 
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The  final  velocities  of  the  points  g,  g^,  c  will  be  still  the 
same,  whether  the  impacts  of  m  and  m^  on  /lc,  instead  of  being 
simultaneous,  follow  one  another  at  such  a  very  short  interval 
of  time,  that  these  three  points  may  not  be  sensibly  displaced 
during  this  very  short  time.  The  very  short  durations  of  the 
two  impacts,  whether  simultaneous  or  successive,  may  likewise 
be  unequal,  and  the  instant  of  the  greatest  compression  at  the 
points  K  and  k^  may  not  be  the  same. 


CHAPTER  VIIL 

EXAMPLES  OF  THE  MOTION  OF  A  FLEXIBLE  STBISCti. 

I.  Vibrations  of  a  Flexible  String. 

482.  Let  amd  (fig.  20)  a  perfectly  flexible  string,  rtrj 
little  extensible,  homogeneous^  and  of  the  same  ihickiieM 
throughout,  be  stretched  in  the  direction  of  its  lengthy  by  a 
force  equivalent  to  u  given  weight  ir,  and  let  it  be  attached  at 
its  two  extremities  to  the  fixed  points  a  and  b.  As  its  weight 
is  neglected  relatively  to  u\  it  can  be  considered  in  iu  state 
of  equilibrium  as  rectilinear(a).  This  being  the  case,  if  it  be 
made  to  deviate  ever  so  little  from  this  direction,  and  if  saaU 
velocities  bo  impressed  on  all  its  |>oints,  this  string  will  cwcillatr 
on  each  side  of  the  lino  amu  ;  and  the  object  of  thi^i  chaptt^r  i« 
to  dotcrminc  its  position  and  the  velocities  of  it*^  didforen: 
iK>ints,  nt  any  instant  whatever.  At  the  end  of  t  any  lim^ 
whutovor,  lot  us  suppose  that  the  string  assumes  the  form  of  the 
curve  am'h,  which  may  Ik*  either  plane  or  one  of  double  cunji- 
tare,  and  lot  m'  be  the  |M)sition  that  M,  a  given  |Hiint  on  thi« 
string  assumes.  Let  i*  be  the  projinrtion  of  M'on  the  line  amh. 
and 

AM  —  X,      AP  =  X  +  "  ; 

likowine  lot  y  and  z  be  the  two  other  coordiiuite«  of  h  ,  per- 
|>en(iicular  to  each  other  and  to  the  axin  au. 

Ah  the  displact^ments  of  the  points  of  the  string  are  vet) 
small,  the  variablon  m,  y,  z  will  Ih»  likowi'H*  very  MnalU  ami  tbt 
objoct  of  our  invi^tigation  ^^ill  be  to  dotormine  their  valut-»  in 
functi(»ns  c»f  .t  and  /. 

Lot  the  difforential  oloment  ol  the  curve  am  o  at  the  point 
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M^,  be  denoted  by  ds,  and  the  density  of  the  string  at  this  point 
by  €,  the  area  of  the  section  perpendicular  to  its  length  at  this 
same  point  multiplied  by  c,  or  ids,  is  equal  to  the  element  of  its 
mass.  In  the  state  of  equilibrium,  the  elements  of  this  mass 
are  proportional  to  the  lengths,  as  the  string  is  homogeneous 
and  of  a  constant  thickness ;  hence  the  length  of  the  element 

at  the  point  m  being  dx,  its  mass  will  be  ^--j-(P)^  P  ^^^  '  ^^ 

noting  the  weight  and  length  of  the  entire  string,  and  g  the 
gravity;  hence  as  the  mass  of  this  element  does  not  change 
daring  the  motion,  we  shall  have  constantly 

pdx 
ids  =:^~. 

9^ 

If  this  element  ids  was  solicited  by  a  given  motive  force, 
whose  components  parallel  to  the  axes  of  the  coordinates 
were  xceb,  Yccb,  zccb,  the  components  of  the  motive  force 
lost,  during  the  instant  dt  in  the  direction  of  these  axes, 
would  be 

(x-g)«&.    (^-§>A.    (^-S)**5 

consequently,  in  order  to  obtain  the  equations  of  equilibrium 
of  these  forces,  which  will  be  those  of  the  motion  of  the  string, 

cPtt  d^y  d^z 

"^"1?'    "^"de'    ^""dP' 

should  be  put  in  place  of  x,  y,  z,  in  equations  (1)  of  No.  298, 

and  its  preceding  value  should  be  substituted  for  ids.     Now, 

as  by  hypothesis,  the  quantities  x,  t,  z,  are  cipher,   there 

results 

Td{x  +  u)  _  pd^u 


dy_p^d^ 
'^'^ds-glde'^''' 

,     dz       p  d^z  , 


(J) 
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T  being  the  tension  of  the  element  ids^  and  x  -f  h  the  abicM 
of  the  point  m'  to  wliich  these  equations  refer.  Ther  cu 
only  be  integrated,  when  reduced  to  a  linear  form,  by  tkc 
consideration  of  the  small  extent  of  the  vibrations  of  the  UnDf^. 
483.  As  dx  the  element  of  the  string  in  the  state  of  cqvi- 
librium  becomes  ds  in  the  state  of  motion,  and  as  ar  and  t 
are  the  measures  of  the  respective  tensions  which  it  eipe> 
riences  in  these  two  states,  t —  ir  their  difference  must  be  pro- 
portional to  the  ratio  of  its  extension  ib  —  dLr  to  its  primitive 
length  dx  (No.  288),  therefore,  we  shall  ha%'e 

(ds'-djc) 

q  being  a  given  constant  weight,  which  will  depend  on  tk«- 
material  and  thickness  of  the  string.     Besides,  we  have 

<A^=(dr  +  rf«)'  +  rfjf'  +  rf^; 

and  if  not  only  the  points  of  the  curve  am'b,  but  aL»o  the  «{i- 
rections  of  its  tangents  deviate  little  from  the  line  amb,  tkr 

(juantities  -^  and  -j-  will  be  very  small  fraction*! :  thon»f'>ri% 

if  their  scjuares  be  no^lectwl.  we  shall  havt» 

.         *     .     .  dii 

djf  z:  dx  +  </i/,     1  =  //•  4-  u       ; 

ax 

....  ,      ^    ////  di/        ,   dn  dz    ,       ,.,       . 

aiul  it  the  produotH -■    -7-  and  -.—  -.-   1h»    ItkiuiM'    uk'-^I*  .'.  .. 

tLr  (tjt  a.r  </.« 

eciuations  (1)  will  lK»come(r) 

r/»w  _    ,  d^N       il*y  _     ^  tPy       d'z  _     ^  d^z 
d?  "  °  dx''      di'  •"  ''  dx''      di'  "  "  iir'' 

in  which,  for  ouici'iencH*,  we  make 

_  a  ,  _  it  . 

P  P 

As  till-  variahliH*  i/,  v«  *.  are  «4*p.init«Nl  in  thi-^*  i^j  u?:.  r. 
("2),  it  I'ulluw^,   that  tin-  vibnilitui^  ol'llic  •^trinij  jMiallii  ?..  '1. 


.  ( 
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:es  of  Xf  y^  Zy  will  be  independent  the  one  of  the  other,  and 
ill  coexist  together  without  mutually  influencing  each  other, 
[oreover,  it  appears  that  the  transversal  vibrations  will  be 
e  same  in  the  direction  of  the  axis  of  y  and  of  the  axis  of  z^ 
that  it  will  be  sufficient  to  consider  one  of  them,  the  first, 
r  example.  With  respect  to  the  longitudinal  vibrations,  it 
)o  appears  from  comparing  the  first  of  equations  (2)  with 
ther  of  the  two  last,  that  they  follow  the  same  laws  as  the 
hers,  firom  which  they  only  differ  in  the  magnitude  of  the 
eflicient  a^,  which  surpasses  c^  in  the  ratio  of  q  to  w. 

484.  The  complete  integral  of  the  following  equation  of 
jrtial  differences  of  the  second  order, 

y=/(a?  +  aO  +  F(:r-aO;  (3) 

and  F  denoting  two  arbitrary  functions.     In  fact,  we  have, 
hatever  be  the  nature  of  the  function  yj/, 

d\p(x ±at) j_     dxf^  (x  ±  at) 

Jt  ^         dx        ' 

cPi//  (x  ±  at)  _    ,  d^xp  {x  ±  at) 
5?  "^  dx'         ' 

Jcnce  we  infer, 

d'y  _  ^,dif{x  +  at)  .   ^,cPF(a?-flO   . 
dt^'^  dx"        "^  dx' 

^i  as  we  have  also 

dh^  ^d'/jx  +  at)      d^F(x--at) 
da?^         dx"         "^  dx'        ' 

kc«e  values  render  the  given  equation  identical. 
If  the  time  t  is  reckoned  from  the  commencement  of  the 

^tion,  and  if  a  or  v   2_  be  regarded  as  a  positive  quan- 

VOL.  If.  2  I 
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quantity,  x-^  at  will  be  positive  daring  the  entire  continnaBCc 
of  the  motion,  and  x-^at  will  be  either  a  negativie  qau- 
tity,  or  a  positive  quantity  less  than  /.  If  thereibrr,  Z  W 
a  positive  variable,  it  will  be  sufficient,  in  order  to  be  able  to 
apply  formula  (3),  to  know  the  values  o(JZ  and  f  (~C)  fro* 
C  =  0  to  ^  =  X,  and  those  of  tZ  from  C  =  0  to  C  =  '•  Nov 
these  ^-alues  of  y^  and  f  (±  Z)  may  be  determined*  m  we 
proceed  to  show,  by  the  condition  of  the  immobility  of  the 
points  A  and  e  during  the  motion,  combined  with  the  toitial 
state  of  the  string. 

4S5.  If,  at  the  commencement  of  the  motion, 

y  =  *^>   «?  =  ♦'• 

these  two  functions  ^x  and  ^'x  will  be  cipher  when  x  =  0 
and  when  x  =  I,  and  from  x  =  0  to  x  =  /,  thoy  will  be  ^r^n 
by  the  initial  figure  of  the  conl,  and  the  velocitii'^  impressed, 
at  this  e|>och,  on  its  different  points.  If  /  be  made  =  0  in  for- 
mula (3),  and  in  its  diffi'rential  relative  to  /,  we  shall  have 

///>        //fx 
^x  =/x  -h  Fx,     <» '  =  ^^^-  -«-57  • 

and  if  wc  make 

-  \  ^'xtU  =:  4>x, 

and  substitute  Z  for  x,  wc  shall  havi»(r) 

'Ilie  function  «IC  ^vill  contain  an  arbitrarA'  con**tam«  but  it  i« 
evident  that  it  will  (iiHa|>|)car  in  formula  (3),  which  i«  cikm{*i>M«i^ 
of  the  Mim  of  the  valui'S  ofy^  and  i^,  n^lativc  to  tuo  dilTrrvii 
valui*s  of  ^,     It  is  not  noccnsarv  thiTcfon*  to  tokf  tlit%  i>Mi%tAr.t 

• 

into  account,  and  uc  may  anHUinc,  f«»r  j^rcatcr  clcamcMS  th^i 
the  functitMi  *l»Z  vaninhi^s  when  C=r  0.  Ky  inean^  <»f  ei|ualK«* 
(4)  tlu*  vahuHi  lA'  fZ  and  \'Z  ^ill  Ih»  known,  but  only  frua 
{  =  (Mo  ^  =  /,  nince  the  functiunf  fZ  and  ^Z  are  onU  gi 

in  tlj.-  i!''iT\  .il. 
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As  the  points  a  and  b  are  fixed,  the  values  of  y,  when 
X  =  0,  and  when  x  =:  /,  must  be  constantly  cipher.  If  at  be 
supposed  equal  to  Zi  ^6  shall  therefore  have  by  equation  (3), 

/?  +  F(-0  =  0,    /(/  +  ?) +  F(/-0=0,         (5) 

for  all  values  of  the  positive  variable  Z. 

In  Wrtue  of  the  first  of  these  two  equations,  the  values  of 
f(  — ^  will  be  equal  and  of  a  contrary  sig^  to  those  ofy(f). 
If  /  +  2  be  substituted  for  Z  in  the  second  equation  (5),  and  if 
it  be  then  taken  from  the  first,  there  results 

by  means  of  which,  y^  will  be  known  from  2=0  to  ^  z=  x, 
when  this  function  shall  have  been  determined  from  ^  =  0  to 
2  =  2/.  Finally,  if  Z  jL  l^  we  obtain  by  substituting  /  —  ? 
for  Z  in  the  second  equation  (5), 

/(2/-?)=«f2. 

Consequently,  the  values  of/*(2  l—Z)  from  ^  =  0  to  ^  =  /, 
or  what  is  the  same  thing,  those  of/Z  from  ^  =  /  to  ^  =  2/, 
will  be  known,  when  the  values  of  f^,  from  ^  =  0  to  ^  =  /,  are 
given.  Hence,  as  the  values  of/Z  and  f^  are  given  by  equa- 
tions (4),  from  2  =  0  to  Z=  ly  equations  (5)  will  determine 
those  of/(/  +  Z)  and  of  f  (-  Z),  from  ?  =  0  to  ?=«(/)• 
Therefore  all  the  values  of  these  two  functions,  on  which  those 
of  y  depend,  will  be  known  for  all  points  of  the  string,  and  at 
any  instant  whatever  of  the  motion.  The  corresponding  va- 
lues of  -^rr,  --Ty-y  and,  consequently,  those  of  -^  will  be  like- 

dz 
wise  known ;  and  the  values  of  z  and  -^  may  be  obtained  in 

the  same  manner.  Consequently,  the  figure  of  the  string,  and 
the  transversal  velocities  of  all  its  points  at  any  instant  what- 
ever, will  be  known ;  and  this  completely  solves  the  problem, 
as  far  as  the  motion  of  the  string  perpendicularly  to  its  natural 
direction,  is  concerned. 
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There  is  nothing  in  the  question,  by  means  of  which  the 
values  ofy(— ^y  or  those  of  rZy  can  be  determined,  when  I  n 
greater  than  /;  consequently,  these  parts  of  the  two  arbitrary 
functions,  the  knowledge  of  which  is  not  necessary  in  the  ap> 
plication  of  formula  (3),  will  continue  altogether  indeter- 
minate. 

486.  In  order  to  know  the  value  of  y  which  will  resole 
from  equations  (3),  (4),  (5),  we  shall  consider  successirely  the 
part  of  this  value  which  arises  from  the  initial  figure  of  the 
string,  or  of  the  function  ^x,  and  that  which  arises  from  the 
initial  velocities  of  its  different  points,  or  form  the  funccioii 

1st.  At  the  commencement  of  the  motion,  let  acb  (fig.2l) 
be  the  given  projection  of  the  string  on  the  plane  of  the  axes  of 
X  and  y,  so  that  if  on  ab,  a  part  ad  =  x  be  taken,  dc  the  cor- 
responding ordinate  may  be  equal  to  ^x.  On  the  prodiictioB 
of  ab,  lot  there  be  traced  a  curve  bc'a',  equal  to  ace,  but  io- 
versely  posited,  so  that  if  bd^  be  assumed  equal  to  bd«  the  or- 
dinate i)'c^  may  bo  equal  to  nr,  and  uffocted  with  an  npfioMte 
sign.  On  the  two  productions  of  aa',  lot  the  curve  At  Br  \ 
bo  ropoatod  indefinitoly,  so  that  A'(:"n'c'"'A"  may  l>e  the  posi- 
tion whioh  alhc'a^  would  assuino,  if  this  curve  ^lide«l  parmlU*! 
to  the  axis  (»f  .r,  until  a  coincidod  with  \\  and  a'  with  a  •  and 
that  Ar,H,('^^A,  may  bo  the  |>osition  of  At'nrA,  when  it  *lido^  in 
such  a  manner  that  a'  may  coincide  with  a,  an<l  \  with  a,  :  ^nd 
lot  the  same  Ik?  sup|>osed  to  take  place  with  n'^|H?ct  to  the 
productions  boyond  a"  and  a,.  This  being  done,  if  thorv  be 
taken  two  al)>ciHs;i», 

\K  =  .r  +  <i/,     ak'  =  ^       «/, 

of  whioh  tho  Mu^orid  may  bo  oithor  |H>silivo  or  negative,  an«i  it 
the  r<irroH|Mmdinir  ordinatos  ki"  and  k'f',  uiiiih  may  be  eithf  r 
|MiM(iv«>  or  n«*i;afiv,-,  Ik»  orootctl,  thoir  HrmiHiim 

J  (  i:f  +  K'r  K 

^ill  Iw  the  part  of  y  depondinj^  on  the  initial  tigurc  of  ihccord. 
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2ndly.  Let  us  suppose  that  the  ordinates  of  the  curve  acb, 
instead  of  representing  the  primitive  displacements  of  the 
points  of  the  string,  denote  now  their  initial  velocities  divided 
by  a,  so  that  if  ad  be  taken  equal  to  x,  then  dc  may  be  equfll 

to  -  ^'x.     Let  another  curve  ach  (fig.  22)  be  so  traced  that 

to  the  abscissa  ad  =  x  the  ordinate  dc  =  -  \(p'xdxzz  ^x  may 

correspond.  Then  as  the  integral  commences  with  x^  and  as 
the  function  ^'x  is  also  cipher  when  a;  =  0,  this  curve  will 
touch  the  axis  of  x  at  the  point  a.  If  ab  be  taken  =  I,  and 
if  BH  be  the  corresponding  ordinate,  we  shall  have 


H  =  -J^0'a:dr, 


and  because  ip'x  =  0  when  x  zz  l^  the  tangent  at  h  will  be  pa- 
rallel to  the  axis  of  the  abscissse(^).  Let  there  be  traced  the 
curve  hc'a^  equal  to  ach,  and  so  placed  that  if  bd'  be  taken 
equal  to  bd,  we  may  have  d'c'iz  dc;  then  on  the  two  produc- 
tions of  AA^  let  the  curve  achc  V  be  repeated  indefinitely,  as 
in  the  preceding  construction ;  and  this  being  done,  if  there 
be  taken  the  two  abscissae 

KK  zz  X  +  at,     ak' ^  x^  atf 

the  second  of  which  may  be  either  positive  or  negative,  and 
if  there  be  raised  the  corresponding  ordinates  kl  and  k'l^, 
which  may  also  be  positive  or  negative,  we  shall  have 

for  the  part  of  ^,  which  results  from  the  initial  velocities  of  the 
points  of  the  string. 

Therefore  the  complete  value  of  y  will  be 

y  =  i  (ef  +  bV)  +  K^l  -  k'lO  ;  (a) 

and  a  similar  construction  will  give  the  corresponding  value 

of  -r^.     In  fact,  we  have 
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rf.EF_^      rf.EF        d.EV__  tf.E'r' 

rf.KL__      rf.KL         rf.K'L'__  rf.K'L' 

therefore  we  shall  have 

dy  ^a  fd.EV       rf.E'F^  a  fd.KL      d ,  k'l"^ 

Now,  if  through  the  points  f,  f',  l,  l'  (fig.  21  and  22),  the 
tangents  t/^  ry\  l/,  l'1\  be  drawn,  and  also  the  lines  Fx,  ts^ 
LT,  L'xy  parallel  to  the  axis  of  x,  and  in  the  directioo  of  the 
positive  values  of  x,  we  shall  also  have 

rf.EF      ^  -      i/.e'f'  ,^ 

-^  =  tang  XF/      -^  =  tang  xf/*  • 

-^  =  tang  XL/,      -;j^  =  tang,L'/; 

honce  there  will  result, 


+  ;» (^aiijiC  XL/  4-  tanjr  xi.7  ) ; 


.1.1 


I 


in  this  formula  the  angles  may  he  either  |H>>itive  or  m^gativr. 

hut  they  >\ill  l>e  always  acute,  (which  is  indctNl  indicatt-d  l»\ 

the  figure),  for  each  of  the  }H>ints  f,  f  ,  l,  l\     The  «-aluc4  ol 

d: 
2  and  --"-  may  l>e  constructed  in  a  similar  manner. 

dt         ^ 

4h7.   It  ap|H»ars  from  the  construction  of  the  curves  repnp- 
SiMitcd  ))y  tit^nrcH  21  and  22,  that  when  the  product  ai  is  in* 

crraM'd  l»\  2/,    tlic  ordinate  v  and  the  velocity  - " ^  cxpmiH-d 

•   di  « 

hy  forn»ula»  (a)  and  (h)  n»sume  the  %ahu^  uhivh  ihev  hju\  U*- 

tore  this  ailditioii  of  2/.     'l*he  Mune  i«  the  cave*  \»ith  re^|Nrct  to 

dz 
the  value<i  <d  ;  an<l   ^.    (\in«»e<|uently,  at  the  end  of  jin  inter* 
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2/ 

▼al  of  time  equal  to  — ,  the  string:  reverts  to  the  same  state  re- 

latively  to  its  form  and  the  transversal  velocities  of  all  its  points. 

Therefore  in  a  vacuum,  if  the  points  a  and  b  be  firmly  fixed, 

the  string  will  perform  an  indefinite  series  of  small  oscillations, 

and  the  duration  of  each  oscillation,  which  the  string  takes  in 

21 
going  and  returning,  is  equal  to  —  •    But  the  resistance  of  the 

air  and  the  communication  of  a  part  of  the  motion  of  the  string 
to  its  extreme  points  a  and  b,  gradually  diminish  the  ampli- 
tudes of  its  oscillations,  and  at  length  eventually  destroy  them, 
without  however  sensibly  aifecting  the  isochronism ;  this  is  a 
result  similar  to  that  furnished  by  the  motion  of  the  pendulum 
in  the  air  (No.  190) ;  and  it  has  been  adverted  to  here,  as  a 
consequence  of  analysis,  that  has  been  confirmed  by  observa- 
tion(A).  Hence  if  t  denote  the  duration  of  an  entire  oscilla- 
tion or  vibration  of  the  string,  and  if  n  be  the  number  of 
vibrations  which  take  place  in  the  unit  of  time,  we  shall  have 

The  greater  the  number  of  vibrations  performed  in  a  given 
time,  the  higher  will  be  the  tone.  It  is  therefore  determined 
by  the  number  n,  which  is  evidently  independent  of  the  mag« 
nitudes  of  the  amplitudes  supposed  to  be  very  small.  For  the 
same  string,  this  number  is  proportional  to  the  square  root  of 
the  tension  to ;  for  two  strings  of  equal  thickness,  and  consisting 
of  the  same  materials,  the  weight  p  is  proportional  to  the 
leng^  /,  and,  when  the  tension  is  given,  the  number  n  is  in 
the  inverse  ratio  of  this  length ;  finally,  for  two  strings  of  the 
same  length,  and  equally  stretched,  n  is  in  the  inverse  ratio  of 
the  square  roots  of  their  weights.  These  different  laws  have 
long  since  been  confirmed  by  experiment.  Nevertheless  there 
are  cases  to  which  we  shall  shortly  advert,  in  which  the  string, 
in  consequence  of  its  initial  state,  is  divided  into  equal  parts 


2AH 


klUKATIOSS  or  A  ri-BXIULt  rrillNO. 


eonnpcted  l>y  painU  nhich  remain  ilnIn<l1'(^ab)p  daring  t 
tire  cotilinuancL- of  tl)<>  motion;  thi*  naam  tbr  tnoe  [ 
tionnlly  to  the  number  of  tlirae  nliqtiot  puts. 

If  Ihc  points  of  the  string  uv  not  actuBtcd  by  soy  nil 
relodiy,  ue  thall  karir  ftimply 


iJur  +  EV,    ^=5(tangrr/-t«igxr'/). 


It  i>  evident  from  a  consideration  of  tbc  fona  of  ibe  cv 
reprawntcil  by  the  figure  21,  tltat  when  at  u  wiy  multiple  of  i. 

tibfO  rdocity  -^  will  be  cipher,  wid  tbe  string  wQI 

e  figure,  but  tituatod  tn  poations,  whidt  uc  allc 
tbe  reverse  one  of  the  other,  acb  (fig.  S3)  I 
when  t  —  0,  it  will  be  likewise  it*  figure  and  f 
at  u  m  tvto  multiple  of/;  but  if  at  )ie  on  odd  i 
.  then  tlw  oonl  «iU  ■name  the  invetse  ptwtiati  ac'r,  < 
Y  web,  that  if  we  mahe  &o'  =  bd,  we  ahall  have  n'c' : 
in  tboM  two  extreme  potitiofts,  acii  and  aVb'  the  tnuisn 
relocilien  of  all  tbe  pointi  of  tbe  cord  will  he  dpber ;  and  tbc 
cord  will  tdte  )  t,  the  time  of  a  wnivibratioo,  to  pam  from 
tbc  one  to  the  other. 

468.  In  genervl,  tbe  parts  of  tbc  lines  mmmiiiJ  bj 

figures  SI  and  SS  are  not  tbe  analytical  producdoM  ib«  umt 

of  tbe  olber;  theee  Uom  form  ditremlimuma  corrca,  t^ 

I  ii  to  My,  curves,  all  wboae  points  are  not  mlijcetMl  is  tbe 

■mo  equation  between  tbe  abscbm  and  ondlnala ;  b«t,  ai 

tbe  pt^DU  of  junction  of  A|,  B|,  A,  a,  a',  n',  &o.  (fig,  tl),  a„  a,. 

A,  II,  a',  h',  &c.  (fig.  S3),  uf  two  dtflcrcnt  portions,  tbe  uu- 

g«nt  is  always  common  to  tbe  two  adjacent  parts.    Tbe  cone 

I  wUHts  to  the  initial  form  uf  tbe  tiring,  and  that  wfaicb  Mpr«- 

Pwis  tbe  law  uf  tlw  velocities  impreasod  on  all  its  poiois,  amy 

Hkeviae  be  dkoiuitinaoos  carres ;  praviiled  that  tn  <adi  of  ibe 

pabti  b  wUcb  tbeir  form  cfaaagw,  tbe  tangent  rnaiiaws 

atvartbelMa  tbe  sane  for  tb«  two  adjaesBt  parts.     Tb  n- 

■Irictlon  b  founded  on  this,  that  by  tbeir  natoR,  tbe  atisli 
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nting  force  of  a  material  point,  and  the  velocity  with  which  it 
is  actuated,  are  always  finite,  real  and  measurable,  so  that  in 
the  problems  of  dynamics,  the  functions  of  the  time  which 
express  the  velocities  and  accelerating  forces  of  the  different 
points  of  a  moveable,  can  never  become  infinite.     In  the  pre- 
sent case,  the  condition  relative  to  the  velocity  is  satisfied ;  for 
the  transversal  velocities  are  expressed  by  formula  (b),  by 
means  of  tangents  of  certain  angles,  multiplied  by  the  con- 
stant quantity  a ;  and  by  hypothesis,  these  angles  never  attain 
to  90%  but,  on  the  contrary,  are  always  very  small.    With  re- 
spect to  the  accelerating  forces,  they  would  become  infinite  in 
the  points  where  two  portions  of  the  curve  intersect  under  a 
finite  angle,  and  these  forces  would  increase  without  limit,  near 
to  similar  points  of  junction.     In  fact,  let  m  and  tnf  (fig.  20) 
be  two  points  of  the  string,  very  near  to  m^,  whose  distances 
from  this  point  we  shall  suppose  infinitely  small ;  and  let  the 
forces,  which  at  any  instant  whatever,  act  on  the  portion  mMfmf 
of  the  string  be  considered,  that  is  to  say,  the  tensions  which 
have  place  at  its  extremities,  and  which  act  in  the  direction  of 
mk  and  mfh'y  the  parts  of  the  tangents  at  m  and  m'.     If  these 
tensions  be  denoted  by  h  and  h',  and  the  mass  of  mni'm*  by  /ti, 
then  in  order  that  the  accelerating  force  of  this  small  mass, 
resolved  parallel  to  ab,  may  not  be  infinite  when  /u  is  infi- 
nitely small,  the  difference  h  —  h'  must  be  very  small,  and  at 
least  proportional  to  /»•     Moreover,  the  components  of  h  and 
h'  perpendicular  to  ab  and  parallel  to  the  axis  of  y,  will  be 

nf  ^J  and  h1^ J,  in  which  ^  is  substituted  for  ^,  as  in 

No.  483,  and  f ^J,  f^l  denote  the  values  of  ^,  at  the 

points  m  and  m'  respectively.     Hence  the  value  of  the  motive 
force  which  draws  ft  towards  ab,  will  be 


"(i)-'m 
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I  FLIXIIILR  xTBIXn. 


,  the  iliffen-ooc  of  which  sbould  be 


Therefbn-,  in  order  that  tho  contspouHag  luuikMlin 
force  may  not  be  flxtrcmely  ^reut,  and  bvoonM  fadfaiha,  «ha 
tho  nuus  ft  it  infinitely  small,  it  will  be  ueccwy  ifatt  tbi  tt 
fereiice  should  be  alao  rery  Bmall,  and  nt  Uott  proportiaHlK 
fi;  and  a^  the  quantitiis  it  and  u'  differ  alraadj  rmf  Stia 
from  each  otlicr,  thv  Munc  must  be  iht 

GO  »■■■'© 

mudl,  when  tlio  points  nt  and  m'  are  infinitely  near  M^> 
Therefore,  in  no  point  of  the  xtrinj^,  and  at  no  inataat,  natb 
tangent*  rjiA  and  ni'A',  at  two  points  infinitely  nnr  t» 
other,  iiitenecl  under  a  finite  anjrle;  which  wa*  reqeMk 
be  demonstrated. 

This  conclusion  will  likewise  obtain,  wheo  the  string  ii  op- 
posed of  two  partii  conHistiug  of  different  materials; 
point  of  junction,  tlic  ordinate  y  and  iu  diffeivntial 

z^  must  hare  constanllr  the  ume  raluv  for  these  two 

dx 

this,  like  the  constant  poution  of  the  extmae  poiata,  w31  te- 

nish  ihc  equations  that  arc  indispensable  br  the 

tiou  of  tbe  arlutraty  functions,  and  wtthoat  which  the 

of  the  problem  would  be  incomplete;  bmrvrer,  for  fwtlMris- 

formation  on  this  point,  the  reader  b  lefcned  to  tbe 

de  tBcolt  PoljfterhniqHt,  I8tb  Nnnber,  pife  442. 

489.  D'Alembert  was  tbe  fini  who  rcsotred  tbe 
of  vibrating  strings ;  tho  solution  which  ho  gave  was  that  wki 
has  been  detailed  in  tbe  precedbg  nombefs,  and  wUik 
fiMikded  on  the  integration,  in  a  finite  Ibm,  of  the  vpaA 

^^  s  "'sp'  '"*^  *^  question  nay  bealsoBolredfa 
nnsner  by  means  of  fbrmuU  (a)  of  Nov.  313. 
may  be  the  nature  of  tbe  giren  functions  fx  and  f j^ 
that  tbey  vanish  when  <  =  0  and  when  x  : 
tbe  fonaula  Jnst  dted. 
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^a:  =  •=•  2  (  \^  sin  — r-  (f^x'dx'j  sin  -p, 
^'a:=z  -  2  ^\    sin -y-  ^'7fdx\  sin-j-, 
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(a) 


all  values  of  a?,  fipom  a;  =  0  to  ar  =  /  inclusively,  that  is  to 
»  for  the  entire  length  of  the  string;  t  being,  as  in  No.  323, 
ositive  integer  number,  and  the  characteristics  2  indicating 
18  which  embrace  all  values  of  t,  from  t  z:  1,  to  t  =  x. 
the  other  hand,  it  is  easy  to  shew,  that  all  expressions, 
h  as 

y  =  (a  sin  a  a/  +  B  cos  a  a/)  sin  {ax  +  /3),  (b) 

sfy  the  given  equation(A) 


I,  a,  /3  being  arbitrary  constants. 
Hence  if  we  assume 


(c) 


yzzj^ \\    sm  — .-—  (^xfdx*\ sin -j- cos— |— 
.     2  _  /r/    .   ^Tra/.  , ,  A  1   .    tTTX  .    lira/ 


(d) 


value  of  y  will  satisfy  all  the  conditions  of  the  problem, 
f  consequently,  will  contain  its  solution.  In  fact,  each  of 
terms  of  the  sums  2  satisfy,  separatefy,  equation  (c) ;  con- 
lentfy,  as  thb  equation  is  linear,  these  sums  will  likewise 
ify  it.  If  in  formula  (d),  we  make  a;  =  0,  or  a;  =  /,  we 
e  y  =  0,  whatever  be  the  value  of  t ;  this  satisfies  the  con- 
m  of  the  extreme  points  of  the  string  being  fixed*  Finally, 
lula  (d)  gives  (i) 


dy      ^./r/  .    ivrx'  ,  ,j  \  .    iwx       iwat 

^ira  ^  fCl   .    iVa:'  .   , ,  -\  .  .    ivx  .    tvat 
p-  2  (\^  sm  — T—  (fkx'dx'j  t  sm  -psm  — - ; 


(e) 
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and  if  in  these  values  of  y  and  -^,  we  make  1  =  0,  diet  vili 

become  respectively  ^  and  ^'x,  in  virtue  of  equation  (a) ;  tii$ 
satisfies  the  initial  state  of  the  string  in  all  its  generality. 

We  are  indebted  to  Lagrange  for  this  other  solalioa  d 
the  problem,  who  has  also  demonstrated  that  it  cotncides  will 
that  of  D*  Alembert. 

Previously  to  the  time  of  Lagrange,  D*  Bernoulli  bad  al- 
ready solved  the  problem  of  vibrating  strings,  by  yf  TP*!"f  far 
y,  a  value  composed  of  terms  comprised  in  formula  (b),  mi 
which  are  subjected  to  become  cipher,  when  x  =:  0  and 
X  =  /,  that  is  to  say,  by  means  of  the  expression, 

wat   .  w€U\  .    irx 

+  Bcos-y-Jsin-j- 


(.    wc 
ASm-y 

+  I  A'sm— J 


2wat        ,       2ira/\   .    2irx 
+  b'cos  — 7— )  ttn  — j- 

/    ,  .   3wai  ^     „       :iwai\   .   3irx 

-f-  I  A"sm— y—  -f  B"cOS— y- 1  SIB—  - 


(0 


+  &c. 

in  which  a,  a',  \'\  &c.,  b,  h^  b",  ^c,  are  arbitrary  constant*- 
In  order  that  this  solution  may  l>e  complete,  thesi*  coeAci«nt» 
should  be  determined  by  means  of  an  initial  state  of  the  *tnni 
which  is  arbitrarily  ^ven  ;  but  thin  (a**  far  at  loa^t  &«  thr 
analysis  was  concenu*d)  con>titiittMl  the  princi|>al  dificulty  tft 
the  qucHtion  ;  otherwise,  thin  formula  {()  enable^  u«  to  deter- 
mine the  diflfiTent  modes  of  transvorsal  vibrations  of  muMal 
stringH,  and  the  laws  of  tlu*sc*  vibrations. 

490.  Formula*  (d)  and  (r)  indicate  tht*  laws  oi  mociiie 
o(  a  vibratinj^  strinjj  which  wrre  statetl  in  Nii.  4*^7  ;  tlK) 
liki*wisi*  •^hcw,  that  the  tone  may  somt'tiuK*s  n^\  as  «i« 
obMTvrd  in  that  nuniluT,  and  n  the  niimlMT  ot  «'ibrati«ms  |vr- 
formetl  in  thr  unit  of  tinu'.  brcomo  a  multiplr  i»l  it!i  ^i*::rrii 
valut',  uithont  tin*  t(-nM«)ii  nf  thr  c«(rii  undrr^ninv;  ai!\  c^j:  «i 
In  lat't,  itm*  ^nppiiM*,  that  tlu*  talui*^  «»!  ^i'au*!  y  2  xr> 
such  that 
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JJ^8ini!^dx'=0,      yQ^Vsini^dx'=0,       (g) 

for  all  values  of  t,  which  are  not  multiples  of  a  given  number 
171,  conditions  which  can  be  satisfied  in  an  infinite  variety  of 
different  ways  ;  formulae  (d)  and  (e)  will  only  contain  sines  and 

cosines  of  the  multiples  of  — j — ;  consequently,  the  state  and 

position  of  the  cord  will  become  the  same,  whenever  a/  is  in- 

2/ 
creased  by  a  multiple  of  — ;  and  from  the  value  of  a  given  in 

tna 
No.  483,  it  is  evident  that  the  number  n,  on  which  the  eleva- 
tion of  the  tone  depends,  (No.  487)  will  be 

that  is  to  say,  it  will  be  increased  in  the  ratio  of  m  to  unity. 
In  this  case,  formula  (d)  will  only  contain  the  sines  of  the 

multiples  of  —j— ;  we  shall  therefore  have  y = 0,  for  n,  n^,  n'^, 

&c.,  the  equidistant  points  of  the  cord  (fig.  24),  which  corres- 

I         21        31 
pond  to  xzz—j  =  — 9  =:  — ',  &c.;  so  that  these  points,  the 

number  of  which  is  m  —  1,  will  remain  immoveable,  during 
the  entire  continuance  of  the  motion,  like  the  extreme  points 
A  and  B.  On  this  account,  the  points  n,  n^,  n^^,  &c.,  are 
termed  nodes  of  vibration.  At  the  commencement  of  the 
motion,  they  will  not  be  actuated  by  any  velocity,  and  will 
not,  therefore,  deviate  from  the  line  ab.  acn,  nc'n',  n'c"n'', 
&c.,  the  parts  of  the  string  which  are  situated  alternately  on 
one  side  or  the  other  of  ab,  will  vibrate'  as  detached  strings 

whose  leng^s  an,  nn',  n'n",  &c.,  are  equal  to  — ,  and  of  which 

the  isochronous  and  simultaneous  vibrations  will  be  performed 

in  a  time  equal  to  —  • 
^  ma 
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The  simplest  manner  in  which  the  conditions  ezpramdhv 
equations  (g)  can  be  satisfied,  is  by  takin{^,  for  example^ 

^j:=  Asm— T-**     ♦*  =  0; 

h  being  a  given  constant.  This  implies,  that  the  pohli 
of  the  string  are  not  actuated  by  any  initial  velocitacti  aad 
that  at  the  commencement  of  the  motion,  it  consisicd  of 
m  equal  parts,  which  are  situated  alternately  on  one  side  or 
the  other  of  au.     Each  of  these  parts  of  the  cun'e  is 


a  trochoid^  the  length  of  which  is  —  and  the  height  k{k).  Is 


this  case,  the  value  of  y  in  formula  (d)  is  reduced  to  the  fint 
term  of  the  second  member,  which  corresponds  to  i  =  m.  Ii 
the  integration  be  performed  relative  to  x\  we  have«umply(:<. 

,    .    mwx        mwai 
y^Lh  sill  -- T—  cos  — J —  ; 

therefore,  during  the  entire  continuance  of  the  motion,  the 
figure  oi  thi»  cord  is  composed  of  a  !mml>or  m  of  lr«K'h«>iiU,  A 
a  constant  liroadth  and  varial)le  hei<;ht  ;  and  when  at  \s  an 

odd  multiple  of  — ,  it  coincides  with  the  line  au.     This  rar- 

2;/i  ' 

ticular  solution  of  the  problem  of  vibrating  strings  wa^  the 

one  given  by  Taylor,  before  the  geiiend  iMiIution  was  known. 

41U.   All  that  has  been  statetl  relativelv  to  tmnsven^  vi* 

brations,  may  be  immediately  applied  to  longitudinal  vilira- 

tions.     For,  in  order  to  have  at  any  instant   \«hatever.  thi- 

expression  of  the  varial>Ie  w  of  No.  4>2,  it  is  only  n«-ct*«sar^ 

to  substitute  in  that  which  has  l>e«*n  found  for  jy,  the  ci)iiM.in( 

a  of  No.  Ax\\  ill  place  of  a.     Then  we  should  take  for  ^r  tho 

displaivment  of  the  point  M  (fig.  20).  at  the  i>inimeiict*mrn( 

t»f  the  ni<»ti(>ii,  in  the  diri^etionof  tlie  leni^th  of  the  ^^trini^.  thit 

is  to  H;iy,  the  initial  vahu*  of  Mr  ;  anil  ^'r    \k\\\  «'\pr«-«%  the 

initial  velocity  of  the  |N>int  >!•  \ihieh  \^ili   Ih*  in  the  ilirtvti'^n 
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B  or  MA,  according  as  it  is  positive  or  negative.  These 
nctions  ff^x  and  <p^x  will  be  given  arbitrarily  from  x  =:  0  to 
=  /;  and  if  they  change  their  form  in  this  interval,  it  is 
H^essary  that  for  those  values  of  x  in  which  this  takes  place, 
ich  of  these  functions,  and  its  differential  coefficient,  should 
3twithstanding  have  the  same  values  in  the  two  adjacent 
uts  of  the  string. 

It  follows  from  this,  that  if  t  be  the  entire  duration  of  a 
ingitudinal  vibration,  that  is  to  say,  the  interval  between 
ivo  identical  states  of  the  string,  and  n'  the  number  of  vibra- 
ons  in  the  unit  of  time,  we  shall  have  (No.  487), 

a  gq  pi 

This  number  n\  and  the  tone  which  it  determines,  do  not 
epend  on  the  tension  w;  however  it  appears  from  obser- 
ation  that  the  longitudinal  tone  is  raised  a  little  when  the 
^nsion  is  increased ;  which  must  be  attributed  to  the  circum- 
tance,  that  while  the  length  of  the  string  comprised  between 
he  points  a  and  b  remains  the  same,  its  weight  p  diminishes 
ecording  as  it  is  more  stretched. 

492.  It  appears  from  a  comparison  of  this  number  n\  with 
hat  of  the  transversal  vibrations  of  the  same  string,  that 


w 


o  that,  when  every  thing  else  is  the  same,  the  tone  pro- 
luced  by  the  longitudinal  vibrations  will  be  acuter  than  that 
vhich  corresponds  to  the  transversal  vibrations  in  the  ratio  of 

/g  to  V^tr. 

The  weight  q  is  the  tension  which  should  be  employed  in 
)rder  to  double  the  natural  length  of  the  string,  on  the  sup- 
position that  the  law  of  its  extension  is  constant.  In  fact, 
f  for  a  g^ven  tension  a,  the  length  of  any  part  of  the  string  is 
increased  in  the  ratio  of  1  +S  to  1,  the  element  adjacent  to 
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the  point  m,  which  experiences  successively,  the  tcmiow  r 
and  T,  in  the  state  of  equilibrium,  and  in  the  state  of  nocioa. 

will  be  increased  in  the  ratio  of  1  to  —  and  of  1  4-  —  to  onitt 

respectively  ;  therefore,  the  lengths  dx  and  djf  in  these  t«o 

states,  will  be  to  each  other  as  zi  +  Sm^  is  to  a  -f  cT,  so  that 

we  shall  have 

ds       a  +  St 


dx        A  +  ?!£•  ' 


hence  we  obtain 


ds^dx  ^  S(t— ir) 

the  square  of  the  fraction  S  being  neglecte<l.  Therefore,  btm 
the  values  oids  —  dx  and  of  t  —  k*  given  in  No.  483,  we  tbill 
have 

A 

consequently,  7  will  be  the  tension  which  corresponds  to  jr  1, 
or  which  will  double  the  length  of  the  cord,  if  its  lengthes* 
ing  always  increanes  unifornily(/). 

As  w  the  tension  of  a  musical  string,  is  always  conskkt- 
ably  less  than  what  is  requisite  in  order  to  double  the  length* 

it  follows  that  the  ratio  y    -,  which  is  equal  to  — ,  is  alwa\'« 

w  ^  n 

very  great ;  it  may  bi>  determineti  a  priori^  from  knowing  the 

increasi'  of  length  produced  by  the  tension  m%  and  mcttsuR^i 

directly ;  for  if  this  increase  of  length  be  denoted  by  7,  we 

shall  have, 

7  A 

since  cl  is  that  which  corres|H>nds  to  the  tension  a  ;  and  hv 
substituting  thin  value  of  w  and  that  of  q  in  the  exprv»«ioa  ol 
-,  there  resultn, 


":  =  v/': 
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iience  we  obtain,  conversely, 


=(#• 


n 
for  the  value  of  y,  the  increase  of  length,  when  that  of  —,  is 

known* 

This  simple  relation  between  the  number  of  longitudinal 
vibrations  and  that  of  transversal  vibrations  of  the  same  string, 
has  been  verified  by  an  experiment  made  by  M.  Cagniard- 
Latour  on  a  very  long  string,  the  transversal  vibrations  of 
which  were  visible  and  sufficiently  slow  to  permit  him  to 
reckon  them. 

II.  Longitudinal  Vibrations  of  an  Elastic  Rod. 

493.  We  shall  suppose  that  this  rod  is  homogeneous,  and, 
that  in  its  natural  state,  it  is  either  of  a  prismatic  or  a  cylindrical 
form ;  figure  25  then  represents  a  section  made  through  the 
mean  filament  ab,  that  is  to  say,  through  the  line  which 
passes  through  the  centres  of  gravity  of  all  the  sections  of  the 
rod  perpendicular  to  its  length  (No.  314).  If,  for  example, 
the  rod  is  a  cylinder  with  a  circular  base,  ab  is  its  axis  of 
figure ;  its  diameter  is  very  small,  and,  in  all  cases,  the  dimen- 
sions of  the  normal  sections  are  very  small  relatively  to  the 
length  of  this  line ;  but  they  are,  however,  sufficiently  great  to 
enable  the  rod  to  resist  the  flexion,  so  that  it  may  be  what 
has  been  termed  an  elastic  rod  in  No.  306.  In  the  longitudi- 
nal motion  of  this  rod,  which  we  propose  to  consider  first,  all 
the  points  that  belong  to  the  same  normal  section  will  have, 
at  each  instant,  the  same  velocity  parallel  to  ab  ;  so  that  it 
will  be  sufficient  to  determine  the  motion  of  any  point  what- 
ever of  this  line,  such  as  m. 

Let  a  fixed  point  c  be  taken  on  this  line,  and  let  x  denote 
the  distance  cm  in  the  natural  state  of  the  rod ;  this  distance 
will  be  positive  or  negative  according  as  m  appertains  to  the 
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part  CD  or  to  the  part  ca  of  ab.  In  the  state  of  motkiB»  kt 
m'  be  the  position  which  m  assumes  at  the  end  of  the  tne  U 
tlion  if  MM^  =:  u^  it  should  be  considered  as  positiTe  or  negk^ 
tive,  according  as  this  displacement  has  place  on  the  side  of 
B  or  on  that  of  a,  hence  we  shall  always  hare  cm'  =  z  -f  i. 
It  is  proposed  to  determine  the  value  of  m  in  a  fiuictioQ  off 

and  t. 

Let  p  denote  the  weight  of  the  rod,  /  its  leng^  ab,  and  g 
the  gravity.  In  the  natural  state  of  the  rod,  the  mass  of  the 
element  which  corresponds  to  the  point  M,  and  whose  Icsftk 

is  dXf  is  ^-j-y  this  mass  will  not  undergo  any  change  during 

the  motion ;  and  if  the  clement  is  solicited  by  an  aoceleratio|: 

force  such  as  x,  acting  in  the  direction  m'b  or  m%  accordiag 

as  it  Li  positive  or  negative,  its  force  lost  during  the  instant  H 

will  be 

pdx 


pdx  f       (Ph\ 


Let  T  denote  the  tension  of  the  same  clement  acting  at  in 
extremity  m',  and  which  will  ho  positive  or  nogative,  according 
ns  it  is  directod  from  within  the  nxl  outwanls  or  from  without 

inwanU  ;  t  +  -:-c/x  will  express  the  ti»n'*i4>n,  \Oiich  will  act  at 

the  othor  extremity,  in  an  op|>ositc  dircciion  fn»m  that  of  T ; 
conso((uciuly,  it  will  be  drawn  in  the  direction  m'b,  by  a  force 

onual  to  -r-'/j",  and,  in  order  that  thiN  force  and  the  precvdinx 

may  be  in  eciuilibiio,  wc  ^houId  have 

which  agrei*s  with  o(|uation  (a)  of  No.  l\\C*. 

It  i^  noc<"*?iiiry  !H»^idi"%,  that  at  the  two  oxtremitii**  \  and  h, 
the  value  of  t  nhftuld  l)e  e<ju;il  to  a  {urtienlar  tortv,  uhich  will 
act  in  the  direction  of  ah  at  the  i-xtremitv  \,  and  in  that  -A 
the  |>ro<luction  of  \ii,  at  the  extremity  i*. 
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494.  As  the  natural  length  of  the  element  under  conside- 
ration is  cbCf  and  as  its  length  becomes  dx  +  du^  when  it  is 
subjected  to  the  tension  t,  we  shall  have 

du 

q  denoting  a  constant  coefficient,  the  value  of  which,  given  by 

observation,  will  be(m) 

A 

if  S/  denotes  the  entire  lengthening  of  the  rod,  when  it  is  sub- 
jected to  a  constant  and  given  tension  A  (No.  492).  If  no 
given  force  acts  on  the  points  of  the  rod,  then  we  should  make 
X  =:  0  in  the  equation  of  the  motion,  and,  by  substituting  for 
T  its  value,  there  will  result 

dPu        ^d^u  .  . 

dF^^'d?^  ('> 

in  which,  for  conciseness,  we  make 

p 

Moreover,  if  t;  be  the  velocity  of  the  point  m^,  and  s  the 
dilatation  of  the  rod  at  this  same  point,  we  shall  have 

du  du 

''=dt'  '  =  ;&'  ''=^'' 

When  the  value  of « is  negative,  this  dilatation  will  be  changed 
into  a  contraction ;  and  the  tension  t  will  act  in  the  direction 
M^A,  or  in  the  direction  mb^,  according  as  the  rod  is  dilated  or 
contracted. 

Hence  then  the  state  of  the  rod,  at  any  instant  whatever, 
will  be  known,  when  u  shall  have  been  determined  in  a  func- 
tion of  2;  and  t ;  but,  in  order  to  obtain  its  value,  equation  (1) 
should  be  combined  with  those  which  refer  to  the  initial  state 
of  the  rod  and  to  its  extremities.  Now,  when  ^  =  0,  we  shall 
suppose  that 
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so  that  fx  and  f'x  may  be  functions  arbitrarily  given  tnm 
or  =  0  to  X  =  /,  c  being  taken  as  the  initial  position  of  a. 
Moreover,  it  is  necessary,  that  at  each  Jlxed  extremity  of  the 
rod,  u  should  be  equal  to  cipher  during  the  entire  continiiaiicc 
of  the  motion ;  and  t  will  then  express  the  pressure  which  thi« 
fixed  point  will  have  to  sustain.  In  like  manner  it  is  requi- 
site that  at  each  free  extremity,  which  is  not  solicited  by  anv 

du 
given  force,  we  should  have  t  =  0,  or  -?-  =  0,  for  all  values 

o(t. 

495.  This  system  of  equations  may  be  resolved  in  the 
same  manner  as  those  which  refer  to  vibrating  strings,  cither  by 
setting  out  from  the  integral  under  a  finite  form  of  eqoatioo 
(1),  or  by  formulae  similar  to  those  of  No.  489.  The  faUov- 
ing  are  the  results  which  correspond  to  the  different  hypochcMi 
that  may  be  made  on  the  state  of  the  extremities  of  the  rod. 

Ist.  If  the  two  points  a  and  b  are  fixed,  the  given  fuiie- 
tions  ^x  and  ^'x  must  be  cipher,  when  x  =  0  and  when 
X  =  /,  and  we  shall  have,  as  in  the  number  citetl, 

+  —  2:  (  \,,  sui~7'6Vrfx' )  -  sin  —7-  sin   -t—  . 

As  often  as  at  is  increased  by  2/,  this  value  of  «,  and 
those  of  r  and  $  which  may  be  deduced  from  it,  and  eoos^ 
quently  the  state  of  the  rod,  become  the  same  as  befafe ; 
hence,  it'T  denote  the  time  of  an  entire  vibration,  and  a  the 
numl>er  of  vibrations  in  the  unit  of  time,  we  »hall  have 

T  =  H/  =  -iV^.     -  =  il/^; 
a  ijn  pi 

HO  that  the  tone  \%ill  be  the  same,  as  if  the  rod  wa»  a  firiibW 
•string  vibrating  longitudinally. 
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2ndly.  If  the  point  a  is  fixed  and  the  point  b  entirely  free, 
he  functions  ^  and  ^'x  must  be  cipher  when  xzzOy  and  we 

mst  also  have  -~-  zz  0  when  a:  =  / ;  the  expression  for  u  will 

1  this  case  be 

Q  which  the  sums  indicated  by  2,  extend  to  all  the  values  of 
he  integer  number  t\  from  i  =z  0  to  t  =  x.  In  &ct,  all  the 
erms  of  this  value  of  u  satisfy  equation  (l)(n) ;  they  fulfil, 
rhatever  be  the  value  of  i^  the  conditions  ti  =  0  when  x  =:  0, 

nd  -T-  =  0  when  xn  Ij  which  answers  to  this  second  case ; 
dx 

ndy  for  /  =  0,  we  obtain  from  it 

rhich  we  know  is  in  fact  the  case,  in  virtue  of  equation  (7) 
f  No.  326. 

The  value  of  « ,  and  those  of  s  and  v  which  are  deduced 
irom  it,  will  become  the  same  as  often  as  at  is  increased  by 
my  multiple  whatever  of  4  / ;  consequently,  if  if  denotes  the 
luration  of  an  entire  vibration  of  the  rod,  or  the  interval 
omprised  between  two  consecutive  returns  of  the  rod  to  same 
tate,  we  shall  have 

T  ZZ,  . 

a 

This  duration  is  therefore  double  of  that  which  has  place 
n  the  first  case,  and  the  number  of  vibrations  in  the  unit  of 
ime  will  be  only  half.  Consequently,  the  longitudinal  tone 
»f  a  rod  fixed  at  one  end  and  free  at  its  other  extremity,  is  an 
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octave  below  the  tone  of  the  same  rod,  when  fixed  at  its  ti« 
ends,  which  is  in  fact,  confirmed  by  experiment. 
3rdly.  Finally,  if  the  rod  be  free  at  both  ends,  the  ralaeiii 

--^  must  be  cipher  for  a;  =  0  and  z  =  /,  and  we  shall  htn 

in  this  case 


in  which  the  sums  indicated  by  S,  extend  as  before,  lo  all 
values  of  the  integer  i,  from  t  =  1  to  i  =:  ». 

This  value  of  u  satisfies,  in  Eact,  equation  (1),  and  abotkt 

condition  ---  =  0,  for  x  =  0  and  x  =  /,  which  oueht  to  hav< 

ax 

place  in  this  thini  case,  whatever  be  the  value  of  I.     For  I  s  #• 

it  gives 

which  agrees  with  formula  (S)  of  No.  32*^o}. 

When  V    ^'x'djf  does  not  vanish,  the  rod  has,  inde{vn- 

deiilly  of  its  vibrations  a  uniform  progri'S'^ivo  mtition,  th* 
common  velocity  of  all  who^^e  points  is  inpial  !•>  tlii<  iut«x'^l 
dividcHi  by  /.  If  it  Ik*  *iU|iposi*(|  ciplier,  the  ro.l  \«ill  n'\ort  lo 
the  Hiune  stale,  for  nil  valuer  of/  wliieh  <lilTer  by  a  muliiplc 

2/ 

of  ■     :  HO  that  the  dunition  of  each  of  \\<  vibration^,  and  th\-ir 

a 
mimlii-T  in  the  unit  (»f  time,  uill  Ih*  the  name  'jl<  in  tiie  fir^t 

ease.      It  follovin,  therefore,  that  the  tone  of  a  nni  fixeti  at  il9 

two  eiitls  IH  in  mmmom  Hith  that  of  the  same  rod  entircK  £kv, 

^%hieh  likeuisi^  nt^rces  uith  e.\|HTitnfnt. 

It  is  tn  In-  iiliMt^rd,  that  in  uli.i'  pretctL^.   it  i«  tmiy   ^L* 
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imdamentcJf  or  lowest  tone,  of  an  elastic  rod,  that  has  been 
onsideTed.  The  remark  made  in  No.  490,  on  the  nodes  of  the 
ibrations,  and  on  the  elevations  of  tone  which  correspond  to 
hem,  may  be  easily  extended  to  the  motion  of  this  rod,  in 
ach  of  the  cases  that  have  been  examined. 

496.  When  the  rod,  the  longitudinal  motion  of  which  has 
^een  considered,  extends  indefinitely  on  each  side  of  the  point 
;,  it  will  be  no  longer  necessary  to  take  into  account  what 
€0018  at  its  two  extremities,  and  the  values  of  the  velocity  r, 
nd  of  the  dilatation  s,  relative  to  any  point  and  instant  what* 
ver,  may  be  immediately  deduced  from  the  integral  of  equa- 
ions  (1)  under  a  finite  form,  in  which  it  will  be  sufiScient  to 
letermine  the  two  arbitrary  functions,  by  means  of  the  initial 
tdues  of  V  and  s,  which  will  be  given  in  functions  of  x. 

This  integral  is 

u  =:  <p(x  +  at)  -{-  \p (x  ^  at) ; 

a  which  f  and  i/^  indicate  the  two  arbitrary  functions. 
We  obtain  from  it,  at  any  instant  whatever, 

du  ^    _     fd^(x  +  at)      dp(x^at)\ 

A-^^'-'^V      ^  di      r 

du  ^    _  d^  {x  +  at)      d{p(x^  at) 
dx^    ^         dx  dx        * 

When  ^  =  0,  we  suppose  that 

V  =yi,    9  =  Fa:. 

In  the  case  under  consideration,  these  two  functions  will 
e  given  for  all  positive  and  negative  values  of  the  variable ; 
y  making  /  =  0  in  the  preceding  formulae,  we  shall  have 

d^x         d\px  ^  ^      d(px      dxpx  ^ 
dx  dx   ""      ^      dx         dx   '^      ^ 

enc«  we  obtain 

d^x      ,        .    1   ^       d\L.v       ,  1    ^ 

dx        *  2a  ax  2a 
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andy  consequently, 

-ii^^-i  =  iF(x +  ar) +  5^/(,  +  al). 

Therefore,  whatever  be  the  values  o(i  and  x,  we  shall  hare 

r  =  i/(i^  +  ai)  +  J/(x  -  at) 

,  =  J^/(x  +  a/)-J^/(r-a/) 
+  iF(x+aO-iF(j  +  aO; 


<1^ 


these  formulae  enable  us  to  determine  the  state  of  the  rod  U 
any  instant  whatever;  and  thus  the  problem  is  complddr 
solved. 

497.  By  means  of  these  equations  (2),  the  lavs  of  the 
propagation  of  sonorous  waves  along  an  elastic  rod  can  he  o^ 
taiiKHi,  and  in  general,  along  an  homogeneous  ^ilid  har  oi 
indefinite  length,  whose  sections,  iH'r|K»ndicular  to  its  Icn^b, 
arc  every  where  ecjuid,  and  of  small  extent. 

If  the  sound  issues  from  the  point  c,  the  bar  will  be  aip- 
tate<i,  at  the  commencement  of  the  motion,  through  an  incoo* 
sideral)le  extent  on  each  side  of  this  point.  If  the  len^  tif 
the  primitive  agitation  be  denoted  by  2a>  the  function^^yxaiid 
Fx  will  be  cipher  from  x  zi  a  to  x  =i  x  ,  and  I'mm  x  =:  -*  «  to 
X  =:  —  X  ;  they  will  l>e  given  arbitrarily  and  independentiv 
of  each  other,  for  all  values  of  x  compri«etl  lH*twoi*n  x  «;  aad 
likewise  the  funetions  /{x  +  fi/),  /{x  —  r//K  »  'x  +  o/U 
Ftr  — ///),  A\ill  not  have  values  ditferent  fri«!n  irro,  excrpi 
when  J-  -f  tit  or  .1  -—  a/«  the  cpiantity  eontained  umier  the  ^^n 
y'or  I,  in  i^rrattT  tli:in  —  a,  and  li*s»  tlian  o.  rei^urd  In-ini;  h*i 
to  the  signs,  uiid  tlie  cpiantity  ci  being  al\\a\s  eon^iderxxl  &« 
|H)sitive. 
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From  this  it  appears  that  when  at  surpasses  2  a,  we  shall 
have  r  =  0  and  *  =z  0  for  all  points  contained  in  the  extent  of 
the  primitive  agitation ;  so  that  the  motion  of  this  part  of  the 

2a 

bar  will  only  continue  for  a  time  equal  to  — .     We  shall  have 

for  any  point  m  situated  beyond  the  sphere  of  this  agitation, 
and  on  the  side  of  the  positive  X8. 

X  >  a,    f{x  +  at)  =  0,     F  (a?  4-  a^)  =  0 ; 

and  equations  (2)  will  be  reduced  to 

V  =  \f{x  —  a/)  —  ^  F  (a:  —  at)  ; 

j»  =  -  ^/(a:  -  a/)  +^Y{x-at)\ 

hence  there  results 

r  =  —  a*. 

As  long  as  2?  >  a^  -f  a,  these  values  of  v  and  8  will  be 
cipher ;  and  they  will  become  so  again  when  x  jLcU  -^  a\ 

after  the  lapse  of  a  portion  of  time  equal  to ,  the  agita- 

2a 
tion  will  reach  the  point  m,  its  duration  will  be  — (p)\  and 

the  length  of  the  part  of  the  bar  which  will  be  agitated  all 
at  once,  will  be  2  a.  The  same  results  obtain  on  the  side  of 
the  negative  values  of  x. 

Thus,  on  each  side  of  the  primitive  agitation,  a  sonorous 
wave  will  be  produced,  the  extent  of  which  will  be  constant 
and  equal  to  that  of  this  agitation,  and  it  will  be  propagated 
with  a  uniform  velocity  equal  to  a.  The  velocities  with 
which  the  points  of  the  bar  are  successively  actuated,  will  not 
vary  with  their  distance  from  the  place  of  the  primitive  agita- 
tion ;  so  that  the  intensity  of  sound,  which  depends  on  the 
magnitude  of  these  velocities,  will  be  constant,  and  will  not 
become  feebler  according  as  it  is  propagated  farther;  this 
arises  from  the  circumstance  of  the  propagation  taking  place 
in  a  cylindrical  or  prismatic  bar. 

VOL.  II.  2  M 
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In  the«ztent  ofawooroiu  wftre,  tbs  T«k}cHy  wQImiW 
as  in  all  the  pmnU  of  the  primitive  ajpuuioa,  indcpaUHl  < 
Ute  corfMipondln(t  diUtadon ;  for  th«  tmt  will  be  pinpottiaail' 
the  other,  in  virtue  of  the  equation  r  =  —as,  from  whtcb  S  • 
pean  that  r  the  velocity  of  m  any  point  whatever,  is  a  6a* 
of  the  velocity  of  propagation,  expresaed  by  m  the  dlhiid 
which  corrwpondf  to  the  same  point,  and  that  the  pnp"  ■ 
tion  of  M  will  take  place  in  the  contrary  dirvetion  to  tlnl  irfl 
t  propaf^tion,  or  in  the  4&me  din-ctinn,  Bcn)rdin|r  as  ihefi  k 
dilatation  or  condensation  at  this  ]toint. 

It  is  of  importance  to  observe  that  it  ia  In 
tlus  relation  iK-tween  r  and  t,  each  aonorofB  van  tbt 
produced  is  not  dividrd  into  two  otbum,  hot  h 
one  sole  direction.     In  like  manner,  if  thia  relatioii 
the  entire  extent  of  the  primitire  ajptatioa,  the  bi 
only  be  propapited  on  one  ude.     Thus,  if  we  mpi 
Jie=  —  arx,  equations  (3)  will  be  reduced  lo 


r=/(jc  — o*),    a  = 


^(--.<)= 


therefore,  for  negative  valoeaof  j:,  and  which  ari^  atNtncli 
from  the  Mgn,  {^atcr  than  —  a,  we  shall  hav«  v  =  0^  I 
a  =  0  ;  so  that  the  motion  will  not  be  propagated  bty—d  I 
extent  of  the  primitive  a^tation  on  the  side  of  tba  Mp* 
values  of  j:.  This  will  likewise  be  t]iecas«  on  tbccldaaf  i 
positive  values  of  x,  when  ^  is  «app«Med  to  be  equal  to  <r 

It  appears  fian  No.  495,  that  a,  the  velocity  «i_ 
pagation  of  aouml  in  an  Indefinite  bar,  may  be 
the  duration  of  the  longitudinal  vlhrationa  of  i 
rannating  of  the  sane  materiaK  umI  having  a 
If  tbla  rod  U  supposed  to  be  fixed  or  free  at  Its  two  i 
the  value  ofa  will  be  equal  lo  twice  its  length  di 
dnratioB  of  each  of  its  vibrations,  which  dutatioa 
fron  their  ntunber  in  the  unit  of  time,  and.  ronseq< 
the  lewMt  tone  of  the  rod ;  if  the  rod  was  fixed  at 
«xtr«iidty,  the  result  of  this  divWoa  should  be  doabM. 
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498.  If  the  bar,  instead  of  extending  indefinitely  in  the 
irection  of  the  positive  values  of  x^  is  terminated  at  a  point  b, 
tuated  beyond  the  extent  of  the  primitive  agitation,  the  sound, 
Rter  having  reached  b,  will  be  reflected  towards  the  point 
;  and  there  will  be  an  echo  at  this  point  b,  whether  it  be  sup- 
Dsed  to  be  fixed,  or  entirely  free. 

If  the  distance  cb,  which  will  be  greater  than  a,  be  dem- 
oted by  c,  and  if  b  is  a  fixed  point,  we  must  have  always 
=  0,  when  or  =  c.  Now,  this  condition  can  be  satisfied  by 
ibstituting  for  formulae  (2)  the  following, 

V  =  i/(a?  +  at)  +/{x-'at)  -  i/(2c-a:-a/) 
+  1  F(a?  +  a/)-?F(a?  — a^)  +  |F(2c-a:-aO, 

+  J  F(a?  +  a/)  +  i  f{x  -  aO  +  i  F(2c-a:— a/), 

hich  expressions  continue  to  represent  the  initial  state  of  the 
ar ;  and  the  value  of  u  which  may  be  obtained  by  means  of 
le  equations 

du  _        du 

dt^""'    S"*' 

ill  continues  to  satisfy  equation  (I). 

In  &ct,  as  the  variable  x  cannot  be  greater  than  c  for  any 
oint  of  the  bar,  and  as  c  surpasses  a,  we  have  2c  —  a; >  a, 
ad,  consequently, /(2  c  —  a?)  =  0  and  f  (2  c  —  a:)  =  0 ;  hence 
lere  results  v  =/x  and  s  =  fx,  when  ^  =  0.  And  since 
>  o,  we  have  also/(c  +  aO  =  0  and  f  (c  +  a/)  =  0  ;  conse- 
iiently ,  we  have  r  =  0  when  xzzc  whatever  be  the  value  of  i. 

inally,  we  have  identically  -f^rnl  and  the  value  of  tt(y),  the 

implete  differential  of  which  is  vdi  +  sdxj  will  be  the  sum  of 
function  of  x  ^  at  and  of  a  function  of  a;  +  at,  which  will, 
>nsequently,  satisfy  equation  (1).  This  being  established, 
FT  a  point  M  such  that  x  >  o,  the  quantities  /(x  +  ^0  ^^^ 
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p  (j;  +  ai)  will  be  cipher,  and  the  preceding  valoet  of  v  aod  i 
will  be  reduced  to 

r=i/  +  r„    *  =  —  -+-, 

a      a 

by  making,  for  conciseness, 

i/(x-a/)-^F(x-.a/)=c', 

The  quantity  v*  ceases  to  be  cipher  when  ai  >  je— • ;  it  be> 
comes  so  again  for  a/  =:  x  +  a ;  the  time  continuing  to  m- 
crease,  9|  ceases  to  be  cipher  for  a/  ==  2c  —  x  —  «,  and  will 
become  so  again  for  a/  =:  2c  —  x  -f  a ;  hence  it  foUowi  thil 
the  point  m  will  experience  two  agitations  separated  the  oac 

from  the  other  by  an  interval  of  time  equal  to  ^^^ — -— . 

The  first  will  be  the  direct,  and  the  second  the  reflected  sound: 
the  intensity  of  each  of  them  will  be  the  same,  and  they  will 
l)€  propagated  with  the  same  velocity  a ;  and  as,  agreeably  to 
the  direction  of  the  propagation,  the  one  corresponds  Co  r  •  aoii 
the  other  to  —  ri,  it  is  evident  that  the  same  relation  eti«u. 
for  each  of  them,  between  the  pro|>er  velocity  of  the  ptnnt  n, 
and  the  positive  or  negative  dilatation  with  which  it  1%  accoa»- 
panied.  The  same  n^sults  are  obtained  when  the  ptuiii  b  i« 
Nuppose<l  to  be  entirely  free,  in  \ihich  case  we  mu»t  hare 
constantly  x  z:  0  for  x  =  r. 

These  laws  of  the  profMigatioii  or  reflexion  of  sound  in  i 
Holid  bar,  obtain  e(|ually  in  the  case  of  air  containiM  in  a  v<Ty 
narniw,  cylindrical,  tir  priMnatic  i*anal.  Thi>«4*  of  tht*  loni^i- 
tiidinal  vibrationn  of  an  elastic  rod,  uhich  have  ln*vn  vxyhdncA 
in  Nu.  4!l/i,  un*  likeuisi*  applicable  to  the  vibrations  ot  Air 
iHintaineil  in  a  lube  of  a  given  len<^ih,  o|hmi  or  c1«»mm  at  ic« 
e\tremitii*s,  that  i>«  to  H;iy«  to  the  Miiuids  of //M/r ji«  in  uhu-h. 
Iniuever,   ue  •should  alua\»  except   the  miHlitication<»  uLiiii 
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ay  arise  at  the  embouchure.    For  further  details  on  this  sub- 
let, the  reader  is  referred  to  the  author's  memoir  on  the  Motion 
f  Elastic  Fluids  in  Cylindrical  Tubes,  and  on  the  Theory  of 
ITind  Instruments,  in  the  second  volume  of  the  Memoires  of 
\e  Academy  of  Sciences. 

III.  Longitudinal  Impact  of  Elastic  Rods. 

499.  The  formulae  of  495  are  applicable  to  the  impact  of 
BFO  or  more  elastic  rods,  consisting  of  the  same  materials,  and 
aving  the  same  normal  section,  in  which  also  the  mean  fila- 
lents  move  in  the  same  right  line.  For  this  purpose,  they 
an  be  considered  as  constituting,  during  the  entire  continu- 
nee  of  the  contact  of  these  bodies,  one  elastic,  cylindrical, 
X  prismatic  rod,  the  state  of  which  being  variable  from  one 
38tant  to  another,  can  be  determined  by  these  formulae 
hroughout  its  entire  length,  except  for  an  extent  of  insensible 
sagnitude,  on  each  side  of  the  points  of  junction. 

In  fact,  if  only  two  rods  whose  mean  filaments  are  as 
lid  FB  (fig.  26)  be  considered,  then  when,  in  consequence 
if  the  differences  of  their  velocities,  they  approach  each  other, 
:f  the  distance  of  their  extremities  b  and  f  will  become  in- 
ensible,  and  will  no  longer  exceed  the  radius  of  activity  of  the 
aolecular  forces,  so  that  the  extreme  molecules  of  one  of  the 
wo  rods  will  commence  to  act  on  those  of  the  other,  and  con- 
versely ;  this  mutual  action  will  subsist,  with  varying  inten- 
ity,  as  long  as  the  distance  ef  is  less  than  the  radius  of 
letivity  ;  the  total  force  may  be  repulsive  or  attractive,  and  it 
s  in  this  action  at  insensible  distances,  of  the  extreme  points  of 
he  two  bodies,  that  the  phenomenon  of  the  impact  really  con- 
sists. Now,  as  the  law  of  molecular  action  in  a  function  of 
he  distance  is  unknown  to  us,  we  cannot  determine  the  value 
»f  BF  in  a  function  of  the  time,  no  more  than  the  variations  of 
he  velocities  which  the  extreme  points  of  the  two  rods  expe- 
ience  in  virtue  of  this  force;  so  that  if  6  and /be  points  of 
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AK  and  FB,  ailunted  ut  iJMtiuicM  from  ■  i»d  i 


wUck  I 


sensible,  and  lewi  than  the  radiu*  of  nuitecuUr  activity,  I 
TelocititM  of  tl>e  mutvriul  point*  that  bdaag  lo  ibe  tkm 
whoM  tbicknr4««a  uie  tu  and  tf,  will  tw  unknown  im»% 
the  entire  continuance  of  tbe  khock.  Bat  beyond  t  aorf  / 
and  in  the  entire  extent  nf  Ar  and  /n,  pqnatkm  (I)  i^ 
No.  4^4  will  obtiuu,  and  the  state  of  thew  two  paita  of  tfe 
entire  rod  will  t>e  detennuied,  at  any  imtant  wliatKTer,  kt 
means  of  the  integral  of  tbia  equation,  aeeording  aa  iIm  t«« 
endit  K  and  u  are  8uppose<l  to  be  fixed  or  iBon«Ue,  (ImI  m  hi 
aay,  by  means  of  the  ilifii-irni  fonnube  of  Ko.  499,  im  wUA  a 
i%  only  necessary  to  «iilnlituir  suitable  value*  for  Um  tMtaxj 
functions  ^  and  ^'x. 

500.  As  the  tnnk-culnr  forcrs  vary  rcry  impidtj  ^ 
difttance,  it  follows  that  the  unknown  vdocitica  of  Uw  m 
points  of  the  two  rods  will  also  niry,  so  tluU  at  any  ■ 
whatever,  the  veloeities  of  (he  paints  a  and  r  may  d 
■iilcrably  from  thoee  of  the  pmnta  e  and  /,  alttmo^  I 
tances  »  and/V  Im-  insensible.  The  aame  will  be  iba  am 
with  rospect  lo  the  velocities  of  the  point*  e  and  /,  ttmtpm^ 
with  one  another,  and  determined  by  means  of  tkdr  tailMi 
values,  for  they  will  be  unec|ual,  and  may  even  bave  £C«ms 
w^s;  but  it  Okay  be  demonstrated  aa  in  No.  488,  ibac  T  ife 
tetuioo,  whether  poMtive  or  negative,  niMi  be  ttmlUy  tfct 
•ante  In  tbcae  poinia  t  and/  otbcrwite  Um  aceetMadaf  fan 
of  tbe  lusa  of  iaaenflible  mafptltuda.  e««pri*ad  bxwei  ik 
normRl  wcdoiw  in  ibeaeMme  pob 
P«tt  RBil  aliBOM  infinite.  W«  shall  • 
impact,  taeh  of  the  two  roib  ia  aetnaicd  by  tbe  « 
tbroufrbout  its  entirv  exient ;  in  lliis  slabs  T  the  irmiom  will 
bo  dpher  for  all  the  ptitnu  nf  the  twonoveablea;  tlMvrtafeai 
theeomaMtneament  of  the  impact,  that  is  la  «y,  when  ih*^ 
ta>«*  ir  is  squal  Ui  the  radios  of  laiileeular  artiviiy,  « 
■hall  have  TsO  at  the  poinu  «  aad/  m  in  all  Mhsm- 
Tfaa  IcMioo,  which  is  alnavs  ei)ual  f«w  these  two  txw 
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points,  will  then  cease  to  be  cipher ;  and  it  will  appear,  by  a 
determination  of  its  value,  that  it  becomes  again  cipher  after  a 
certain  interval  of  time.  Now,  if  at  this  epoch,  the  velocities 
of  the  points  e  andy*are  such  that  the  two  rods  may  separate, 
that  is  to  say,  if  the  rods  move  with  these  velocities  in  oppo- 
site directions,  or  if  when  they  move  in  the  same  direction,  the 
velocity  of  that  which  precedes  is  the  greater,  the  two  rods 
must,  in  point  of  feet,  separate,  and  the  impact  will  terminate. 
But  if,  at  the  epoch  in  question,  the  velocities  of  e  and  f  do 
not  satisfy  one  of  these  two  conditions,  the  impact  will,  so  to 
speak,  recommence;  and  the  tension,  which  at  the  points  e  and 
fiB  equal,  will  reappear ;  it  will  become  cipher  again  at  the 
end  of  a  new  interval  of  time ;  and  so  on,  it  will  continue  to 
move  in  this  manner,  so  that  the  two  rods  will  not  separate, 
but  will  vibrate  as  a  single  rod,  whose  length  is  ab. 

Thus,  the  condition  which  is  necessary  and  sufficient  in 
order  that  the  impact  may  terminate,  and  that  one  of  the  two 
rods  may  separate  from  the  other,  is  the  concurrence  of  these 
two  circumstances:  1st,  it  is  necessary  that  the  tension  should 
be  cipher  at  the  points  e  and^  in  order  that  the  two  rods  may 
not  press  the  one  against  the  other ;  2ndly,  it  is  also  neces- 
sary that,  at  the  same  time,  the  rods  should  move  in  opposite 
directions,  or,  if  they  move  in  the  same  direction,  the  velocity 
of  the  point  which  precedes  should  be  the  gpreater. 

With  respect  to  the  two  extremities  a  and  b,  we  shall  sup- 
pose, first,  that  each  of  them  is  entirely  free,  and  secondly, 
that  only  one  is  free  and  the  other  fixed. 

501.  Let  AB  and  fb,  the  lengths  of  the  two  rods,  be  de- 
noted by  c  and  d^  and  the  entire  distance  ab  by  /,  so  that,  the 
insensible  distance  ef  being  neglected,  c-\-d  may  be  equal  to 
/  during  the  entire  continuance  of  the  impact.  Let  m  be  any 
point  whatever  belonging  either  to  ae  or  fb  ;  and  immediately 
before  the  impact,  let  x  denote  the  distance  of  the  point  m 
from  a  fixed  point  taken  on  the  line  ab,  which  will  be  the  po- 
sition of  the  point  a  at  this  instant.    Let  a;  -f  u  be  the  distance 


272  LONGITUDINAL  IMPACT  OF  ELASTIC  BODA. 

of  the  Mitne  point  m  from  this  fixed  point,  at  the  end  o(ik 
time  /,  reckoned  from  this  epoch ;  we  shall  ha%'e 

a  being  a  constant  qnantity,  which  denotes  the  velocity  of  tk 
propaji^tion  of  sound  in  that  description  of  matter  of  which  ik 
rods  are  formed  (No.  497). 

At  the  same  time,  r  the  velocity  of  the  point  m,  and  t  the 
tension  at  this  point,  which  may  be  either  positive  or  nef^tiie, 
will  be  respectively  expressed  as  follows, 

du  du 

(J  denoting  a  given  constant.  The  dilatation  which  acoia- 
paiiies  the  velocity  r  may  Ik*  deduced  from  T,  and  will  har^ 

for  its  value  -  t. 

Thi^e  three  equations  will  obtain  for  all  valuer  of  x,  froa 
Tzz  0  to  j:  =  /,  except  those  which  bt^long  to  point;!  >ilailfO 
betwiH»n  €  and^  and  which  consequently  differ  from  r  by  a- 
insensil>le  quantity  either  more  or  les^. 

502.  In  the  ca-^e  of  f  zz  0,  we  shall  have  m  n  O  thn^u^^bi^u: 
the  entire  extent  of  ah  ;  conse<]uently,  the  term  de|H'ndin];  «m 
^x  should  be  suppresstul  in  the  forniuhe  of  41).').  \V(>  %ha\\  lir^ 
examine  the  casi'  in  which  the  two  extremiiii*^  \  and  R  a.'v 
entirely  free. 

Let  A  be  the  velocity  common  to  all  the  |>oint%  of  %e,  at 
the  instant  when  the  im|met  commenecH,  which  vtUivity  «e 
shall  suppose*  to  be|>ositive,  or  directed  fr(»m  a  to  b.  In  like 
mannrr,  let  h'  denote  the  velocity  of  the  {xiints  of  in,  at  the 
sami*  instant,  which  will  la*  |H>sitive  or  negative,  acct>r^lin(  as 
the  two  pmIs  move  in  the  s;ime  or  opposite  directions.  Tht^e 
ronotunt  quuiititi«*«  A  and  A'  will  be  ^ivcn,  and  their  diffrrencv 
A  — A'inn<*t  lN*a  p«Kiiiivc  quantity,  in  order  that  the  ^hiH'k  ma\ 
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lave  place.  In  the  expression  of  u  relative  to  the  third  case 
>f  No.  495,  ^^x  should  be  assumed  equal  to  A,  from  a;  =  0  to 
I  value  of  X  ever  so  little  less  than  c,  and  equal  to  h\  from  a 
idae  of  X  ever  so  little  greater  than  c,  to  x  =  /,  or,  what  is 
learly  the  same  thing,  x  =i  c  +  c^.  We  shall  then  have, 
Fithout  any  appreciable  error  (j), 


J 


^  ^  Vda/  =  hc  +  h*c\ 


s 


^^Vcos  *-^<&'= i-(A-A08iniy ; 


md,  since  ^  =  0,  the  expression  for  u  will  become 

«  =  (*c  +  A'c07+^  (A-A0s48in'4^  cosi^sin!^; 

a  which  the  sum  2  extends  to  all  integer  and  positive  values 
f  t,  from  t  =  1,  to  I  =  X. 

Therefore,  in  this  first  case,  we  shall  have(r) 


r  =: -r(Ac+A'c9+-(A— AOS-rsm-^cos-y-cos— , 
T  =  -^(A  —  AOS-rsm  — r-  COS  —7- ; 


(2) 


ind  if  m  and  m'  denote  the  masses  of  the  two  rods,  which  are 
espectively  proportional  to  their  lengths  c  and  c/,  the  first 

erm  of  this  value  of  v  is 7-,  the  velocity  of  their  centre 

if  gravity.  If  the  two  velocities  A  and  h'  are  equal  and  af- 
ected  with  the  same  sign,  we  shall  have  constantly  t;  =  A 
Jid  T  =  0 ;  and,  in  fact,  the  two  rods  move  the  one  after  the 
ther,  with  a  common  velocity,  and  without  compressing  each 
ther. 

The  periodic  and  convergent  series  that  these  formulae 
ontain,  are  comprised  among  those  of  which  the  sums  may 
e  exactly  determined.    For  all  given  values  of  x  and  /,  these 

VOL.  11.  2  N 
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sums  may,  without  difficulty,  be  deduced  firom  the 
formula 

i0  =  8in0-isin2e4.iun30-.(nn40  +  aM^     (3) 

in  which  0  fe  a  variable  contained  between  the  Unuls  ±r  w 
exclusively.  Consequently,  the  values  of  the  velocity  r  aad 
of  the  tension  t,  may  be  calculated  at  each  instant,  and  far 
every  point  of  Ae  and  b/;  and  this  is,  in  fiict,  the  complcCe 
solution  of  the  problem. 

There  are  several  ways  of  arriving  at  formula  (3).  For 
example,  it  may  be  obtained  by  differentiatiiig  cquatioB  (8) 
of  No.  326,  with  respect  to  jt,  2*  being  previously  sufaadtotcd 
for  ^ ;  this  gives 


-Mi 


an  equation  which  obtains  for  all  values  of  x  lest  thaa  If  aad 
in  which  the  sum  2  extends  to  all  values  of  the  integer  num* 
ber  t,  from  i  =  1  to  i  ==  x.     We  shall  have^  by  perforanag 

the  integration  in  the  usual  manner, 


s 


/     -       iwJtf  iirdjf      21} 
-x''cos-7-.— r— =  -r-cosiir; 
0  I         I  tw 


consequently,  we  shall  have 

irx  „  cos  fir     .    iwx 

2/= -^-7—"°  —  ' 

u  result  which  coincides  with  equation  (3),  by  making(it 

503.  In  virtue  of  the  second  equation  (2),  the  variable  t 
is  cipher,  not  only  when  ^  =  0,  but  also  when  I  is  any  mul- 
tiple whatever  of  - ;  it  is  also  cipher,  whatever  be  the  rmlor 

a 

of/,  ut  the  two  extremities  a  and  u,  in  i»hich  case  wc  have 
X  =  0  and  x  =  /. 

It  /  is  cipher,  or  an  even  multiple  of  -,  the  fine  cquatioo 

(2)  gives(/) 
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r  =  j(Ac+AV) 

■   ^ /A       aaT'o^.-   «V(c  — a:)  ,   _1    .    t7r(c  +  a;)n 
+  -i^  —  ^OL^YSm— ^-^ ■  +  S^ sin      ^  ^   ^J, 

or,  what  comes  to  the  same  thing,  because  c  +  c'^  l,  and 
COB  iV  =  (-  1)S 

r=i(Ac+AV) 

^/A       AAfvir-l)*-     «>(^+«).    J-iy.     MC'-X)     [W 

Now,  if  in  £Mrmula  (3)  we  take  —^-7 — •  for  8,  there  will 
result 

«  /  2/ 

If  zZc,  that  is  to  say,  if  the  point  h  appertains  to  ac,  we 
oiay  likewise  assume  for  9  the  quantity  —^ — -»  which  will 
be  less  than  ir ;  hence  we  shall  have 

2— T"*^ J       -""      2/     ' 

in  consequence  of  these  values,  equation  (4)  will  be  reduced 
to  r  =  A.  If,  on  the  contrary,  the  point  m  appertains  to/B, 
we  shall  have  x>c  and  2/  — c' — xjLI;  we  can  therefore 
take 

and  since 

8in  — i-y! — i  =  —  sm  — ^i 2 > 

fonnula  (3)  will  give 

0-iy   .    in(c'+x)  _  i,(2l-c'-x)^ 
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by  means  of  this  value,  and  of  that  of  S  ^ — r-^  tin  i       , 

equation  (4)  will  be  reduced  to  vzz  h\u). 

Therefore,  A  and  h'  the  initial  velocities  of  Ae  and/b,  tk 
two  parts  of  the  entire  rod,  are  by  this  means  verified.  Mov^ 
over,  it  appears  that  they  obtain  not  only  when  /  =  0,  b«l 

likewise  whenever  £  is  an  even  multiple  of  — ;  and  since  at 

a 

these  epochs,  t  is  cipher  for  the  entire  rod,  it  follows  thai  for 
all  these  values  of  £,  the  two  parts  of  the  rod  will  be  in  the 
same  state  as  at  the  commencement  of  the  impact. 

It  should  be  remarked,  that  the  first  equation  (2) fidls,  when 
it  is  applied  to  the  initial  velocity  of  the  point  s  ;  for  if  I  b 
supposed  equal  to  cipher,  when  x  is  exactly  equal  to  c,  there 
will  result, 

r  ==  7(Ac  +  AVO+ -(A  -  AO  S^-=^sin'-!?. 

But,  by  equation  (3),  we  have(v) 

^(  — ly  .    lire  irc 

S_j_s.n-p  =  — ^; 

consequently,  wc  shall  have  r  =  A',  which  will  not  bo  true 
except  when  A  =  A',  in  which  case  the  «»tate  of  the  part  cor- 
responding to  ( E  cannot  differ  from  the  rest  of  the  hmI.  Hut 
it  >v;ls  already  stateil  that,  in  the  general  case,  thi^  part,  an^i 
that  which  lK*longs  to  r/^  arc  not  compritkHl  in  the  cquatiom 

of  motion. 

/ 
If  t  is  an  Olid  multiple  of  ~,  the  first  equation  (2)  gives st 

once{2') 

o  =  y  (Ar  +  A  V) 

a.*    h       hSJ-^^  '    'X'-O     v(-*)'-    "r'^-'l 
w  L        ,  i  ,  /J 

Now  it  npp4*ars,  by  comparing  this  value  of  r  with  I'^r- 
mul.i  (4),  that  the  one  nuy  Im:  obtained  from  the  other  hy 
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merely  changing  the  letters  A  and  h\  c  and  & ;  hence  it  fol- 
lows, without  any  new  calculation,  that  when  ^  is  an  odd 

multiple  of  •-,  the  points  which  belong  to  a  value  of  a;  less 

than  &f  will  be  actuated  with  the  velocity  of  h',  and  those 
which  refer  to  a;>  c,  with  the  velocity  h ;  that  is  to  say,  if  g 
is  a  point  so  situated,  that  ag  =  c'  and  gb  =  c,  and  if  ^  and^ 
be  assumed  at  insensible  distances  on  each  side  of  g,  the  part 
Aff  will  move  with  the  velocity  h\  and  the  part  g^B  with  the 
velocity  h. 

504.  It  results  from  this  discussion,  that  if  c  =:  c',  the  part 
a£  will  be  actuated  with  the  velocity  h^  at  the  end  of  ^  a  por- 
tion of  time  equal  to  — ,  and  the  part /b,  with  the  velocity  h 

at  the  end  of  the  same  time ;  and  as  at  this  instant,  t  the  ten- 
sion is  every  where  equal  to  cipher,  and  since,  by  hypothesis, 
we  have  A  >  h\  it  follows,  that  the  rods  will  separate  from 
each  other  (No.  500)  ;  so  that,  in  this  case,  the  duration  of  the 

impact  will  be-,  and  the  two  moveables  being  perfectly  elastic 

and  equal  in  mass,  will,  after  the  impact,  exchange  the  veloci- 
ties which  they  had  before  the  impact. 

Conversely,  if  the  lengths  c  and  c^are  different,  the  impact 
will  not  terminate,  and  the  two  elastic  rods  cannot  separate ;  for 
the  epochs  at  which  the  tension  is  cipher  will  always  coincide 
with  those  in  which  the  two  extremities  b  and  f,  or  more  ac- 
curately, the  two  points  e  and^  have  a  common  velocity  equal 
either  to  A  or  h\  But  if  (/  >  c,  in  which  case  the  point  g  will 
belong  to/B,  and  if  the  elastic  rod  be  supposed  to  be  cut  in  this 
point,  so  that  the  part  fb  may  itself  be  supposed  to  consist  of 
two  parts  FG  and  gb,  which  are  actuated  by  the  same  velocity 
A'  before  the  impact,  the  part  gb  will  separate  from  fg  at  the 

end  of  ti  a  portion  of  time  =:--.     In  &ct,  at  this  instant,  the 

tension  t  will  be  cipher,  and  A  and  h'  the  velocities  of  the  points 
fj  and  (/  will  be  such,  that  the  parts  ag  and  gb  may  separate 
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from  one  another.     After  the  impact,  ihe  dufstion  of  i 


will  be  cquftl  to  ~,  as  in  the  < 


!  of  c'=  e,  the  put  G 


move  witli  the  velocity  A,  and  the  pant  ae  nnd  ro,  wiUi  <k 
common  velocity  A'.  The  uune  thtn^  will  ako  obtaiB,  if  ifa 
three  parts  ab,  ro,  oB,  wei«  tbenHelm  cut  and  iliiMiiJ  bt» 
other  porttoiw  either  equal  or  ttneqnal,  providad  thai  bcfaathr 
impact,  all  the  portions  of  ab  had  the  taiw  rclodty  A,  wmi  aU 
the  portions  of  ro  and  gb  a  coounoa  Tdodty  k'.  Tkaa^  fac 
example,  if  we  suppose  that  a  prismatic  or  cylindrical  W 
mogcneoua  rod  is  cut  into  »  + a' equal  parla;  aad  if  lk 
a  fint  parla  actuattnl  with  the  velocity  A,  bafmigc  <m  ik 
scries  of  the  a'  other  parts,  supposed  to  be  at  rest  befan  tbi 


pcri'U! 


,  tliea  if  I 


surpasses    : 


M)  part  will 


and  they  will  Uc  all  transfcrrvd  in  the  direction  of  the  laiwl 
by  oscilluting  in  this  direction,  and  producing  a  WMiad  eoi- 
rcspondtng  to  the  ontirc  Icn^  of  the  rod,  supposed  w  h 
free  at  its  two  extremities;  but  if  k'^m,  a  numlier  •  of  ik 
anterior  parts  will  be  detached  from  the  olhets,  which  wfll 
move  with  a  common  velocity  equal  to  A,  and  tlw  ■*  othsi 
parU  will  remain  at  rest  and  in  Juxta  positwn.  TUa 
which  may  by  anal<^  be  ap[died  to  a  aarias  af 
applicable  to  the  phenomenoo  JiscMaed  la  No.  363. 

500.  Let  ua  bow  oonsdcr  the  case  in  wliieh  the  p^i 
filed,  and  let  na  suppose  that  beibre  the  impact,  tlw  pact 
It  rest,  and  that  all  the  points  of  the  part  rs  atv 
a  common  velocity,  th«  directioB  of  whkh  we  shall 
to  be  negative,  and  denoted  by  —  A.     Ii  b 
employ  the  expression  for  n  ivlative  to  the  a 
4115.  ill  which  we  shall  make  «'«  =  0,  froM 


J 


and  f'x  =  ~k  from  z  =  c  to  j 


se  +  c 


for  aU  rilucfl  of  r,  Uicn  will  rMiiIl(,) 


(M-l) 


—s— 
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hence  we  obtain 


4k        1      J[2i-l)irc  .  (2i-lW      (2i-l)7ra^ 


►(5) 


ira    2i—  1 


in  these  formulae,  the  series  are  such,  that  the  sums  may  be  de- 
termined, consequently,  the  velocity  and  tension  may  be  exactly 
obtained  at  each  instant  for  any  given  point  of  a^,  ot/b.  We 
■hall  employ,  for  this  purpose,  the  known  formula(^) 

|=cos0-^coB3e  +  }cos6e  +  &c.,  (6) 

IT 

which  obtains  for  all  values  of  0  comprised  between  ±  ^^  ex- 
clusively, and  which  may,  for  example,  be  deduced  from  for- 
mula (7)  of  No.  326,  by  substituting  x  for  ^o:,  then  differ- 
entiating the  result  with  respect  to  or,  and  finally  making 


wx 
2/ 


=  0. 


506.  In  virtue  of  the  second  equation  (5),  t  the  tension 
is  nothing  in  all  points  of  the  two  rods,  when  t  is  cipherer  any 


2/ 
odd  multiple  whatever  of  — . 

a 


21 


If  ^  is  cipher,  or  an  evenmultipleof — ,  the  first  equation 

a 

(6)  gives 

^,    2ft r      1       (2»--iMx+c)      .  2!zLlMfzi)l 

or,  what  comes  to  the  same  thing,  because  c  '{^  c''^l  and 


2Ar    (-1)'        (2»-l)7r(a:-c') 


"-71^2731 


cos 


2/ 


2i-l  21  J 


(7) 
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Now,  it  appears  from  the  initial  state  of  the  two 
that  this  formula,  must  in  the  case  of  i^O^  be  redoeed  t» 
V  zzOf  for  a;  Z  c,  and  tors— Aforx>c;  which  it  b  casjr 
at  once  to  verify. 

By  taking  li— — '  equal  to  0  in  equation  (6),  tbeie  riCMlls 

(-1)'        (2r-l)jr(«-eO_      w 
^2731  «» 2i -"4* 

We  may  also  OMume  ^^J*'^^  for  6,  when  x  ^  r,  thb  gnu 

(-1)'        (2i-l)r(*+£)  _      w, 
*2i-l  Tt  ~~4' 

and  these  formula,  in  fiict,  reduce  equation  (7)  to  r  =  0. 
When  X  >  c,  we  shall  also  have  21—x—e'^l;  tberctee,  bj 

assuming 

>     w(2l-x-e') 
9  = 27 . 

and  obscrvinf^  that(//) 

(2i-l)  IT  (x+r')                  (2i-I)w(2/-T-r') 
c«. -^ =  -  cos :-j 

formub  (6)  will  give 

(_1).        (2i- n IT  (x-rr'i       w 
-  2.-1  "^ 57 =  4  • 

l»y  means  of  uhich,  ami  ot  the  preceding  value  of  2  ;^ r  ct»* 

^. ,  o<|uation  ;•)  will  ho  rcducctl  to  r  =  —  *• 

an   wo   know   it   >houlil.      WIumi    t   i%   an    ixlA   multiple  ci 

—  •  tlu*  v:iUk'  of  r.  furiUHhrd  hy  the  first  tfjuation  : '/>,  i%  i<«)iu! 

ami  of  a  contrary  «»ijfn  to  that  which  obtain**  when  /  i»  ciphof. 

or  an  cvi-n  niiilliplc  of  I- ;  it  follows  thcrcfori',  that  at  ihc  crri 

a 
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3f  a  portion  of  time  equal  to  — ,  the  velocities  of  each  of  the 

points  of  Ke  are  cipher,  and  each  of  the  points  oifB  is  actuated 
by  a  velocity  which  is  positive  and  equal  to  k  ;  and  as  at  this 
instant  t  the  tension  is  throughout  equal  to  cipher,  it  follows 
that  the  rod  fb  will  be  detached  from  the  rod  ae,  and  it  will 
be  reflected  back  with  a  velocity  equal  and  contrary  to  that 
which  it  had  before  the  impact. 

Thus,  the  impact  of  the  rod  fb  against  the  rod  ab,  which 

presses  at  a  against  a  fixed  obstacle,  will  continue  for  a  portion 

21 
of  time  equal  to  — ,  this  accords  with  what  has  been  stated 

a 
in  No.  362,  relative  to  the  reflexion  of  a  perfectly  elastic  body. 

It  may  be  also  remarked  that  at  the  middle  of  the  impact,  that 

is  to  say,  at  the  end  of  a  portion  of  time  equal  to  ^.  weshaU 

have  V  =  0,  by  the  first  equation  (5),  for  all  values  of  a: ;  so 
that  at  this  instant,  the  impinging  rod  fb  will  have  lost  all 
its  velocity,  and  likewise  the  rod  ae  will  not  have  acquired 
any  motion.  At  the  same  instant,  we  shall  have,  in  virtue  of 
the  second  equation  (5), 

2^Ar    (-1)'        (2*-l)Tr(x-c) 

+  ^2i-l''''*  21  J' 

hence  by  the  same  process  as  in  the  case  of  equation  (7)>  we  infer 

T  =  —  —  or  T  =:  0,  according  as  a:  Z  c  or  a;  >  c.     Therefore, 

at  the  middle  of  the  impact,  the  tension  is  cipher  throughout 
the  entire  extent  of  the  impinging  rod ;  but  the  struck  rod  is 
uniformly  condensed ;  and  it  is  the  pressure  which  it  exercises 
in  the  direction  ae,  or  from  within  outwards,  that  causes  the 
striking  rod  to  rebound. 
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UN  Tus  iKTKcniu  or  Kgt)*noss 


1 V.   DujTfMan   OH    the    Inliijrah  i>f  E^uaHomM  o^  | 


507.  With  Kft(>ect  lo  L-qu&tioia  of  (xartiftl 
nf  AD  urilvr  hii^hrr  tbui  the  finl  are  not  iBUf;nblah 
very  few  cum,  unilor  n  finite  fomi,  irrtn  whaa  iba 
are  liiii'ar.  Tbcrdura  in  order  to  solrc 
lead  to  Mich  p(]iratians,  «rc  arc,  for  tbo  most  put,  abJglJ  N 
rvcar  lo  their  intcf^mla  expreawri  in  aeiies ;  umI  h  ia 
c«uary  tliat  we  BbouM  be  auoied,  in  each  catc,  tkat  tba  aeri* 
employed  has  all  the  ^nemlity  that  is  auitable  to  tlw 
equation  of  partial  differences,  and  that  it  coniaina  a  «di 
number  of  arbitrary  functions  to  enable  us  to  exprna  iW 
|ilete  integral  of  tliti  equation.  Now,  there  b  no  gcoHtl  tA 
on  ihiit  aubjffct :  this  iiuraber  nuy  be  loas  Uian  tlkat  wkU 
dicatf  s  the  order  of  tbe  given  ccjuation,  or  of  tlie  bii^bot 
difrcrtnct-»  that  it  contains ;  it  cl>SDgc*  with  the  qoMli^  a^ 
conliug  Lo  the  powers  of  which  the  series  is 
may  even  occur  that  all  the  arbitrary  (unctioas 
that  the  series  only  contains  an  infinite  numbor  of  ititmy 
constants,  while  at  the  same  time  it  does  not  eeaat  to  cxpfO* 
the  completo  inte^^TBl.  It  is  these  Turioos  etfeamOMB 
which  we  now  proceed  lo  examine,  fint  in  genetal*  and  aAt^ 
wanU  more  particularly,  hi  what  respects  those  linear  •qoUiHi 
to  wluch  we  are  letl  in  the  ^rvatcr  number  of  nechanied  mi 
phyucal  problema. 

MS.  Let  ■  be  a  function  of  any  numbw«hat«ffw«fiaAc 
pendent  variables  such  as  t,  m,  jr,  s,  tu.     Let  vm  «yy>—  tfei 

Llhis  hnetioB  aalisBct  l  s  0,  a  girrn  equation  of  pattjal  dU^ 
WhattfTcT  Biay  be  the  value  ff«,  ll  nn  be  always 

''  eooeriwd  In  bo  devrltrpcd  tnlu  a  aeHc*  arrangnj  atawwdiaf  If 
the  powers  of  one  of  the  raiiablv*  7,  r,if,s,iu.,  oraotvfMe^ 
rally,  of  another  quantity  0  drpendinf^  oa  one  ur 
TMiab)««.     Let,  therefore, 
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14  =  pr  +  qO^  +  Rd'  +  &c. ;  (a) 

(9  /S)  79  &c.,  p,  Q,  R,  &c.,  being  indeterminate  exponents  and 
rocfficients.  If  this  value  of  u  be  substituted  in  the  equation 
:^  =  0,  and  if  l  be  then  developed  according  to  the  powers  of 
),  and  the  coefficients  of  all  the  terms  of  this  development  be 
put  separately  equal  to  cipher,  there  will  result  a  series  of 
liquations,  each  of  which  will  contain  one  independent  variable 
less  than  l  =  0  (a) ;  and  if  the  most  general  values  of  a,  jS,  y, 
kc.j  p,  Q,  n,  &c.|  which  can  satisfy  this  equation  were  ob- 
tained, series  (a)  would  be  also  the  most  general  value  of  u 
uphich  will  satisfy  the  equation  l  =  0.  Thus  according  to  the 
quantity  d  that  shall  have  been  selected,  these  expressions  of 
»  in  a  series  will  be  different)  but  all  of  them  will  be,  under 
(H]uiTalent  forms,  the  complete  integral  of  l  s  0 ;  so  that  if 
this  int^pral  can  be  exj^ressed  in  a  finite  form,  each  of  these 
series  will  be  a  different  development  of  it,  andmay  always  be  de- 
duced from  it.  However,  wh^n  we  have  succeeded,  by  means 
Df  the  other  conditions  of  the  problem  which  will  have  con- 
lacted  us  to  L  =  0,  in  determining  all  the  arbitrary  quantities 
which  are  contained  in  series  (a),  it  is  necessary  that  it  should 
be  convergent,  in  order  that  we  may  be  able  to  make  use  of  it ; 
and  if  it  becomes  divergent  for  these  values  of  9,  this  quantity 
should  be  changed,  and  the  series  (a)  replaced  by  another, 
irranged  according  to  the  powers  of  a  different  variable. 

This  being  established,  if  there  be  assumed  for  l  zi:  0, 
linear  equations  of  different  orders,  it  is  evident  that  the  co- 
?fficients  p,  q,  r,  &c.,  determined  in  the  most  general  manner^ 
may,  notwithstanding,  contain  unequal  numbers  of  arbitrary 
functions,  according  as  the  series  (a)  is  arranged  with  respect  to 
the  powers  of  such  or  such  a  variable  6 ;  and  it  is  likewise 
evident,  as  has  been  stated  above,  that  a  case  may  occur  in 
^hich  all  the  arbitrary  functions  would  disappear  firom  this 
series,  which  would  then  only  contain  an  infinite  number  of 
irbitrary  constants,  and  which,  notwithstanding,  will  be  also 
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the  complete  integral  of  the  equation  l  =  0.  The 
teristic  property  of  this  singular  form  of  the  complete  integral, 
without  any  arbitrary  function,  of  a  linear  equation  of  partiil 
differences,  consists  in  this,  that  all  the  terms  of  the  teficf 
which  represents  it,  may  be  determined,  independently  the 
one  of  the  other,  and  thus  satisfy  separately  the  giren  cqo^ 
tion,  so  that  the  general  value  of  ti  is  the  sum  of  an  infinilf 
number  of  particular  values  of  this  function. 

509.  Let  there  be  taken,  for  example,  the  very  simple 
linear  equation  of  partial  differences  of  the  second  order, 

in  which  a  is  a  given  constant  quantity.  If  the  value  of  «  be 
developed  according  to  the  powers  of  /,  there  results  far  the 
most  general  series  which  satisfies  this  equation, 

in  which  ^  is  an  arbitrary  function.  Under  this  form,  the 
complete  integral  of  equation  (b)  requires  only  one  arbitral} 
function,  which  represents  the  value  of  ii  when  /  =  0.  But  il 
the  ^enenil  value  of  m  Im*  developed  according  to  the  powon  ol 
r,  there  results 


^     (d) 


+''*''"*' TiTTrri^Tr^i. 2. 3. 4.5  rT^S'"*"^''-' 

in  which  \f,i  and  "¥1  are  arbitrary  functions,  that  expro«»  the 

values  of  li  and — ,  when  t  zi  0.     Consofiuently,  under  thi* 

fix 

other  form,  the  eomplete  integral   of  cH]uation  (b)  cuntain^ 
two  arbitniry  I'unetions. 

These  two  siTies  can  be  obtained  by  the  methc^i  (»l  inik^ 
terminate  coelhcients  and  ex|)onent!»(A),  by  making,  «ucct>- 
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sively,  0=  /,  and  0  =  a;  in  series  (a).      They  may  be  also 
deduced  from  Taylor's  theorem,  for  by  this  theorem,  we  have 

u=v  +  (t-a)v'+  ^i^  D''+  ^{^' «'"+  &c. ; 

in  which  we  suppose  that  a  denotes  a  particular  value  of  tj 
and  that  for  this  value 

du        ,      (Pu        „      dPu        ,„  p 

Now,  by  means  of  equation  (b)  and  its  successive  diffe- 
rentials with  respect  to  /,  we  obtain 

The  quantity  u  will  therefore  alone  remain  arbitrary,  and  we 
shall  have 

u  =  u  +  a(/-a)^  +  -l_i._  +  &c.; 

which  will  coincide  with  series  (c),  if  the  constant  a  be  made 
equal  to  cipher,  that  is  to  say,  when  the  series  is  developed 
according  to  the  powers  of  /,  and  u  is  made  equal  to  t^x. 
Series  (d)  may  be  obtained  in  a  similar  manner(c).  These 
two  series  (c)  and  (d)  may  also  be  transformed,  the  one  into  the 
other ;  in  fact,  if  <px  be  developed  according  to  the  powers  of 
X,  so  that 

^         Bx     car*       Dx^  EX*  fx^  ^ 

^a;-A  +  — +y;2'*"  17273 "^TTOTi"^  1.2.3.4.5  ■*"*^*^ 

in  which  A,  D,  c,  d,  e,  f,  &c.,  denote  arbitrary  constants,  we  have 

d^6x  Exr^       Fx^       o 

d*<bx 

--£t-=b  +  fj:  +  &c.; 
oar 

&c. ; 
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by  means  of  which,  Acrics  (c)  will  become 

BO*/*        « 
«  =  A  +  CO/  +  j-^  +  &c. 

+  (c  +  Eo/ +  &c.)  y-^ 

+  (d  +  FO/  +  &C.) 


1.2.;f 

•f  &C. 


Now,  if  we  make 

A  +  CO/  +  -y-y  +  &C  =  )^, 
FO*^ 

\Pi  and  ^1  will  be  arbitrary  functions  independent  of  cack 
other ;  we  can  obtain  from  thence 

c:  +Ba/  +  &c.=:  ^, 

D  +  Fa/  +  &C.  =  —77, 

oa/ 
&c. ; 

iuui  thus  it  a|>|)ears,  that  the  proccHlin^  value  of  u  will  ann- 
ciiic  with  scries  (ti).  This  series  (<1)  may(f/)  Ik*  in  .1  Mmibf 
way  transformed  into  series  (c). 

510.  Now,  if  as  usual,  the  base  of  the  Naperian  <yMera  M 
logarithms  be  denotetl  by  r,  and  if  we  assume  0  =  f-".  scric* 
(a)  will  become 

H  =  re*'  +  Qe^  +  Rr^*  +  &c. ; 

the  coefficients  1*,  g,  11,  \c.,  uill  Ik*  functions  of  #,  an<l  the  «'i- 
ponents  u,  ^j,  7,  &c.,  will  Ik*  ctuintant  cjuantitics.  Thcreforr. 
we  shall  have 
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dm      dv  dQ  ^       dn  ^ 

^  =  a^Fe-'  +  fi^Qe^  +  y«Reir'  +  &c. 

If  these  values  be  substituted  in  equation  (b),  and  if  the 
coefficients  of  the  similar  terms  in  the  two  members  be  then 
put  equal,  there  will  result 

consequently)  the  exponents  will  remain  arbitrary,  and  we 
shall  have(e) 

P  =  \€l^\      Q  =  Be«^',      R  =  C€f^\   &c., 

in  which  a,  b,  c,  &c.,  denote  arbitrary  constants.  Hence  we 
shall  obtain 

u  =  Aei^**e^  +  Be«^'e^  +  cef^'^e"  +  &c.,  (e) 

for  the  complete  integral  of  equation  (b),  arranged  according 
to  the  powers  of  the  exponential  e* ;  which  series  is  also  the 
development  of  this  int^^,  arranged  according  to  the  powers 
of  e'.  Now,  it  is  evident,  that  this  series  (e)  does  not  contain 
explicitly  any  arbitrary  function;  but  that  it  only  comprehends 
two  infinite  series  of  arbitrary  constants,  namely,  a,  b,  c,  &c., 
09  Pj  Ji  &c*9  <uid  that  each  of  its  terms  separately  satisfies 
equation  (b). 

If  this  expression  of  ti  be  developed  according  to  the  powers 
of  /,  we  obtain 

11  =  A€^  +  Be^  +  cey'  +  &c. 

+  (jia^e^  +  Bfi^e^  +  cy V*  +  &c.)  at 

+  (Aa^c**  +  Bfi*e^  +  cy  V'  +  &c.)  — 

I  •  ^ 

and  if  we  make 

Ke*^  +  Be^  -I-  ce^'  +  &c.  =  i^x ; 

^x  will  be  an  arbitrary  function,  and  we  shall  have 
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Ka^e^  +  wft^t^  +  C7V'  -f  &c.  =  -^  , 

&c. ; 

and  scries  (a)  will  coincide  with  series  (c).  In  the 
manner  wc  may  make  series  (e)  to  coincide  with  scries  (d^ 
by  developing  the  first  according  to  the  powers  of  x,  in  ordcf 
to  render  it  comparable  with  the  second. 

511.  Each  of  the  two  series  (c)  and  (e)  may  be  exprcsMd 
under  a  finite  form,  by  means  of  the  same  definite  intcgrsL 
In  the  first  place,  we  have  evidently(/) 

n  being  any  positive  integral  number  whatever. 
Likewise,  let 


i 


I 


—  X 


then  if//  denotes  an  arbitrar)' constant,  and  if «■»%/;/ and •<;!£■ 
be  substituted  for  oi  and  iLo^  the  limits  of  this  into^4d  uill  n«>( 
be  changed,  and  wc  shall  have 


s 


X  k 


hence  we  obtain,  by  ditfcrentiating  n  times  in  succession,  «i(*^ 
resjHJCt  to  i/y  and  then  making  tj  =  !(*/), 


s 


X      _.    ,^  K3JK...2II-  I 

—  X  2* 


By  means  ol  thesi*  values,  formula  (c)  may  be  wnttcn  ** 
fullou>(/i)  : 
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and,  by  Taylor's  theorem,  this  may  be  reduced  to 

1  f  »  — 

**=  A  J~oo  ^^X^  +  2co  y/a£)d^.  (f) 

Whatever  be  the  value  of  the  constant  a,  the  limits  of  the 
int^^  V         er^^dw  will  not  be  changed,  by  substituting 

t^^a  ^at  in  place  of  w ;  consequently,  we  shall  have 


i 


—  » 

hence  there  results 


ir  a 


The  other  exponentials  which  occur  in  series  (e),  may  be 
expressed  in  the  same  manner,  so  that  it  will  by  this  means 
become 

«= j^  ^^  [A€^*^>-^^>+Be^'+^-1/5)^ce^<*^^^«^)+&c.]«^'^• 
Now,  if  we  make  as  above, 

Ae"*  +  BC^  +  €€"1'  +  &c.  =  ^x, 

we  shall  have,  at  the  same  time, 

by  means  of  which  the  preceding  value  of  u  coincides  with 
formula  (f). 

This  equation  (f)  is  the  integral,  under  a  finite  form,  of 
equation  (b) ;  it  only  contains,  as  appears,  one  arbitrary  func- 
tion, which  can  be  determined  at  once  by  means  of  the  value 
of  tt  relative  to  /  =  0.  However,  this  form  of  the  integral 
implies,  that  this  value  of  ti,  which  will  be  that  of  ^jr,  in- 
creases with  the  variable  in  a  less  ratio  than  e^,  and  that 
the  product  e-^i^x  vanishes  for  j:  =  ±  x,  otherwise,  the 
quantity  comprised  under  the  sign  ^  would  increase  indefi- 

VOL.  II.  2  p 
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iritcly  with  *»,  for  all  values  of  i  different  from  zero,  and  the 
definite  integral,  the  limits  of  whieh  arc  ^  =  ±  x,  wwU 
have  generally  an  infinite  value,  which  is  inadniMible. 
If  we  make 

we  may  deduce  from  equation  (f ), 

if  these  equations  are  integrated  by  parts  and  if  the  prodiirt 
of  r^'  and  ^'  (x  +  2(ii  ^at)  vanishes  at  the  two  limits,  thmr 

result8(t) 

from  wliioh  it  apjH'ari  that  the  value  of-.-  coimndtK  uith  ihat 

of-  .-7,  and,  conse<iuentIy,  it  satisfies  etiuatiiui  ll»K 

SeriiS  (<i)  would  aUo  lead  us  to  an  intet^nd  uiuler  a  fiptti* 
fonn  o(  this  equation,  luit  it  would  not  Ik^  so  simple  as  t'ortnii-^ 
(f),  and  would  n>ntain  two  arhitniry  constants. 

/>I2.  The  known  value  of  the  (]iuintity  A,  whieh  <Hvur«»  in  il' 

pn^eedinii^  formuhe  is  v  t.  It  may  luMditainitl,  hy  einnlt»\i»i 
successively  two  different  variahU*s  under  the  si^rn  \.  «,i  ih/* 
since 

we  have 

lKH*ause  the  tuii  \ari:diles  i  and  '/  are  indrpendt-nt  fi  «  j« -- 
other.      It,  therelon,  \ii*  make 
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fiere  will  result 

X 

zdxdy\ 


=S-4- 


nd  if  X,  y^  Zy  be  considered  as  the  coordinates  of  a  surface,  k^ 
fill  be  the  volume  terminated  by  this  surface  of  revolution, 
nd  extended  indefinitely  about  its  axis  of  figure,  which  will 
»e  the  axis  of  the  ordinates  z.  Now,  the  value  of  this  volume 
nay  be  obtained  by  decomposing  it  into  an  infinite  number  of 
ylindrical  slices,  whose  common  axis  will  be  this  line.  The 
olume  of  one  of  these  infinitely  slender  slices,  the  radii  of  the 
nterior  and  exterior  surfaces  of  which  are  r  and  r  +  cfr,  will 
»e  equal  to  the  product  of  its  base  27rrdr  multiplied  by  its 
icight  z  or  e-^*;  consequently,  the  entire  volume  may  be  evi- 
lently  obtained  by  integrating  from  r  =  0  to  r  =  x  ;  hence 
ve  shall  have(A) 

A^  =  27r  \     er^rdr  z=  tt, 

ind  k  =  V^TT,  which  it  was  proposed  to  establish. 

If  ^  =  cos  X,  and  if  a*  be  substituted  in  place  of  at  in 
•quation  (c),  then  we  shall  have 

>r,  what  comes  to  the  same  thing, 

u  =  e~"*  cos  X. 
Equation  (f )  becomes,  at  the  same  time, 

1     (*    X 

u  =  — 7=\         e-"*  cos  (x-\-2  aw)  rfcti ; 
VirJ  — ^ 

jut  we  have  evidently 

\  _ ,   c-«*  cos 2awdw  =  2  V  Q  er*^  cos  2awdw, 


s 


X 

€"•*  sin  2  awdw  =:  0  ; 

—  X 
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hence  there  results(/) 

2co8xpx      ^ 
\/w  JO 

and  by  putting  this  value  equal  to  one  of  the  preceding.  «< 
obtain(m) 


s 


coe2a«iK/«>= 
0  2 


As  we  can  assign  an  imaginary  value  to  the  coiHtant  • 
in   this  equation,   if  a   v^  —  1  be  substituted  for  «,  wc  tbail 


have(ii) 

►00  ^— 


s 


0 

It  is  frequently  necessary  to  employ  these  foniiul»»  wUck 
here  naturally  present  themselves  to  our  considermtion ;  hov- 
ever,  they  may  also  be  obtained  by  other  means. 

513.  The  equations  of  partial  differences  to  which  we  aic 
led  in  the  greater  number  of  physical  and  mechanical  pi^ 
blems,  arc  linear  n4atively  to  the  unknown  «,  of  the  fir«t  or 
second  order  with  respect  to  the  time,  and  generally,  it  con- 
tains four  independent  variables,  of  which  m  is  a  function,  tn 
wit,  the  time,  which  is  denoted  by  /,  and  x,  y,  ;,  the  three  ov 
ordiimti*9  of  any  point  whatever  of  the  syv^tem  in  question.    It 
the  lost  term  which  is  independent  of  u,  and  which  can  he 
always  made  to  disappear,  be  excepte<i,  they  do  not  contain  thi« 
variable  /  explicitly,  that  is  to  say,  in  the!k>  equations  the 
efficients  are  only  functions  of  x,  y,  z.     Now,  if  l  =  0  is 
of  these  equations,  without  the  last  term,  and  if  we 

0  =  c'',  series  (a)  will  l>ecome 

M  z:  i»r*'  +  Q<'*  +  R^"*'  -f  &c. :  (j  i 

and  if  in  l,  this  series  (g)  Ik*  sulMtituted  in  place  ol  at,  it  b 
easy  to  pcrtvive,  that  there  will  result 

1  =(Ma'^Sa4-o)#-'-f(M7i-+N>i-fo')r'-MM  y-^-s  -y-*-o' v^ •'-. 

Ike, 
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in  which  m,  n,  o  are  quantities  that  only  contain  the  un- 
known p.  m',  n',  o'  may  be  deduced  from  these  by  substituting 
Q  in  place  of  p,  and  then  m'^,  n",  o"^  by  the  substitution  of  r 
in  place  of  q,  and  so  on.  All  the  quantities  m,  m',  m'^  &C.9 
will  be  cipher,  when  the  equation  l  =  0,  is  only  of  the  first 
order  with  respect  to  t.  In  all  cases,  this  given  equation  l  =  0 
will  be  decomposable  into  the  following  (0), 


Ma' 


i'  +  Na  +  o  =  0, 
M'j3' +  N'/3  +  o' =  0, 
M'y  +  N''y  +  O"  =  0, 
&C. 


(h) 


Consequently,  the  exponents  a,  (iy  7,  &c.,  will  be  arbitrary 
constants ;  the  coefficients  p,  Q,  r,  &c.,  may  be  determined  in- 
dependently the  one  of  the  other,  by  means  of  these  equations 
(h),  which  ar6  all  similar ;  and  all  the  terms  of  series  (g),  that 
is  to  say,  of  the  complete  integral  of  the  equation  l  =  0^  ar- 
ranged according  to  the  powers  of  the  exponential  e',  will  be 
particular  integrals  of  this  same  equation. 

Equations  (h)  will  be,  like  l  =  0,  linear  relative  to  the 
unknown  which  each  of  them  contains.  If  l  contains  only 
one  of  the  three  variables  a;,  ^,  2,  they  will  be  simply  differen- 
tial equations ;  and  then  series  (g)  will  only  contain  arbitrary 
constants,  to  wit,  a,  |3,  7,  &c.,  and  the  constants  which  will  be 
introduced  by  the  integration  of  equations  (h).  When  they 
are  equations  of  partial  differences,  they  may  be  frequently 
treated  as  the  equation  l  =  0,  and  their  complete  integrals  can 
be  expressed  in  series  of  particular  integrals. 

514.  Series  (g)  may  be  made  to  assume  another  form,  by 
changing  the  exponentials  into  sines  and  cosines.  In  fact,  if 
X,  fi9  V,  &c.,  be  other  arbitrary  constants,  and  p,  9,  r,  &c., 
p\  7^  ^\  &<^*9  other  unknown  quantities,  then  if  in  this  series 
±  X  V^— I,  ±  jixV^^^,  ±vV^^^l,  &c.,  be  substituted  in 
place  of  oj  ^9  79  &c.,  and  if  p,  q,  r,  &c.,  be  replaced  by 
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tain,  by  taking  the  sum  of  the  values  of  m,  which 
to  the  two  signs  of  V^  —  I  (/>) 

M  =:/ico8X/  +  ^cos/[i/4-rcosi//  +  &c. 

In  order  that  the  integral  of  L  =:  0,  which  can  be  ex- 
pressed either  by  this  last  formula  or  by  series  (g)«  may  be  as 
general  as  possible,  it  is  requisite  that  the  constants  A*  ^v  v. 
&e.,  and  also  a,  /3,  y,  &c.,  may  be  real  or  imaginarj* ;  but  thffv 
are  problems  in  which  the  determinate  values  of  A.  a^  r«  &c.  ut 
all  real,  .ind  others  in  which  none  of  the  values  of  a,  ^  7,  fcc- 
will  be  imaginary(7).  In  the  first  case,  we  should  coiplov 
formula  (i),  and  in  the  second,  formula  (g) ;  and  even  whcs 
equation  l  =  0  is  iiitegrable  under  a  finite  form,  it  frequently 
<»ei'urs  in  mochaniciil  and  physical  problems,  that  the  exprrs- 
Mon  of  its  integnd,  by  means  of  one  or  other  of  these  t«^ 
<«eries,  will  be  better  adapted  than  the  intoi^nil  umler  a  finito 
form,  to  indicate  all  the  eircumsttinces  of  the  phenomenon  in 
question.  Questions  res|K'eting  the  small  «>M:illati(ms  of  the 
points  of  an  elastic  bo«ly  or  of  a  fluid,  which  is  made  tode%*iat< 
very  littU*  from  its  state  of  equilibrium,  are  those  in  which  it '» 
siiitaMr  to  employ  the  unknown  quantities  under  the  form  ol 
flu*  M-rii'S  (i). 

When  the  ^^iMirral  vuluis  o(  r,  g,  a,  \t\.  and  i*t*n*H<i|uenti\ 
ili«»si.»  of  y>,  Y*  '*»  ^^'^  P  »  7 »  '*'»  ^^■•«  i*<nitain  only  arbitrary 
ron*4tant*i,  formula  (i)  nuiv  be  written  nxirr  brifllx  in  the  tol- 
lowing  manner, 

u  zz  ^/mohA/  +  ^p  HJiiA/: 

in  wli it'll  till*  t'li.iraeteri<«lieH  ^  indieate  Mun^  that  t'\tcn«l  to 
•ill  po%MliK>  valiit'^,  wlu'lher  n*al  <»r  inia^inar),  ot  .\  and  ot  ihc 
oiiici  atbitrar)  ri*iii»ian(H  miitained  in />  and //.  Wi  ma\.  il 
\\i    pUaM-.    sU|ipoM    tliat    tiu'M'    valiK'^  inerraM    b\    inhnilii^ 
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small  degrees,  and  thus  replace  the  sums  2  by  integrals ;  but 
there  is  no  advantage  in  expressing  in  this  other  equivalent  form 
the  value  of  u ;  and  it  is  preferable  to  retain  the  preceding. 

515.  Independently  of  the  equations  of  partial  differences 
which  respect  all  the  points  of  the  system,  there  are  always  in 
physical  and  mechanical  problems,  other  equations  which  only 
obtain  for  the  extreme  points ;  such  are,  for  example,  in  the 
problem  of  the  longitudinal  vibrations  of  an  elastic  rod,  the 
equations  relative  to  the  two  extremities  of  this  rod,  when  they 
are  supposed  to  be  entirely  free,  or  when  one  or  both  of  them 
are  supposed  to  be  fixed.     These  particular  equations  will 
enable  us,  in  each  case,  to  determine  the  values  of  a  part  of 
the  arbitrary  quantities,  which  series  (g)  or  series  (i)  contains ; 
with  respect  to  those  values  of  these  quantities,  which  con- 
tinue still  undetermined  after  taking  into  account  all  equations 
of  this  kind,  they  will  depend  on  the  initial  state  of  the  system. 
M.  Poisson,  in  order  to  obtain  their  values,  always  pursued,  in 
a  g^reat  number  of  different  problems,  one  uniform  process, 
which  he  considered  to  be  applicable  to  all  cases,  whether  the 
question  presents  only  one  unknown,  namely  ti,  and  leads  only 
to  one  equation  l  =  0,  or  whether  it  is  necessary  to  deter- 
mine several  unknown  quantities  depending  on  an  equal  num- 
ber of  equations  of  simultaneous  linear  partial  differences. 
This  general  process  has  also  the  advantage  of  furnishing,  in 
each  example,  a  demonstration  of  the  reality  of  the  constants 
o,  /3,  7,  &c.,  or  of  the  constants  X,  ju,  v,  &c.,  which  depend  on 
transcendental  equations  that  are  frequently  very  complicated, 
and  the  nature  of  whose  roots  it  will  be  frequently  di£Scult  to 
determine  otherwise.  The  example  which  will  be  given  in  the 
following  paragraph  of  the  application  of  this  method,  will  be 
sufficient  to  explain  it,  and  to  show  how  it  may  be  employed  in 
other  problems.     The  longitudinal  vibrations  of  elastic  rods  in 
the  three  cases  of  No.  495,  may  be  determined,  without  any  dif- 
ficulty, by  means  of  this  method,  which  will  lead  us,  in  the  most 
lirect  manner,  to  the  same  formulae  as  in  this  number.     The 
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loDgitutUnnI  impact  ur  two  or  mon<  rlastir  kmIs  c 
different  roateriali,  may  be  given,  oa  on  ffxample  of  a  eg 
dc-[wiiiling  on  wvcral  equation*  of  putisl  diffWrnm ;  «ttfc 
reiipect  to  tbu  i]up»tion,  wludi  has  been  resolnd  in  iIm  |n~ 
ceding  pamgraph  f<ir  the  particular  caw  of  tiiiinimiiiilj. iW 
general  »tiliiliun  is  here  HUpprtMct)  aold;  on  a 
trema  length  of  the  formulie  which  it  inrolns. 

516.   Let  the  time  be  supposed  to  be  I 
commencement  of  the  motion,  and  let 


l(=/(x,y,t),     u^=»(«,jf,s) 

b*  the  value*  of  the  unknourn  ir,  and  of  tti  tfifiirential  ■ 
efficient  with  rr«pcct  to  I,  which  oonespoail  to  <  =  0 ;  h 
f{x,y,z)  and  y{i,y,:)  may  be  functiont  arbitrarily  | 
for  all  value*  of  the  ctiordiiiates  x,  y,  ;,  which  belong  t*  ll 
poinu  of  a  ByRt«m  whuw  vibmtion«  are  cnRudemL 
that  all  the  arbitrary  quantities  which  wrics  (i)  c 
have  been  determined  by  means  of  tho  initial  state  • 
tern,  and  when  al«o  the  partioolar  equatinns  whiHi  I 
place  at  its  extremitim  are  taken  into  account,  it  is  ■ 
that  this  tcriiM  and  its  differential  coefficient,   wbrn  f= 
•boutd  coincide  with  the  functions y(x,  y. ;)  and  r(<,  jr,  ;)i 
Ibe  linita  of  lh«  system.     Hence  it  it  iiiiinwiiij  tliat(r) 

T{r,y,  r)  =  V  +  »»7'  +  w-  +  *c:  J 

which  will  furnish  a  developnent  or  tiaufonBatiaa  of  «  | 
ticular  kind,  forncb  of  the  fanetiou /(x,  y,  :)  and  r(',yv''9 
a  transfonoBtinn  which  will  not  be  identical,   and  will  « 
obtain  for  values  ut  the  variables  x,  y,  s,  that  are  i 
within  crrtnin  limits. 

Althuugh  it  ■«  nnt  possible  in  mnst  cwi 
directly  the  iiccurwy  nf  these  ec{aaU(M»(t),   ufll  I 
^  txiM  no  doubt  on  this  bead.     In  bet,  it  k  evident  &«■  i 
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preceding  consideratioiis,  that  series  (i)  certainly  represents 
the  complete  integral  of  the  equation  l  =  0,  that  is  to  say,  the 
most  general  value  which  can  satisfy  this  equation.  By 
hypothesis,  the  arbitrary  quantities  that  this  series  contains, 
can  be  determined  by  means  of  the  other  conditions  of  the 
problem  which  has  led  us  to  this  equation  l  =:  0 ;  therefore  if 
these  conditions  are  not  incompatible,  and  if  the  problem  is 
susceptible  of  a  solution,  it  is  necessary,  after  this  determina- 
tion, that  series  (i)  should  express  the  value  of  u  at  any  in- 
stant, and  at  any  point  whatever  of  the  system ;  consequently, 
if  ^  =:  0  in  this  series,  and  in  that  which  is  deduced  from  it 
by  the  differentiation  relative  to  tj  they  ought  to  represent  the 

initial  values  of  u  and  ---,  that  is  to  say,  the  functionsy][a;,  y,  z) 

at 

and  F  (x,  y,  z)  whatever  they  may  be,  but  solely  for  values  of 
X,  y,  z  comprised  within  the  limits  of  the  system  that  is  con- 
sidered. 

In  the  example  of  the  longitudinal  motion  of  an  elastic  rod, 
series  (k)  will  represent  for  the  entire  length  of  this  rod,  and 
for  the  different  hypotheses  that  are  made  respecting  its  ex- 
tremities, the  two  arbitrary  functions  that  have  been  desig- 
nated ^x  and  ^'x  in  No.  495 ;  and  these  series  will  coincide 
with  the  expressions  for  ^or  and  i^'x  that  have  been  made  use 
of  in  that  number,  and  which  have  been  already  demonstrated. 

517.  It  follows  from  what  precedes,  that  in  order  to  ex- 
press in  a  problem  relative  to  the  small  vibrations  of  bodies, 
and  also  in  other  physical  questions,  each  unknown  quantity, 
by  means  of  series  (g)  or  (i),  it  is  necessary  previously  to  de- 
monstrate that  this  series  represents  the  most  general  value  of 
the  unknown  that  can  satisfy  the  equation  of  partial  diffe- 
rences on  which  it  depends,  and  then  to  determine  all  the 
arbitrary  quantities  that  this  series  contains,  by  means  of  the 
particular  data  of  the  problem,  which  belong  to  the  extremities 
of  the  system  and  to  its  initial  state ;  or  what  is  the  same  thing,  it 
is  necessary  to  know,  d  priori^  as  in  No.  495,  the  expressions  in 
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wiiM  of  the  arltiirary  itutul  raiae  of  each  ankmnm.  all  «k^ 
lenns  multiplied  by  the  suitt  or  rounn  of  arc*  pTii[ioniMd  f 
the  time,  or  br  cxponriitiali,  ntttfy  tafmnUiiy  the  gircn  c^w- 
tions  of  part  lal  difTun-ncn,  and  the  otbur  eqiutiotia  (fUc^  mpm 
the  extreme  po'inlB  of  the  Bystetn.  Any  aitladoR  ui  which  ut 
generality  of  aene%  (g)  or  lerUw  (i)  thai  u  Mn)4a5cd,  »  »' 
demniiAtialeil  afiriori,  or  in  which  it »  not  verified  d  ymfcriw- 
tliat  this  »erirfl  may  rcpmwDt  the  inhiBl  vsliu*  uf  each  k 
known,  whatever  ihU  \-a)ue  may  be,  in  the  mttn  t-ilit  ai 
the  Ry»tem,  including  the  extreme  points,  oo)^i  in  b*  rliiMf ' 
incomplete.  It  appean  from  what  picvedcii,  that  tbe  6m  mt- 
thcM)  will  be  always  applicable :  the  aecond  will  be  only  ••  a 
a  Rmall  number  of  particular  cnws. 


v.    Tramvrrtal  I'ihralitnu  of  an  FJastie  Rod, 

518.  Elastic  rods  arc  ■tiMTplible  of  four  kintl*  v4  nW 
liont,  having  eorratptMidinK  tone*,  which  may  corsnt  ia  tW 
•ame  rod,  whine  nalnral  «tale  may  Iweitberslraii^l  orcawfd. 
Thcw  vibration*  arc  loit^twiinal,  tnu)*rerul, 
tiifKe  protIure<l  by  torwon.  The  normal  vihratioi 
alternate  dilataiioi»  and  condematioiM  ofw 
perpendicular  to  its  length ;  they  hare  not  been  I 
termiimt  by  theory.  But  the  thrve  other  • 
the  relation*  between  the  lone*  which  ntrretpood  Is  ^ 
are  indicated  by  nnaly«»,  hare  iH-en  confirmed  V 
cs)M!rimrt)l.  and  a1rea<ly  p'ltuted  out  by  italunl  p 
Such  i*.  for  example,  the  curiou*  ubtervation  int  % 
indebted  li>  Chbulni,  namely,  that  a  rod  firmly  C 
and  free  at  the  other,  ipves  out  a  tone  that  iagran 
when  il  i«  made  to  vibrale  by  Innian,  than  wIm 
longinidiiutUy  ;  n  hich  inplie*  thai  the  toa*  whidi  ■ 
in  the  fir«t  nwe  i»  the  Mme  aa  would  be  heard  in  the  ■■ 
ilsk-nglh  was  incmwed  in  tli*  ratio  of  thm  to  two.  Nsi 
PoMaon  haa  fmud  that  thi«  ratio  ought  to  tw  th«l  «f  \ 
to  S,  wluck  diffm  by  a  little  teai(«)  tltaa  a  twentieth  froM 
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result  stated  by  Chladni  in  round  numbers.  The  reader  is  re- 
ferred, for  more  extended  developments  of  this  important  part 
of  mathematical  physics,  to  the  author's  memoir  on  the  Equi- 
librium and  Motion  of  Elastic  Bodies,  that  has  been  already 
cited  in  No.  306,  where  the  vibrations  of  flexible  membranes 
and  elastic  plates  are  likewise  discussed.  In  the  present  treatise 
it  will  be  sufficient  to  consider  the  less  complicated  cases  of  this 
description  of  questions,  which  are  those  of  vibrating  cords  and 
of  the  longitudinal  vibrations  of  elastic  rods,  to  which  we  now 
proceed  to  add  the  case  of  transversal  vibrations. 

519.  It  is  supposed,  as  in  the  case  of  longitudinal  vibra- 
tions (No.  493),  that  the  rod  is  homogeneous,  and  taken  in  its 
natural  state,  of  either  a  prismatic  or  cylindrical  form ;  in  like 
manner,  it  is  assumed  that  it  does  not  experience  any  torsion 
on  itself,  so  that  all  the  points  of  each  longitudinal  filament 
exist  in  the  same  plane  during  the  entire  continuance  of  the 
motion. 

Let  AMB  (fig.  27)  be  the  rectilinear  direction  of  the  mean 
filament  in  the  natural  state  of  the  rod,  I  its  length,  and  x  the 
distance  am  of  any  point  whatever  such  as  m  from  the  extre- 
mity A.  At  the  end  of  the  time  ^,  let  m  be  supposed  to  be 
transferred  to  m'  ;  from  m^  let  the  perpendicular  m'p  be  let  fall 
on  AB,  and  let  us  make 

MP  =  w,    m'p  =  y. 

If  these  two  variables  be  supposed  to  be  constantly  very 
small,  and  if,  in  consequence,  their  squares  and  products  be  ne- 
glected, their  values  in  functions  of  x  and  t  will  depend,  as  in 
the  case  of  vibrating  cords  (No.  483),  on  linear  equations,  in 
which  these  unknown  quantities  are  separated ;  hence  the  very 
small  motions,  in  the  longitudinal  and  also  in  the  transversal 
direction,  will  coexist,  without  mutually  influencing  one  ano- 
ther ;  and  as  the  longitudinal  motion  has  been  completely  de- 
termined, wc  need  not  now  take  it  into  account.  Therefore 
we  may  make  u  =  0,  in  which  case  all  the  points  of  the  mean 
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filament  will  otclUatc  oo  linet  perpendicular  to  iu  n 

rcction,  and  jr  and  y  will  be,  ai  any  iostaot,  llie  t 

the  plane  curre  a'h'u'  formed  by  this  filamtnL     W«  i 

also  abstract  from  the  coondcration  of  the  vmtW  i 

dilatutiun  or  contraction  which  may  hare  place  to  c 

of  the  rod  perpendicular  to  Its  length,  in  which  OMe  the  ■ 

which  it  ifl  proposed  to  delcnnine  will  be  the  Mme  fbr  all  4 

points  of  the  same  section ;  »o  that  it  will  Iw  ■nl 

aider  that  of  the  point  which  belmi^  lo  tbo  nta 

The  equation  of  this  tranirenal  motioD  umy  \tm  i 

from  equation  (f )  of  No.  3S0,  by  nbstitatiiig  t  —  ^,  « 

<f*v 
Bunply  —  j^,  in  place  of  v,  if  no  giren  fai«a  ia  imnioa^J  to 

Iw  applied  to  the  different  points  of  the  rod.     Tbncfan  tli) 

oquoUon  will  be 


r+»'^*=oi 


(") 


&*  being  a  positive  coiistaot,  which  will  depend  on  the  ■■ftaU 
of  the  rod,  and  on  the  area  and  figure  of  the  ooraal  McdM. 
Beaide*  this  equation  (I),  which  is  cooiaoo  to  all  the  p*li* 
f'  of  the  mean  filament,  there  oie  alio  equatfoiu  rvbiiv*  la  lb 
t«ztraiuties,wh)ehwillbe  theHuneailit  the  problem  of  af«- 
rhbriam.  In  thb  rcapect,  ux  diffemt  case*  nuy  occ«r,  •»> 
I  wrding  as  each  of  the  two  extreraitiei  of  the  rtid  will  be  Imly 
I  fixed,  or  nerely  prewed  against,  or  entirely  free.  But  as  iImm 
I  may  be  treated  m  the  same  manner,  we  ihall  iiiijii 
I  vnradrcs  lo  the  coatUanttion  of  one  in  detail,  and  w«  ^il 
■Mtppoae  thai  the  rod  is  cntiivly  free  at  ila  two  extn«id«  &  i 
1  ■,  to  which,  moreorer,  no  partieuUr  fnve  will  be  ap^M.I 
■  being  w,  for  all  raluea  off,  we  shall  have  (No.31l)(4J 


at  the  c\tirmi( 


.=0,     g  =  ..    g  =  .. 

i<y  A  .  and 
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at  the  extremity  b^ 

At  the  commencement  of  the  motion,  the  curve  that  the 
mean  filament  assumes,  and  the  velocities  of  aU  its  points  will 
be  known ;  if  therefore  the  time  t  be  reckoned  from  this  com- 
mencement, and  if  ^  and  i^'x  denote  given  functions  from 
or  =:  0  to  f  =:  /,  we  shall  have  at  once 

/=0,    y  =  ^,     ^  =  far.  (4) 

Nevertheless,  these  arbitrary  functions  should  satisfy  the  condi- 
tions relative  to  a?  =  0  and  :r  =  /,  which  will  be  expressed  by 
equations  (2)  and  (3)  for  the  function  ^,  and  by  their  diffe- 
rentials relative  to  i  for  the  function  0^x. 

Thus  the  question  to  be  resolved  will  consist  in  finding 
the  value  of  y,  as  a  function  of  t  and  a:,  which  satisfies  equa- 
tions (1),  (2),  (3),  (4),  the  first  of  which  is  the  only  one  which 
has  place  for  all  values  of  these  two  variables.  But,  it  is 
useful,  previously,  to  compare,  for  the  same  elastic  rod,  the 
coefficient  A,  which  occurs  in  the  equation  of  its  transversal 
motion,  and  the  coefficient  a  that  is  contained  in  the  equation  of 
its  longitudinal  motion. 

520.  I£g  denotes  the  gravity,  p  the  weight  of  the  rod,  and 
g  the  tension  which  should  be  employed  to  double  its  length  /, 
we  have  (No.  494) 


2      9^9 


P 
The  product  of  the  density  of  the  rod  and  of  the  area  of  its 

normal  section  is  equal  to  ^{v)  ;  and  by  equation  (f)  of  No. 

320,  from  which  equation  (1)  of  the  transversal  motion  is  ob- 
tained, we  shall  have 
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in  which  u,  r,  A,  t  have  the  same  signification  as  in  No.  3H. 
and  the  constant  a  of  the  same  number  is  the  value  of  f,  rr- 
fcrred  to  the  unit  of  surface,  so  that 

q  =  aaiy 

in  which  oi  denotes  the  area  of  the  normal  section  of  the  rod. 
Likewise,  if  we  make 


V  _  1  vu^du  =  wA*, 


(A  will  be  a  line  the  value  of  which  will  depend  on  the  am 
and  form  of  its  contour),  we  shall  have 

P 

hence  there  results 

b  =:  oA. 

If  the  normal  section  of  the  rod  is  a  rectangle  whose  base  n 
perpendicular  to  the  plane  of  the  curve  a'm'b',  and  het^t 
equal  to  2€,  we  shall  have 

d  =  2rf,     A'  =  A  =  f,     u)h^  =  '  J  — I  ^^^^*^  ==  i  *'*  • 

aiul  wo  shall  obtain  (j) 

/>=  — - 
1/3' 

In  the  ca^  of  a  cylindrical  nni,  whose  radium  is  rcpri*Mrntoi 
)>v  €,  we  shall  have 


from  which  we  can  deduce  at  once 

uiA'  =  I  wi\ 
and  hence(y) 

If  now  the  normal  section  of  the  nnl  in  an  iM>v.vli*^  triaiuc^ 
whoso  l>aHo  i«i  |K*rpendicular  to  the  plane  of  the  curvo  \  m  s  . 
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and  if,  for  greater  clearness,  we  suppose  that  this  plane  is  ver- 
tical, and  that  the  base  of  the  triangle  corresponds  to  the  upper 
face  of  the  rod,  then  if  we  denote  this  base  by  X,  and  the 
height  by  2  c,  we  shall  have  always(2r) 

but  the  value  of  h  will  be  different,  according  as  the  convexity 
of  upper  face  of  the  rod  is  directed  upwards  or  downwards 
(No.  315).     In  the  first  case,  we  shall  have  (a') 

-  3*  3'    *-2A3  +"/' 

from  which  there  results 

and,  consequently, 

3 
In  the  second  case,  we  shall  have(6'), 

*  =  T'    *=T'    "  =  2^1-3 +  «J' 
we  may  deduce  from  it 

and,  then, 

These  results  will  be  of  use,  farther  on,  in  enabling  us  to 
compare  together  the  tones  of  the  same  elastic  rod,  when  it 
vibrates  longitudinally,  and  when  it  vibrates  transversally. 

521 .  Let  now  p  and  q  be  functions  of  ar,  and  m  a  constant 

relatively  to  t  and  x.     In  order  to  satisfy  equation  (1),  let  us 

assume(c') 

yzip  Anm^bt  +  qco%fn?bt ; 

as  this  equation  should  obtain  for  all  values  of  ^,  we  must  have 
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and,  by  integrating  these  two  differential  equations  of  tW 
fourth  order,  there  arises({/^) 

p  =  Asininx  +  A'cosmx 

qzz  c  sin  MX  4-  c'cosinx 
+  i  D  (e- -  e-*)  +  i  dX*- +  e-*)  ; 

in  which  a,  a^  b,  b',  c,  c^  d,  d'  are  eight  arbitrary  constants, 
and  e  as  usual  denotes  the  base  of  the  Naperian  system  of 
logarithms. 

In  consequence  of  the  linear  form  of  equation  (1),  it  but 
be  also  satisfied  by  taking 

y  =  2p  sin  m^bi  +  2^  cos  tn'M, 

in  which  the  sums  2  are  supposed  to  extend  to  all  possible 
values,  both  real  and  imaginary,  of  m  and  of  the  eight  other 

constantH,  a,  a',  &c.  Moreover,  it  is  evident  from  what  h*» 
been  statwl  in  the  precedinjj^  paragraph,  that  this  value  of  v 
will  be  the  complete  integral  of  equation  (I). 

If  it  be  substitute<i  in  equations  (2)  and  (3),  ^hich  liavt- 
place  for  all  values  of  /,  and,  connequently,  for  all  the  terrn^ 
of  the  sums  2  taken  separately,  we  shall  have(r'), 

'^A^-O      ^'^-0      ^'^^-O      !^-'-U 
c/x^-"'     c/j:'-"'     c/a*-"'     ./x'-"' 

for  X  =  0,  anti  x  =  /.  If  there  ))e  substitutcti  for  p  ami  y 
their  preceding  values,  there  n*sults  at  once 

n  =  a',     n  =  A,     i>'=  c ',     !>  =  c, 
and,  lH?^itles, 

A  (2sinwi/  — #-'  +  #—•)  =  A'(f-'  +  r~-'-  2ct»%in/K 
a'(2  Mil  mi  4-  r-'  -  r  -')  =  a  (2  cos  m/  -  c -^  —  e  •  ), 
I  (2Minm/  —  i—'  +  r-*')  =  c'(#"'  +  r-*^—  2co*r:i/U 
c'(2Mn  w/-f-  #-'—  e  -')  =  r  (2c<wi«i/  —  r-' —  #  —  ), 
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Now,  if  the  corresponding  members  of  the  two  first,  or  the 
two  last  of  these  four  equations,  be  respectively  multiplied 
together,  and  if,  in  these  products,  the  common  factor  aa^,  or 
cc^  be  suppressed,  we  obtain 

4  sin'iw/  —  (c**—  e-^)"+  (2  cos  m/  —  c**—  e-^)"=  0; 
or,  by  reducing^/*) 

(gnu  ^  e-^)  cos  fw/  —  2  =  0 ;  (a) 

this  equation  will  enable  us  to  determine  the  values  of  m. 
Moreover,  the  values  of  a,  a^  &c.,  which  may  be  obtained 
from  the  preceding  equations,  will  be 

B  z:  A  =:  E  (e*^  +  er^  —  2  cos  m/), 
b'iz  a'=  e  (2  sin  2  m/  —  e^  +  e"^, 
D  =  czz  E'(e«'4-e"*^—  2cosm/), 
d'zic'z:  E'(2sin2m/  — 6"^+r-^; 

E  and  e'  being  two  new  constants  which  continue  unde- 
termined. 

If  for  conciseness,  we  make 

X  =  (c^+e-*^— 2cosm/)(sinmj?4- J6"*'— 4^""^) 
4- (2  sin  m/ —  e^  +  e-^)  (cos  ma:  4- J  6*'+ i  e-^), 

the  preceding  value  of  y  will  hecome(g^ 

y  =  rx  (e  sin  rn^bt  +  e'  cos  rn^bt) ;  (b) 

in  which  the  sum  2  extends  as  before  to  all  possible  values  of 
b  and  B^  but  with  respect  to  m,  only  to  those  values  of  it 
that  are  furnished  by  equation  (a).  For  all  these  values,  we 
shall  have 

^.  =  0.    ^  =  0.  (c) 

when  X  =  0,  and  when  x  =  Z ;  and,  whatever  be  the  quanti- 
ties m  and  x,  we  shall  have  identically(A09 

^  =  m*x.  (d) 

VOL.  II.  2  R 
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522.  It  only  remains  to  dctenninc  the  nduet  of  the 
cicnts  B  and  b'  relative  to  each  value  of  m,  from  knowings  tk 
initial  state  of  the  rod  ;  this  we  proceed  now  to  do,  foUovbic 
the  general  process  that  has  been  adverted  to  in  No.  515. 

In  the  first  place,  we  may  remark  that  if  m  is  a  root  of 

equation  (a),  so  also  will  — m,  wv/— 1,  — mv^—  1^0;  nww- 
over,  the  corresponding  values  of  x  will  only  differ  either  ia 

the  sign,  or  in  the  factor  v/  —  I  ;  hence  it  follows,  that  b 
formula  (b),  we  can  unite  in  one  sole  term,  the  terms  wbicli 
belong  to  these  four  roots,  and  then  only  extend  the  sam  S 
to  real  and  positive  values  of  m,  or  to  values  consisting  oalj 
of  a  real  and  imaginary  part,  if  there  be  such,  and  in  whidi 
case  the  real  part  is  positive.  In  this  manner,  if  m  and  ■' 
are  two  roots  of  equation  (a)  that  are  employed,  m*  and  m"* 
will  diifer  from  ±  m  and  ±  tn^ 

This  being  agreed  on,  if  equation  (1)  be  multiplM^i  h\ 
\djCj  and  if  it  be  then  integratinl  from  x  =  0  to  j-  =  /.  th«-rr 
result »( A"') 

JO    dt'  ^      A»      d'x 

ami  wovhall  ol)taii)  liy  partial  iiitet^ratiiin(/  ) 

f'  V  '^'y,i^  -  ('^'y  _  '^1  d'y     d'\  di,     d\    \ 
J"\/.i»"'^"  V    (/.I         drdx^'^du'dj'^di  ^! 

r     //V       dxd\ijd\dy       '/'x„l  ,  C"'*^     ; 

Tho  torms  o>nipriM*4l  l»«*t\io(*n  tht»  pari>iitht*?4i*<(  U'1.M!i:  t.» 
J  —  /,  aiul  thosr  o»ntaiiU'<l  lK*t\\oi»n  l\\v  l»nu'kci*,  u\  i— 0- 
th(*v  inutuallv  (lo*»(rov  oiu*  aiioth<T.  in  virtiu*  oi  tM|ii.iti«Mi%  I'J'- 
(3),  (I),  n-latiw  to  iht'M'  limit'*:  aiid.  hy  «*i|ii.iti«Mi  {^\^,  vkhw'u 
cibtaiiiH  for  all  valiirn  of  .r,    if  m'\  !»«•  <»ii)wiitiiti*.i  in  i»t.i*v  ••: 

uiuUt  tilt'  s\*rn  \,  wc  hIiuII  havo 

ilX  * 

.%        r/*V    ,  ... 

V  ^   /-'/■'  =  "*A    wdi. 
j«i     tf.i  ?i 
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Therefore,  because 


we  shall  have 


d\^-^  +  b'm'lxydx-0. 


The  complete  mtegral  of  this  differential  equation  of  the 
second  order  is 

^  xydx zz  Hcosm'A^ -f  H'sin m^A^ ; 

in  which  h  and  h'  denote  two  arbitrary  constants.  In  order 
to  determine  them,  if  /  =  0,  in  this  formula  and  in  its  diffe- 
rential  with  respect  to  t^  there  will  result 

Whatever  may  be  the  magnitude  of  /,  we  shall  have 


\'  xydx  =  C*  xi^xdx .  cos  m*W, 

1    ^i 
+ 1 — 2  Na  ^^'^dx.  sin  fn?bL 


(e) 


If  formula  (b)  be  substituted  in  place  of  y  in  the  first 
member  of  this  equation  (e) ;  as  its  second  member  only  con- 
tains cos  w?bt  and  sin  rn^bt^  if  m^  be  a  root  of  equation  (a), 
such  that  m'  and  m^  differ  from  ±  m  and  ±  tn^j  as  we  have 
supposed  above,  the  term  corresponding  to  m!  must  disappear 
from  the  first  member ;  in  order  to  this,  it  is  necessary  that 

JJ^xx'cirzzO;  (0 

in  which  x^  denotes  what  x  becomes  when  m  is  changed  into 
m\mr).  But  in  the  case  of  m^=:  m,  it  follows  from  this  sam^ 
equation  (c),  that 

■  So  ^''^  =  i«  &  ''♦'*<^' 
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«'&''*^=S^*^' 


by  means  of  this  the  raloes  of  ■  and  t'  will  be 
functions  of  nt,  and  formola  (b)  will  become 


y=2x 


•~  cot«»WH anm*bL 


L£--^ 


bmf^x'd* 


(f> 


<^ 


As  this  expression  for  y,  and  the  Tiliie  of  -^  whieh  faUovi 

from  it,  no  longer  contains  any  unknown  qoanticy,  tbejr  wiU 
make  known  at  each  instant,  the  ordinate  and  relodtT  of  W 
any  point  whatever  of  the  curve  a^m'b';  which  is  the  cooqdclc 

solution  of  the  problem.  The  integral  ^  x*dLr  may  beoblaiaed, 

under  a  finite  form,  by  the  ordinary  rules,  but  the  valoei  of 

the  integrals  C  x^dr  and  \Yi^'xdx  cannot,  ing^eneraL  be 

computed  but  by  the  method  of  quadratures. 

523.   If  ^  be  made  equal  to  cipher  in  the  expressions  fer 

y  and  -^,  we  shall  have,  by  equations  (4)  and  (g), 
di 

^  =  2 1 I X, 


^'x  =  2 


'lliew*  two  siimilar  formulie  obtain  for  any  functions  « lut- 
ifvor  of  X,  Kuch  as  ^x  and  ^'x,  whether  continuous  or  liivx^o- 
tiiiiioiH,  but  (K)lely  from  r  =  0  to  x  =;  / :  and  it  should  U*  oS- 
iicrv4Hi«  that  they  have  not  place  for  the  cxtremv  vaiue«  A  r, 
uiile*»*i  thcMic  of  thc^e  functions  Hatisfy  the  condition  ftat«d 
above  ( No.  5 1 9  )•     Although  these  formulc  cannot  be  directir 
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nstrated,  they  are,  however,  not  less  certain  on  that  ac- 
:,  as  has  been  explained  in  No.  516. 
1  the  particular  case  in  which  all  the  points  of  the  rod 
received  at  the  commencement  a  common  velocity,  and 
I  velocity  proportional  to  their  distances  from  its  middle 
,  it  is  evident  that  it  ought  to  be  actuated  by  a  motion 
inslation  and  a  rotatory  motion,  without  experiencing 
,*urvature,  or  undergoing  any  vibrations.  This  might 
have  been  inferred  from  these  equations  (h),   and  from 

1  this  case  if  c  and  y  denote  two  constant  quantities,  we 

^jT  =  0,     0'j:  z:  c  +  7  («  —  J/) ; 

f  the  second  equation  (h)  be  differentiated,  there  results, 
king  into  account  equation  (d), 

^2 xm«  =  0; 

ich  I  may  be  any  positive  integer  whatever(n').  Conse- 
ly,  the  development  according  to  the  powers  of  <,  of  the 

formula  (g),  will  be  reduced  to  its  first  term(o') 

lue  of  which  will  be,  in  virtue  of  the  second  equation 
/x.  Hence,  in  consequence  of  the  equation  ^x  =z  0,  and 
value  of  ^^x,  formula  (g)  will  be  simply 


310        TRAN8VBR8AL  VIBRATIONS  OP  AN  ILAaTIC  SOD. 

y=:[c  +  7(x-J/)]'. 
US  it  ought  to  be. 

524.  It  may  be  demonstrated  by  meant  of  eqwuion  (fK 

that  equation  (a)  does  not  admit  of  a  root  consbdng  of  • 

real  and  imaginary  part.     In  fact,  if  there  exists  such  a  rosi 

as  f'\-g>/'^\\  there  will  be  also  another  which  only  difien 

from  this  in  the  sign  of  V^  — 1,  which  will  bey— y^^« 
therefore,  we  may  assume  in  equation  {f)y 

in  which  /"and  g  denote  real  quantities,  none  of  which  cu  k 
cipher.     Wc  shall  also,  at  the  same  time,  have 

X  =:  F  +  o  \/— 1,     x'=F  — o  t/— 1 ; 

in  which  f  and  g  are  likewise  real  quantities.  Conaeqnaitijt 
equation  y  will  become 

5;^(F^+G«)dr  =  0; 

which  is  impossible,  sincCi  in  order  that  it  should  oblain. 
it  would  be  necessary  that  an  integral  of  which  ail  the  ele- 
ments are  |)ositive,  and  which  expresses^iheir  sumJ(No.  13  k 
should  he  equal  to  cipher.     Hence  the  sup^Kisition  of  a  nw( 

y+i/V^— 1  i^  inadmissible.  This  last  cipiation  would  be 
also  inadmissible,  ify'or// were  cipher;  but   then  uo  couM 

no  longer  assume  y+  [1  V^  —  1»  amly—  r/  v^  —  1  for  m  and  m  : 
for  equation  (f)  implies  that  m'  and  m"*  «litfer  fniin]^  m  luJ 
±  M'l  which  would  nut  be  the  case,  if  one  of  the  two  quan- 
titiesy'and  g  was  cipher. 

yio.   When  in  eciuation  (a)  the  root  in  is  equal  to  cipher, 
the  c()rreH|M)nding  term  of  formula  (g)  u^sumi^s  the  form  •* 
its  true  value  is  obtained   by  sup|H>sing  that   r?i  i^  imiIv  a'-. 
infinitely  small  cpiantity;  in  this  caM*,  we\hull  havi(//  ) 

X  =  4  wj  /M  I  -  J  /),     cos  mf^  =  I .     M„  ,H-U  =  m:^4. 


TRANSVERSAL  VIBRATIONS  OF  AN  ELASTIC  ROD.        311 

and  the  term  in  question  will  be 

It  refers  to  the  motions  of  translation  and  rotation  that  are 
common  to  all  the  points  of  the  rod ;  as  we  shall  not  take 
them  into  account^  nor  consider  the  root  m  =:  0,  all  the  terms 
of  the  series  (g)  will  be  periodic. 

But,  if  we  advert  to  the  circumstance  that  the  different 
values  of  m  are  incommensurable,  it  will  appear  that  all  the 
points  of  the  rod  will  never  in  general  revert,  at  the  same 
time,  to  their  primitive  state,  or,  in  other  words,  an  elastic 
rod  will  not,  in  all  cases,  perform,  like  a  stretched  cord,  iso- 
chronal transversal  vibrations.  In  order  that  the  isochronism 
may  have  place,  and  that  the  rod  may  produce  an  unique 
appreciable  tone,  it  is  necessary,  that  in  consequence  of  its 
curvature,  and  of  the  velocities  of  its  several  points  at  the  com- 
mencement of  the  motion,  all  the  terms  of  formula  (g)  should 
disappear,  except  one  only,  by  which  means  it  will  be  reduced 

to  the  form 

y  zi  X  (e  sin  m^bt  +  e'cos  m^bt)^  (i) 

in  which  the  constants  e  and  e'  are  substituted,  for  the  sake  of 
abridging,  in  place  of  their  values  found  above.  When  for- 
mula (g)  is  reduced  to  a  small  number  of  terms,  the  rod  will 
cause  to  be  heard  at  the  same  time  several  distinct  sounds,  the 
tones  of  which  cannot  be  accurately  compared  togetlier. 

526.  If  X  denotes  a  numerical  value  of  ml  deduced  from 

equation  (a),  so  that  i/i  =  -r,  and  if  t  be  the  duration  of  an 

entire  oscillation  of  the  rod,  corresponding  to  this  root  it?,  and 
n  the  number  of  vibrations  in  the  unit  of  time,  we  shall  have, 
by  means  of  equation  (i), 

_2wP       _  yb 

T«  ^,^,     n«  ^^pi 
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BO  that  ibe  different  tones,  which  a  rod  bent  in  thr  mmt  » 
reclioD,  and  vibrating  ininsvpreally,  produce*,  mhea  fn*ua 
two  extremities,  will  depend  on  the  values  of  A,  and  th/  x-^-- 
or  fundamental  tone  corresponds  to  the  least  of  tb.->i  ■  .  - 
It  is  evident  that  the  quantity  6',  furnished  by  fhnDau  ',i 
depends  only  on  /  th«  length  of  thr  rod ;  if  the  rod  be  cffo- 
drical  or  circular,  it  Ukewisi*  appears  that  this  quantity  it  p»- 
portional  to  thi>  Nquare  of  the  diameter.  Consmpieiuly  ia  iW 
case  of  two  cylindrical  rods,  consiithig  of  the  naw  aMnk 
and  of  which  the  order  of  nbrationi  is  the  aane,  i.  fc  ir 
which  the  value  of  X  is  the  tame,  the  number  n  wiD  behik 
direct  ratio  of  the  thickness,  and  inversely  as  the  tqaanof  At 
length  (^. 

In  the  case  of  a  rod  of  a  prismatic  fonn,  then  wiD.  '-^ 
genenil,  be  two  different  sounds  produced,  acamUng  at  it  n. 
vibrate  transvereely  in  one  direction  or  anotbo'.  Tkat,  U  i^- 
example,  the  normal  section  be  supposed  to  be  a  rectangle,  a: 
if  the  rod  be  made  to  vibrate  successively  (0«  »"  llial  the  S*-- 
or  altitude  of  the  rectangle  may  be  prrpentUmlar  to  tlw  fia^ 
of  the  cur^-e  a'm'u',  thr  successive  values  of*  will  ba  to  met 
other  t»  this  ultitude  and  this  Itasc,  for  the  same  order  vt  ry 
brntions.  When  the  normal  section  is  triongalar,  as  ia  ih^ 
third  example  of  No.  520,  the  value  of  M  will  not  be  the  mm 
for  two  sucmsire  sami-ribratioas ;  thuir  durations  wiD  eoa- 
•equently  be  unequal ;  this,  howi;wr,  will  not  prmot  that 
entire  vibra^ons  from  being  bodirotMtus  >f  fomoU  (g)  » 
always  reducible  to  one  sole  term(«'>. 

By  putting  the  bctor  x  of  formula  (i)  equal  to  dphcr.  «r 
can  determine  tbc  values  of  x  which  com>spoiHl  tn  tbe  mtda 
of  Tibretlons,  that  is  to  say,  u>  ibe  immoveable  potala  a*  iW 
liiM  ui,  for  each  value  of  m,  or  for  each  tone  that  tbe  nid  OR 
eausa  tobelkcard. 

037.  When  tbe  ehntic  rod  that  is 
[  cvrwl  at  iu  cilnnity  *,  and  fre*  at  its  other  ni,  iW  ■ 
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lament  will  be  a  tangent  at  a  to  the  line  ab,  during  the 
ntire  continuance  of  the  motion ;  so  that  equations  (2)  of  the 
receding  problem  ought  to  be  replaced  by 

x  =  0,     y  =  0,    1=0. 

rhe  preceding  analysis  must  be  modified  in  consequence  of 
his,  which  it  can  be,  without  any  difficulty ;  and  the  general 
•alue  of  y  will  be  still  expressed  by  formula  (g) ;  but  the 
'alues  of  m,  that  ought  to  be  made  use  of,  should  be  deduced 
rom  the  equation  (f) 

(e^  4-  e-~')  cosml  +  2  =  0,  (a^ 

vhich  only  differs  from  equation  (a)  in  the  sign  of  the  last 
erm ;  at  the  same  time,  the  value  of  x  should  be  determined 
>y  means  of  the  equation 

X  =  (e*^  +  er^^  +  2cosm/)  (sin;7t:r  —  ^e^ 4- i^~*') 
+  (2sin»i/  +  e***  —  er^  (cosmx  —  ^  e^'  —  J  er^). 

In  order  that  the  rod,  when  vibrating  thus  transversally, 
nay  produce  only  one  sound,  it  is  necessary  that  formula  (g) 
should  be  reduced,  by  means  of  its  initial  state,  to  one  sole  term 
>r  to  formula  (i),  as  in  the  preceding  case.  If  X'  be  a  positive 
ralue  of  ml  deduced  from  equation  (a^),  f^  the  duration  of  a 

X' 
iribration  corresponding  to  m'  =  y,  and  n'  the  number  of  vi- 
brations in  the  unit  of  time,  we  shall  have 

md  every  thing  that  has  been  stated  in  the  preceding  numbers 
respecting  the  comparison  of  the  tones  of  rods  free  at  their 
two  extremities,  is  equally  applicable  to  the  case  of  rods  firmly 
secured  at  one  of  their  extremities ;  in  like  manner  the  nodes 
of  vibrations  which  accompany  each  tone  given  out  by  the 
VOL.  II.  2  s 
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same  rod,  will  be  determined  by  putting  the  preccdinf  viIh 

of  X  equal  to  cipher. 

528.  In  order  to  resolve  equations  (a)  and  (a')  by  appm^ 

mation,  let 

iii/=:X=i(2i  +  l)ir:f:8, 

in  equation  (a),  and 

lit/ =:X'=:J(2i  +  l)ir±  i\ 

in  equation  (a^ ;  in  which  t  denotes  any  positive  integers^ 
ber  or  cipher,  and  S,  S"  two  positive  quantities,  wliich  cnaM 
surpass  ^v{u').  These  new  unknown  quantities  shooU  W 
affected  with  the  superior  or  inferior  signs,  according  as  t  ii 
even  or  odd  ;  and,  l)y  this  means,  equations  (a)  and  (a'j 

2 


sinS  = 


sin  S'  = 


2 


J 


(k' 


It  in  easy  to  perceive  that  in  consequence  of  the  limiis  «v 
S  and  2',  neither  of  these  unknown  quantitii^s  can  have  m*»nf 
than  one  value  for  each  value  oft;  that  of?,  for  i  =  0.  mill  he 
?  =  iTr(r'):  and  as  it  corresjwnds  to  ml  zz  0,  we  »houId  iio( 
take  it  into  account.  For  i  =  0,  we  have  c  =  0,  01797,  hj 
neglecting  ?  in  the  second  member  of  the  priH.vding  (H|u;iCiiHi,i  : 
and  if  in  it  this  first  a|)|)roximate  value  of  e  be  siubnticuttfti.  «^ 
shall  have,  more  aecunitely, 

The  values  of?  relative  to  i  =  2,  i  =:  X  uill  Iv  ntill  i'  !***• 
than  this;  therefore  the  values  of  A  will  differ  very  little  fn*in 

m 

the  (Mid  multiplies  <if  ^ir;  and,  it  a|>|H'ar«  from  the  eiprt-vMon 
of  the  nuinlNT  m,  that  the  tones  of  a  rml  that  in  (T%r%*  at  it«  l«<* 
extremilii»s  will  eonntitute,  very  nearly,  a  M»rit»^  incr%*aMni(  a* 
the  nquari's  c»f  the  numln^rs  3,  /),  7,  \e.  The  lea*t  >Alue  pI 
A,  which  corri*%|MindH  to  the  gravest  viund,  i< 
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\  =  iir  +  S-=  4,74503. 

In  the  case  of  i  =  0,  we  find  after  some  trials,  to  a  sufficient 
leg^ree  of  approximation  (y'), 

8' =0,30431. 

Therefore  the  least  value  of  X'  will  be 

X'  =  i7r4-8'=  1,87011. 

Hence  there  results,  by  comparing  its  square  with  that  of 
the  preceding  value  of  X,  and  observing  that  these  squares 
&re  to  each  other  as  nf  and  n  their  respective  numbers  of 
vibrations, 

-=0,15715, 
n 

for  the  ratio  of  the  gravest  tone  given  by  the  rod  firmly  fixed 
At  one  of  its  extremities,  to  that  of  the  same  rod,  when  free  at 
its  two  extremities.  The  other  values  of  S'  are  very  small ; 
therefore  the  corresponding  values  of  X'  will  be,  very  nearly,  the 
3,  5,  7,  &c.,  multiples  of  ^ir;  and  the  tones  of  the  rod,  one 
of  whose  extremities  is  firmly  fixed,  will,  with  the  exception 
of  the  gravest,  constitute  a  series  increasing  as  the  squares  of 
these  odd  numbers. 

Experiments  made  long  since  have  confirmed  every  thing 
indicated  here  by  theory,  relative  to  the  series  of  tones  produced 
by  elastic  rods,  which  are  either  free  or  fixed  firmly  at  their 
extremities,  to  the  position  of  the  nodes  which  accompany 
these  different  modes  of  vibration,  and  to  the  relations  of  the 
tones,  in  the  directions  of  their  lengths  and  thicknesses. 

We  proceed  now  to  compare  together  the  tones  or  number 
of  transversal  and  longitudinal  vibrations  of  the  same  elastic 
rod.  Observation  has  likewise  confirmed  on  this  point  the 
results  of  the  calculus. 

529.  We  shall  suppose  for  greater  clearness,  that  in  these 
two  descriptions  of  vibrations,  the  rod  is  free  at  its  two  extre- 
mities, and  we  shall  restrict  ourselves  to  the  consideration  of 
the  gravest  tone  that  is  given  out  by  each  of  them. 
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There  results,  by  making  use  of  the  least  Tftloe  of  X 
in  the  preceding  number, 

n  =  <-i^^^  =  (3.««.)'p, 

for  the  number  of  transversal  vibrations  in  the  unit  of  ti 
If  111  denotes  the  number  of  longitudinal  vibrations  in  the  amc 
time,  we  shall  have,  by  the  third  case  of  No.  495, 

_  a 
"'-2/' 

and  as  6  =  oA  (No.  520),  there  will  result 

n  =  (7, 12164)^', 

a  formula  that  is  independent  of  the  material  of  which  the  nri 
consists,  and  by  means  of  which  the  transversal  tone  naj  be 
obtained  when  the  longitudinal  tone  is  given,  and  rice  mtss. 
The  magnitude  of  A  which  occurs  in  the  expression,  will 
depend  on  the  figure  of  the  normal  section,  and  will  bo  propor- 
tional, cvory  thin^i^  else  being  the  same,  to  the  thickne«s.  A* 
this  dimension  is  very  small  relatively  to  the  length  /«  it  fol- 
lows that  the  tone  of  the  transverial  vibrations  will  be  verj-  gn^ 
relatively  to  the  other;  which  agrees  with  the  obserratiom 
that  have  l>een  most  usually  made.  By  No.  620,  if  the  rod 
is  a  cylinder  of  which  the  railius  is  t,  we  have  A  =  )  i ;  and  if 
it  is  a  parallellopi|>eii,  and  that  2c  Is  alsk)  the  thickness,  «< 

have  h  z:  ~7^ ;  therefore,  in  these  two  cases,  we  shall  have 

n  =  (7,12Hi4)!-''\    H  =  (7,l2nJ4);''-i... 

As  the  number  /i,  is  inde|>endent  of  the  figun*  and  dimtMWoci« 
of  the  normal  s<>ction,  it  follows  tliat  for  the  s.imc  valuo  ot  t 
and  /,  the  numlnT  of  tran*iversal  vibrations  is  les«  in  the  tr»t 

case  than  in  the  sixond,  in  the  ratio  of  V^3  to  2(r  ). 


CHAPTER  IX. 

GENERAL  EQUATIONS  AND  PROPERTIES  OF  THE  MOTION   OF  A 

SYSTEM  OF  BODIES. 

I.   General  Equations  of  this  Motion. 

530.  Since  the  forces  lost  by  all  the  points  of  a  system 
during  each  instant,  ought  to  constitute  an  equilibrium,  (No. 
530),  if  the  principle  of  virtual  velocities  be  applied  to  these 
forces,  a  general  formula  will  be  obtained,  from  which  can  be 
deduced,  in  each  particular  case,  all  the  equations  respecting 
the  motion  of  bodies,  just  as  all  those  relating  to  their  equili- 
brium have  been  deduced  from  the  general  equation  of  vir- 
tual velocities.  But,  however  natural  and  obvious  this  com- 
bination of  the  general  principle  of  dynamics  with  that  of 
equilibrium  may  now  appear,  still  it  was  not  made  at  the  time 
when  the  first  of  these  two  principles  was  discovered,  although 
the  second  had  been  previously  given  in  all  its  generality. 

We  are  indebted  to  Lagrange  for  thus  connecting  these 
two  principles ;  by  this  means  the  solutions  of  all  the  problems 
of  mechanics,  or  at  least  the  formation  of  the  differential  equa- 
tions on  which  they  depend,  are  reduced  to  one  uniform  pro- 
cess. It  is  this  general  process  which  we  now  proceed  to 
explain.  It  may  not,  however,  be  superfluous  to  apprise  the 
reader  here  that  the  order  which  has  been  pursuedin  this  treatise, 
in  which  problems  relative  to  solid  or  flexible  bodies  have  been 
directly  resolved,  is  by  proceeding  from  the  simpler  to  the 
more  complex  and  difficult  cases,  and  the  reason  is,  because  it 
appears  to  be  most  suitable  to  a  profound  study  of  mechanics 
and  knowledge  of  this  science,  which  should  not  be  solely  con- 
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vidcnnl  in  an  nbitrod  point  of  view,  am)  inAtfeoiieatijaifk 
uchI  circumstances. 

531 .  Let  VI,  ffl',  m",  Sic.y  denote  the  naMcs  of  the  fit 
of  theoyfltein  in  question.  At  the  end  of  I,  thv 
from  the  comoiencement  of  the  nwtJon,  l«l  x,  g,  s  ili  n—  ift 
three  rectangular  coordinates  ofw,iuid  j,  t,  z  the 
of  the  accelLTating  force  applied  to  tbis  nateml  point, 
in  the  direction  of  the  positive  productions  of  i,  y,  :.  Im 
same  lettent,  with  corrt>«|>onding  accents,  rcpre«cnt  the  hm 
logons  quantities  whiih  refer  to  the  other  points  !■•',■',< 
Th<!  components  estimatwl  in  the  dlrectioin  of  x,  T,  m,  «f ' 
forces  lost  by  any  point  m  during  the  instant  dt,  will  bt 


4').  "('-§)•  4-£)= 


consequently,  tbe  system  will  be  in  eqoilibrio  if  tke  p«iM' 
be  supposed  to  be  solicited  by  these  forces,  and  cacli  ef  d 
other  points  m',  m^,  Ac,  by  stnilar  forces.    Now,  the  gOHBl 
equation  of  this  equilibrium  will  be  (brmed  by  sabi  ~'~    '     *~ 
equation  (e)  of  No.  3-11,  ibe  three  precodtng  ooa» 
place  of  X,  T,  X ;  this  gives 

!„(,_  J')8.+  a.(,_  g)^+  !-{.-*)«=•,  J 

in  which,  as  the  sums  S  extend  to  ail  the  points  m,  ■', 
&c.,  of  the  system,  Ibey  consequently  eonsiM  of*  bo^si 
parts  equal  to  the  number  of  these  points. 

We  shall  suppose,  as  in  the  Bianbor  died,  that  the  a 
in  which  those  nalerial  polnto  m  eoiuiNt«d  togetlur,  is 
prcned  by  the  equations 

L  =  0,     l'  =  0,     L"  =:  0,  Ac.  (! 

in  which  L,  L',  l",  Jtc  are  ([iren  ftinctioiM  of  tlic  nri 
*,  y,  s,  x',  ke^  or  of  a  part  of  them,  whirh  may  alaa  tm 
the  time/  explicitly.  If^  for  example,  the  |wint  m  is 
lo  rvmain  on  a  Mirbce  which  giaduaUy  cbaiqpM  Ha 
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rhich  h  in  motion  in  space,  and  if  l  =  0  represents  the  equa- 
ion   of  this  surfieu^,   then   l  will  be  a  given  function  of 

Although  the  forces  of  which  equation  (1)  expresses  the 
quilibrium  refer  to  the  quantities  of  motion  lost  during  the 
nteryal  of  time  dty  and  that  during  this  instant  the  positions 
»f  the  points  m,  m'y  mf\  &c.,  change  by  infinitely  small  quan- 
ities,  we  can,  nevertheless,  suppose  that  this  equilibrium 
obtains  in  the  positions  that  these  points  occupy  at  the  end  of 
jhe  time  /,  that  is  to  say,  we  need  not  take  into  account  their 
;haiige  of  position  during  the  instant  dt^  which  can  alter  the 
{uantities  of  motion  lost  while  it  is  taking  place,  only  by  an 
nfinitely  small  quantity  of  the  second  order,  and  the  corres- 
HMiding  motive  forces  by  an  infinitely  small  quantity  of  the 
irat  order(a).  Consequently,  the  infinitely  small  displace- 
nents  which  the  principle  of  virtual  velocities  implies,  and 
p^hich  are  expressed,  in  the  directions  of  the  coordinates,  by 
ixj  Sy,  iZf  for  the  point  m,  by  So/,  Sy'i  Sx',  for  the  point  m^ 
Sec.  ;  most  satisfy  the  conditions  of  the  system,  such  as  they 
ire  at  the  end  of  the  time  t ;  hence  equations  (2)  must  also 
bave  place  when  a?  +  Sx,  y  +  Sy,  z  +  Sz,  a/  +  Sa/,  &c.  are 
substituted  in  place  of  x,  y,  Zy  a/,  &c.,  the  time  /,  which  they 
tnay  contain  explicitly,  being  supposed  not  to  vary ;  therefore 
we  obtun,  as  in  No.  341, 


dL'  ^    ,  dL\    ,  dh'       ,  d^\  ,  ,  o  A 

dh"  dL\        dh"  dL"     ,     , 

&C. 


(3) 


By  means  of  these  equations,  a  part  of  the  quantities  Sx, 
S^,  &c.,  can  be  eliminated  in  the  first  member  of  equation 
[  1 ),  and  then  the  coefficients  of  each  of  the  remaining  quan- 
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titles  may  be  put  equal  to  cipher.     If,  as  in  No.  343,  At 
method  of  Indeterminate  factors  be  employed,  we  shall 

the  following  equations : 


rf<» 


dx 


dx 


dx 


tPy  _ 


dL 
dz 


m-^^mz  +  X^+y^^+X'^  +  ttCy 


dtJ 
dz 


dL' 


m' 


Ml 


dV 
di" 

&c. 

in  which  X,  X^  \'\  &c.,  are  factors  whose  values  make  kaovt 
the  forces  arising  from  the  connexion  of  the  points  of  tkr 
system,  and  from  the  resistance  of  the  surfiices  or  ctinrcs  oa 
which  they  are  constrained  to  move  (No.  343). 

The  number  of  equations  (2)  and  (4)  taken  togetkcTt  viil 
be  always  the  same  as  that  of  all  tho  unknown  quantities  ot' 
the  problem,  that  is,  the  number  of  quantities  X,  X^X  ^  kc^ 
is  equal  to  that  of  equations  (2),  and  the  numln^r  of  ctwnii- 
nates  of  the  points  wi,  wi',  m'\  &c.,  is  triple  that  of  \ht^ 
moveables,  and  equal  to  the  number  of  equations  (4  ) ;  con*!'- 
quently,  they  are  sufficient  in  ail  c;tses  to  determine  the  %-aIur* 
of  all  these  unknown  quantities  in  functions  of  the  time. 

532.  If  the  j^iven  forci^s  which  act  on  all  the  [KMnt«  of  tfn 
system  be  su|)posed  to  Ik>  distributed  into  tuo  i2;^roup<«  %o  th^t 
we  mav  have 

« 

X  =  r  -r  I  ,      \  —  g  -t-  \,      /  n  K  -r  w, 

x=i»'+r\       Y'=u'-hV,       z'=:K'-f  H    ; 
&e. ; 

and  if  we  assume  aUo,  that  the  diflerenttal  equation^  ol  ihf 
problem  can  be  integ^nitiMi  by  conHideriiij^  M>lel\  thv  fiKc\* 
r»  g,  «s  !•'»  vi'f  a',  \:e. :  //,  A,  r,  ^:i^,  \w\\\^  the  arbitrjirv  o»n- 
•itantH  inlriKlueed  by  tlie^c  inlei^ratioii'^ ;  ue  fan  extend  ihi* 
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lolation  to  the  complete  forces  x,  y,  z,  x',  y^^z^,  &c.,  by  means 
»f  the  method  founded  on  the  variation  of  arbitrary  constants, 
lie  principle  of  which  was  explained  in  No.  229.  The  diffe- 
-entials  of  the  quantities  a,  6,  c,  &C.9  supposed  to  become 
variable,  will  be  linear  relative  to  u,  V,  w,  u',  v',  w',  &c.,  and 
of  the  form 

«/a  =:  AU  +  Bv  +  cw  +  a'u'  +  &c., 
db  =  AiU  +  BiV  4-  CiW  +  a/u'+  &c., 

dc  =  AjU  +  B^V  +  CjW  4-  A^'u'  +  &C., 

&c. 

A,  By  &Cm  being  functions  of  the  same  unknown  quantities, 
a,  6,  c,  &e.(ft)  By  this  means,  the  second  differential  equa- 
tions of  the  problem  will  be  changed  into  twice  the  number 
of  differential  equations  of  the  first  order;  but  this  trans- 
formation will  be  principally  useful,  when  the  secondary  forces 
c,  V,  w,  u^  &c.,  are  very  small  with  respect  to  the  primitive 
forces  p,  Q,  R,  p',  &c. ;  for  this  circumstance  will  enable  us  to 
conaider,  in  the  first  approximation,  the  quantities  a,  6,  c,  &c., 
which  the  coefficients  a,  b,  &c.,  contain,  as  constant,  and  con* 
sequently,  to  deduce  firom  the  preceding  formulae  by  imme- 
diate integration,  or  by  the  method  of  quadratures,  the  vari- 
able parts  of  these  unknown  quantities. 

It  was  Lagrange  who  thus  extended  to  all  problems  of 
mechanics  the  method  of  the  variation  of  arbitrary  con- 
stants, to  which  he  had  before  reduced  the  theory  of  the 
particular  solutions  of  differential  equations,  and  of  which  he 
also  made  other  applications  less  general.  But  he  restricted 
himself  to  assigning  the  general  expressions  of  the  quan- 
tities u,  v,  w,  u',  v',  w',  &c.,  in  linear  functions  of  the  diffe- 
rentials rfa,  eft,  cfc,  &c. ;  and  it  still  remained  to  find  the  in- 
verse formulae  which  give,  directly,  in  the  general  case,  the 
differentials  of  the  unknown  quantities  n,6,  c,  &c.,  in  linear 
functions  of  the  forces  u,  v,  w,  &c.,  and  to  demonstrate,  in  a 

VOL.  11.  2   r 
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iliri'ct  and  general  mannvr,  the  important  | 
tlicir  cocfBciontg  a,  n,  c,  kc,  poasen.  This  hn  bem 
by  M.  Potsiioii  in  the  memoire  irUtini^  to  this  «ab)«:t,  ■ 
have  1>ecn  insertwl  in  tlic  Idth  ^o.  o/lJir  Jotimai nftke  Pi4f-% 
tecKnic  School,  and  in  the  Jlrti  totume  nf  Ike  i 
the  Academy  of  Sciettcet,  to  which  the  rradcr,  who  i 
know  tlm  thwry  in  all  iu  details  uidlbeo 
follow  from  it,  is  referred.  If  tiie  grnrml  rzpi 
da,  db,  dct  ike,  be  successively  applied  to  tb«  problem  of  d 
motion  of  a  material  point  attraetcd  to  a  &xed  cvati*  brt 
L  Jbrcc  raryin)^  according  to  any  iitnctioD  wbatercr  of  iW  4 
I  tance,  and  aUo  to  the  problem  of  th«  motion  of  a  toSA  b 
about  a  fixed  point,  the  same  cxpnarians  will  be  iililaiiwd  I 
tbo  differentials  of  the  homologom  cMUtants  in  tbrar  I 
problems,  which  in  other  reap«ct*  are  to  different  from  « 
other ;  and  It  thus  appeai«,  that  the  two  prinapal  qm 
in  astronomy,  namely,  the  detenninatiou  of  the  i 
the  heavrnty  bodies,  considered  as  isolated  nulerial  | 
and  llie  <lelermination  of  the  motion  of  i 
their  respective  centreii  of  gravity,  arc  reducible  to  tke  t 
formulse,  and  depend  on  the  same  analyna. 

033.  It  is  evident,  that  if  one  of  cqoatiau  (3)  it  a 
quence,  or  may  be  deduced  from  the  othen,  then  one  af  d 
quantities  A,  X',  A",  &e^   most  mm 
then  tfali  Bapcrfliums  equation  lavf  be  iuppmuMl  a 
I  Jtvt  as  we  pleaae.     If,  for  exsmple^  a  and  t  aia  glw  ■ 
I  itanti,  and  if 

L"  =  OL  +  frL', 
c«ch  of  the  three  firtt  equations  (2)  will  add  i 
conditiom  exprvMod  by  the  two  othen,  and,  o 
of  the  three  unknown  X.  X',  X"i  nnst  renah 
This  k  in  bet,  what  will  be  the  case ;  ibr  If  w«  a 

X  +  «X"=^    V+»X"  =  #i'. 
tbcae  ihrtc  mknown  will  lie  reduc-ed, 


(4),  I 
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two  quantities  /lc  and  /lc^  which  can  alone  be  determined  by 
means  of  these  equations,  and  from  which  the  values  of  only 
two  of  the  three  quantities  X,  X^  X'^  can  be  obtained. 

If  the  material  point  m  is  constrained  to  remain  at  con- 
stant and  given  distances  from  the  three  fixed  points  a,  a',  a^\ 
(fig.  28),  its  position  will  be  completely  determined;  the 
values  of  its  coordinates  will  consequently  be  constant ;  and 
the  three  first  equations  (4)  will  be  reduced  to  the  equations 
of  equilibrium,  that  will  determine  the  tensions  of  the 
threads  Am,  \'m,  K"m^  by  which  the  moveable  m  is  attached  to 
the  three  fixed  points.  If  this  material  point  is  constrained 
to  remain  at  a  constant  distance  from  a  fourth  fixed  point  h!'\ 
one  of  the  four  distances  aiti,  A^m,  hl'ttiy  h!"m^  will  be  deter- 
mined by  means  of  the  three  others ;  and  as  one  of  the  four 
g^ven  conditions  is  thus  a  consequence  of  of  the  three  others,  it 
appears  from  what  has  been  already  stated,  and  agreeably  to 
what  has  been  established  in  No.  292,  that  the  tension  of  one 
of  the  four  threads  Am,  Mfn\  kwI\  Km"\  will  remain  undeter- 
mined. In  fact,  if  the  four  given  distances  be  denoted  by 
/,  fy  t\  /'",  the  three  coordinates  of  a,  by  a,  ft,  c,  those  of  a', 
by  a',  h\  </,  &c. ;  we  shall  have  for  equations  (2), 


\J  =  V^(x  -  a!f  +  (y  -  ^0'+  (^  -  ^?-  ''=  ^y 

and  if  o,  /3,  7,  denote  the  constant  values  of  x,  y,  r,  which 
satisfy  these  four  equations,  we  shall  have  for  equations  (4)(c), 


my.  +  -^ — '  H J, 1 f, 1 jr, "» 

„,  +  Mfc «  +  Mfcfi  +  "tie  +  ^!fc^'2  =  0, 
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from  which  Jl  upptfan,  thai  ono  vf  the  four  quantitM  X^'i 
X',  X"',  which  denote,  na  hat  been  itated   in  No.  MX  At 
tendons  of  ihc  threads  Am,  A'm,  *,"«*,  A"'m,  will  Im 
mined.      But,  bowi^ver  lUtli:  oxteiuible  time  threwlft  asf  Ift 
if  UiU  physical  circumstance  be  tak«n  inlv  accoODt,  the 
terial  point  in  will  make  small  vibrations,  whicli  may  bet 
plctely  determined,  and  nlso  the  tensions  of  the  four 
at  each  instant. 

034.  Ill  order  to  demonstrate  this,  let  ue  aannMi  C 
greater  cleames*,  that  the  force  which  acts  on  tb«  poni  ■ 
that  of  gravity,  which  wc  shall  denote  by  g.  If  we  aupy 
that  the  asia  of  ihe  coordinain  x  is  vertical,  and  ihkt  it  i 
dnwn  in  tbo  direction  of  this  force,  its  three  otMnpoacnta  «i 
b«x=:0,  YsO,  z=g.  Let  «,•',«'■, »",  be 
which  the  four  thrvada  /,  /',  T,  /"',  would  experience  tf  A 
eight  n^  was  suspended  vertically  at  their  infefior 
I  and  Z,  Z',  Z",  Z"\  ilie  extensions  of  tbcte  thtnid*  al  tlie 
the  time  t,  during  the  motion ;  the  veIdcb  nt  their 
the  some  instant  will  be  (No.  288), 

ffmK      gntf     gMig*      yetT" 


A»  the  moveable  «  is  no  lo4iger  ronstraincd  to  i 
constant  distances  from  a,  a',  a",  a'",  thv  temu  of  « 
(4),  of  which  the  factors  are  X,  X',  X",  X'",  and  s 
Erom  these  conditions  should  Iw  suppressed ;  bat.  on  th«  o 
I  hand,  the  four  preceding  forces  dirwtcd  frum  m  I 
n  M  towards  a',  from  m  towards  a",  (rum  i 
It  be  jmned  to  lite  weight  of  this  material  ptiant ;  lUs  k  ll 
H>  thing,  aa  if  the  procvding  raluvt  of  l,  l',  I.*,  t",  * 
substituted  in  rquatioos  (4},  and  if,  al  tbv  suae  tiai^ 


I  lowwdsai 


LQiewiM,  lot 


»=0  +  r,     «  =  7  +  iP. 
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the  end  of  the  time  t;  a,  /3, 7  being  the  same  constants  as 
ore,  and  Uy  Vy  w  being  very  small  variables,  the  squares 
1  products  of  which   may  be  neglected;    there   will   re- 

?  =  i  [(a-a)  u  +  03-6)  »  +  (y  -c)  t»], 
r=  },  [(«-a")«  +  03-6")  r  +  (y-O  tr], 

?:'"=  p  [(« -O  « + 03  -  6'") " + (7  -  O  "'l ; 

1,  relatively  to  the  unknown  quantities  u,  v,  tr,  equations 
will  be  linear,  and  will  be  reduced  to(6) 

eir  integ^ls  will  be  obtained  by  the  ordinary  methods ; 
.  the  six  arbitrary  constants  which  are  introduced  by  these 
ig^tions,  are  determined  by  making  the  lengths  of  the 
jads  AW,  a'w,  K^nty  \!"my  at  the  commencement  of  the  motion, 
al  to  their  natural  lengths  /,  /',  l\  l"\  and  by  supposing 
t  the  initial  velocity  is  cipher,  that  is  to  say,  that  the  six 

utities  M,  r,  w,  -7-,  -5-,  -7-,  are  nothing  when  ^  =:  0.    This 

at    at    at 

ig  done,  these  integrals  will  make  known  at  any  instant 

itever,  the  values  of  t/,  v,  tt*,  or  the  position  of  the  point 

and  ^,  2',  S",  2'",  the  extensions  of  the  four  threads,  and 

their  tensions  at  the  same  instant,  will  be  likewise  deter- 

ed.    The  same  analysis  may  be  easily  extended  to  the  case 
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ilby  f 


in  which  the  point  m  is  ruMined  b 
of  threads  attached  to  fixed  point*. 

Ifthe  qiinntitics  u,  r,  w  hi  suppfMurd  lo  bf  ci{ib«r,  ndt 
iti  conttequenctf,  tlie  first  terms  of  the  thie«  last  of  tht  mt\ 
precciliiig  equation!)  be  soppressed,  the  ntloea  of  m,  r,  r 
Kt  t'>  C")  Z"'t  which  result  from  these  seven  eqaatiotu,  pAt'. 
the  state  of  equilibrium  of  the  point  m  snd  of  the  four  llnM> 
of  8ii3[>ension(y^. 

&35.  In  No.  353,  it  was  shown  kow  the  priodpk  <^ 
D'Alembert  obtains,  in  the  case  of  a  autkleo  chaog«  of  nl»- 
city  produced  by  force*  tcnned  i 
which  uct  on  the  moveables  with  grttt  iDtciuity, 
treoiely  short  intervals  of  timci  and  itit))rcHoD  tbei 
which  may  be  verj-  considcmbler  althoQgb  the  poioti  of  d 
bodies  ore  not  sensibly  displaced.  Therefore,  th*  • 
furnished  by  the  combinatiou  of  this  principle  with  t 
virtual  velocitit-s,  is  equally  apphcable  to  thu  d 
cases.  Thus,  if  forces  of  this  kind  are  siinuIlkiicaiMty  ^ff^ 
lo  m,  m't  Ri",  &c.,  the  material  points  of  the  systm  wUcfc  w* 
are  considering,  and  if  a,  b,  c  denote  the  giron  vdodtis  f»- 
rallel  to  the  axes  of  the  coordinate*,  which  these  focves  ««aU 
impress  on  the  point  m,  if  it  were  free,  aad  o,  fr,  r,  tke  i^ 
known  velocities  which  it  will  actually  usutne  hi  tlkHe  imsc- 
tivedircctions,and  if  a',b',c',  n'i'r',  a",  ■",  c",  <r",  i",  r',  ftc., 
be  the  corrrspondin^  quantities  relatively  to  tb■^  poinlsar',*'. 
&c.,  then  the  quantities  of  notion  tost  in  the  di 
these  coordinates  will  bo 

M(A-fl),      ■(n-ft).      -.{€-<■>, 


for  the  point  sv,  and  similar  exprosdons  may  be  a 
the  quantities  of  motion  lost  by  each  of  the  od 
Mquently,  if  to  this  system  of  tirccs  equalion  («)  «f  N4k  I 
be  ^>|>lied,  me  shall  bare 

i«l[(A  -  o)  it  +  (H  _  ft)  *»  +  (c  -  c)  8r]  s 
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b  which  the  sum  2  is  supposed  to  extend  to  all  the  points  of 
the  system,  and  Sx^  Sy,  Szy  are  increments  of  the  coordinates 
of  171,  any  point  whatever. 

If  the  manner  in  which  the  points  of  the  system  are  con- 
nected is  always  expressed  by  equations  (2),  Sxy  S^,  Sr,  and 
also  Sa/y  Sy'i  Sz\  Sx^^  &c.,  the  increments  of  the  coordinates 
of  the  other  points  m\  m'\  &c.,  must  satisfy  equations  (3)  ; 
consequently,  by  means  of  these  equations,  a  certain  number 
of  the  quantities  Sx,  Sy,  &c.,  may  be  eliminated  from  formula 
(5),  and  then  the  coefficients  of  the  remaining  quantities  can 
be  put  equal  to  zero.  If,  as  has  been  done  above,  the 
method  of  indeterminate  factors  be  employed,  their  values 
will  make  known  the  percussions  the  connecting  strings  of 
the  points  of  the  system  undergo,  by  the  effect  of  a  sudden 
change  of  the  velocity,  and  also  the  percussions  which  are 
normal  to  the  sur&ces  or  curves  on  which  these  points  are 
constrained  to  move. 

536.  When  it  is  proposed  to  apply  equation  (5)  to  a  sud- 
den change  of  velocity  produced  by  the  impact  of  the  bodies  of 
the  system  among  each  other,  or  against  fixed  obstacles,  there 
are  several  important  observations  which  should  be  premised. 

Let  M  and  m'  (fig.  29)  be  two  of  these  solid  bodies,  k  their 
point  of  contact,  hkh'  the  normal  common  to  their  surfaces  at 
this  point.  As  the  displacements  of  the  different  points  of 
these  moveables  during  the  entire  continuance  of  the  impact, 
may  be  considered  as  insensible,  the  equilibrium  of  the  quan- 
tities of  motion  lost  may  be  supposed  to  refer  to  whatever 
instant  we  please  of  this  continuance  ( No.  353) ;  so  that,  if 
A,  B,  c  be  supposed  to  represent  the  components  of  the  velo- 
city of  any  point  whatever  at  the  commencement  of  the  impact, 
we  may,  at  the  same  time,  assume  for  a,  6,  c^  the  components 
of  its  velocity  at  any  instant  whatever  of  this  phenomenon, 
and  the  velocities  of  all  the  points  of  the  system,  which  vary 
very  rapidly  during  this  continuance,  ought  always  satisfy 
the  conditions  of  this  equilibrium.     But  in  order  that  these 
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conditlons'may  lie  cstprrftutl  by  the  equation  of  virC- 
dttes,  the  infiiiiu-ly  inuli  flupliMreneiiu  wbtch  aK>  atir 
to  tliu  [loiDU  of  the  ayiilem,  shoub)  Iw  cain|»Btiblr  «itk  >^ 
nature  anri  with  the  relative  dbpositioa  of  its  part*  at  the  r- 
«tant  ill  (jacHtioD ;  ami,  it  »  twsiilM,  nprrwary  thai  lh«  ^» 
tbtn);  should  obtain  with  respect  to  the  ilikpUoeBenu  m)iA 
are  directly  opponoil  l»  thrm  ( No.  331 ). 

llius  fnr  exitin|ilt>,  if  a  nuitrrial  point  ii  lakl  on  the  fV- 
&«  of  a  solid  body  agniml  which  it  prraarft,  tUspoiMar 
move  in  rrery  direclioii  on  the  plani^  which  inochn  tkt«  ww- 
fitce,  and  only  in  one  direction  oa  the  noma).  TUa  hetnf  «^ 
the  p<]unHoi]  of  virtual  velocities  b  tnw  Air  all  lampmtimi  *»• 
plucementH,  Mnce  the  nppoaite  dtsplaeonnita  are  njuaUj  pw- 
ftihle ;  but  it  does  ni>l  sub«4»t  fnr  the  Dorma)  ^ 
account  of  the  impomihility  of  the  eonlrary  i 

It  foUoM'H  from  thin  obvrmtion,  that  if  it  b«  p 
apply  equation  (5)  to  a  delcrntiiiati-  epoch  of  the  o 
of  tfaeitn|mcl,  and  if  n  And  fi'  are,  at  thrt  tiMtimt,  ibe  a 
points  of  M  and  m'  which  refer  to  the  point  of  rontad  ■ 
may  ascribe  to  n  and  fj' infinilely  tmall  diaplareraenta,  i 
gether  arbitrary  and  independent  of  each  n 
which  i«  a  tanji^nt  to  the  niHiict-  nt  k  ;  bat  the  d 
of  ft  and  fx'  along  the  normal  mint  Ite  rfaal,  a 
the  same  part  kk  or  kii'  of  ihbtline;  for  if  they  m 
or  if  they  did  not  take  place  in  tbe  miae  direetioD,  tKcw  i 
placements,  or  the  eontmry  dtsplacemenia  of  the  p 
fi',  woald  bo  impoMible,  and  equation  (5)  would  b 
applicable  to  them.     In  consequence  c^  iu>(  paying  g 
U>  ihb  nurntial  conditioti,  some  aathors  bar*  MImiIi 
b  the  explanation  which  tbey  gave  of  the  cqualiea  k  ^ 


If  a  tUrd  iolM  body  M"  tCNWhM  m'  at  tbe  pt^nl  c', 
iIm  ooniBoii  nonaal  to  their  aaribcet  m  the  line  lk'l  ', 
which  M' aod  Ml"  are  tbrnatorial  pnjnisnf  n'andM"  tbata 
(TSpond  tit  this  point  «',  at  Ihr  fnstani  whirh  U  i 
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tie  the  impact  is  taking  place ;  it  is  also  necessary  that  the 
initely  small  displacements  attributed  to  »»'  and  m"  along 
I  Dormal,  should  be  equal  and  estimated  in  the  same  di- 
[on  in  equation  (5) ;  and  the  same  should  be  the  case  for  all 
9  points  of  contuct  of  the  bodies  of  the  system,  when  several 
■  them  impinge  simultaneously  on  each  other.  In  the  case 
pihe  impact  of  one  of  these  bodies  against  a  fixed  obstacle, 
!  normal  displacement  of  the  point  of  contact  must  be  sup- 
]  to  be  cipher,  since  it  ulll  not  be  possible  in  the  op- 
e  direction. 
537.  Vihen  tlie  two  moveables  m  and  m'  slide  the  one  on 
B  other  during  the  continuance  of  the  shock,  it  is  necessary 
9  take  into  account,  in  equation  (5),  the  friction  which  results 
from  it,  and  which  may  be  very  considerable,  as  has  been 
already  stated  in  No.  353. 

The  infinitely  small  quantity  of  motion  which  this  force 
will  abstract,  during  each  instant,  from  the  two  moveables 
M,  m',  in  a  direction  contrary  to  that  In  which  the  velocities  of 
the  material  points  /i  and  /i,  which  refer  to  the  point  of  contact 
K,  are  estimated,  will  be  proportional  to  that  wliich  M  will 
have  communicated  to  m',  in  the  direction  kh',  or  m' to  m 
along  Kii,  during  the  same  instant.  Hence,  if  the  friction  re- 
twns  the  same  direction  for  each  moi'eable,  during  the  entire 
■vCnntinutuice  of  the  shock,  and  if  the  fijiitc  quantity  of  motion 
^KHnmanicutcd  by  one  moveable  to  the  other,  along  the  parts 
^^CB  or  kh'  of  the  normal,  during  this  same  interval,  be  denoted 
by  V,  the  entire  friction  can  be  represented  by^u  ;  J'  being  a 
coefficient  wliich  depends  solely  on  the  nature  of  the  two 
bodies  near  to  their  point  of  contact.  This  force  should  bo 
applied  to  M  in  a  direction  opposite  to  that  in  which  the 
sliding  of  ;t  takes  place,  and  to  m'  in  a  direction  opposite  to 
that  offi'.  Therefore  if  these  two  motions  take  place  along 
Ki' and  KP'partsofrsr'a  tangent  to  the  two  moveables,  and 
if  tlie  projections  of  the  infinitely  small  displacements,  which  in 
(d)  are  ascribed  to  the  points  fi  tind  ft',  be  denoted 
II.  2  I 
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by  />  unil  />',  tlic  term  wliich  ithoultl  bf  ailil«l  to  tlw  fint  n 
Iter  of  llii»  ixjuAtion,  in  coiiMqueiico  of  tbo  frietioo  is  q 
will  be  equal  to 

the  quantity  p  is  posttivv  or  ncfatire,  aeoonUnff  M  tl 
jccdon  iiillt  oil  kf,  tho  direction  of  tbe  moiioa  of  ^,  or  aa  fj 
production  ki^;  nni)  in  like  manner  the  iirni<>ctioB  ^  wiDt" 
positive  or  ttrj^tivc,  nccorilin^  m  it  bills  on  Kr'  or  eo  sr. 

Similar  (crmn  ohoulii  be  iatnMlacedinloequatioa(S),b 
the  points  in  which  two  bodies  of  the  tyslent  impinge  ob  « 
orher.     It  is  npcessnry  in  practice  to  take  tfa 
sideratiun  :   ihc  example  of  Xo.  477  IS  fllfidmt  to  Ao9  I 
influence  that  these  teims,  or  the  fiictioM  from  wtddi  t 
arise,  may  have  on  the  pcrcuMians ;  but  wben  ttto  qtM 
relative  to  general  theorems  on  the  impact  of  bodies,  ihtf  4 
not  taken  into  account,  and  acconHogly,  in  the  soqnd,  I 
will  be  supposed  to  be  dphcr  or  tiMendble. 

In  like  manner,  the  quantities  of  notioo  pradvenl  by  tk 
weight  of  the  moveables  <luriiig  the  continuance  of  the  npMC 
arc  n^lcctcd,  for  Moce  tlic*c  quandliea  are  pnipartisaal  U 
this  duration,  they  must  bo  in*en«ble.  With  i 
quantities  of  motion  produced  by  tbe  aolccnUr  ■ 
which  are  dcvelopeil  dtirini;  the  impact,  either  froa  oms  b 
to  another,  when  the  dt»tancn  of  tlieir  sarftcc*  I 
sensible,  or  in  the  intetior  of  rack  body,  in  rmsmiiii 
conpressiomi  or  dilatatiom  wbicb  U  cxpd 
been  already  taken  Into  account  in  cqatiao  (A),  f 
loUl  oomponrnts  ai«  prcdsdy  the  quantities  whkh  I 
icpnscnled  by  sia,  mb,  mc.  fiir  si  sny  point  whi 

538.  When  a  syMcm  of  material  points  is  enti 

«C«,  so  tliat  equations  (2),  which  expra 

contain  only  the  mutnai  itistancea  of  thoc  poinl^  4 

which  i*  supposed  to  be  fixvd,  or  oonstninod  to  iimbi 

giren  eurre  or  ■urfiice,  the  matira  vS  toA  m  sysioM  I 

■  ikvomposed,  aa  bai  been  alrcaiy  rime  ia  tke  cms  off 
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lid  body  entirely  free  (No.  433),  iiito  two  simpler  motions ; 

imely,  a  motion  of  translation  common  to  all  the  points  of 

e  system,  and  which  will  be  that  of  its  centre  of  gravity, 

id  one  of  rotation  about  this  centre.     We  now  proceed  to 

^luce  successively  from  formula  (1),  the  differential  equations 

'  these  two  motions. 

It  is  evident  from  the  nature  of  the  system,  that  all  its 

>ints  may  be  displaced  by  the  same  quantity,  in  any  given 

rection.     If  a,  ^9  y  denote  the  projections  of  this  common 

splacemcnt  on  the  three  axes  of  the  coordinates,  we  shall 

en  have 

a  =  8a:  =  ga/  =  gar",  &c,, 

0  =  8y=8y'=8y'^&c., 

y  =  fe  =  &'  =  Sz''j  &c. ; 

[uation  (1)  will  then  become 


id  as  the  three  quantities  a,  /3>  y  are  independent  of  each 
her,  this  equation  can  be  decomposed  into  the  following, 

Mb  vQ  ^9 

2m^  =  Swx,    Si»  ^  =  SwY,    Si»  ^  =  "^mz.     (6) 

ow,  if  Xi,  pij  zi  be  the  three  coordinates  of  the  centre  of 
-avity  of  the  system,  we  shall  have 

mce  we  obtain 
nsequcntly,  we  shall  have 
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for  the  <liRcn*iilinI  cquationn  of  ttic  motioD  of  Oie  centR  <!  1 
gravity,  which  will  be  the  motion  of  tniDslalMra  of  die  >]rAi 
ll  appears  from  inupcction  of  tiicin  that  the  modnn  at  tl 
centre  of  gravity  of  every  aystem  ctiUrrly  free,  m  the  c 
if  the  masses  of  all  tlic  moveable!  were  condemoil  into  U,  l 
their  motive  forces  were  traniiferred  to  it  panllul  to  tbtir  4 
rectionB,  as  in  the  case  of  a  solid  body  (No,  43A), 

If,  among  the  points  m,  m',  m",  &c.,  there  an  any  « 
are  constrained  to  move  on  f^ven  sut&cc«,  cquatiaoa  (4)  ■ 
(7)  may  still  auWst,  by  joining  to  the  givim  I 
forces  of  an  unknown  magnitude,  whose  directions  n 
pendiculor  to  these  snr&ces,  and  which  will  expuvM  ll 
taiices ;  we  are  thus  enabled  to  abstract  from  tbo  c 
of  the  given  surfaces,  and  consider  the  points  «*,  a*',  i^,  I 
as  belonging  to  a  systi^m  entirely  free. 

539.  The  natuie  of  such  a  system  enabln  us  alsotsfl 
all  its  points  to  turn  at  the  same  time  about  the 
with  the  sumo  angular  vrlocity,  so  tluit  their  mutual  d 
will  not  vary.     If  this  line  bo  supposed  to  pSM  tl 
origin  of  the  coonlinnU'^,  nnd  if  X,  ;j.  f  or*  ibc  angles  w 
its  arbitrary  direction  maki*H  with  the  axes  ef  jr,  jp,  s,  | 
•inn  of  the  anglfs  which  the  direction  of  the  d 
M  makes  with  parallels  to  the  thrve  axes  drawn  I 

point,  will  be  -T-  X'  jI'  '"  "'''^  ^*  '*  supposed  lo  % 
to  Sx*  +  Sj/*  +  £:' ;  and  as  this  diractioo  exisu  in  a  [daoe  f 
pendicnlar  to  the  axis  of  rotation,  w«  nust  have 

^     -,  .  ^       .a* 

-T-co«A  +  -J  cos^  +  -T-eosysO. 

MoreoTVT.  as  t)»e  axis  of  rotation  passes  through  the  an 
of  ifaa  eooHbalas,  the  quantity  t^+i^  +  t*  wit)  —t  i 
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during  the  displacement  of  m;  consequently  we  shall  have 

abo 

xSx  +  ySy  +  ziz  =  0 ; 

and  firom  these  two  last  equations  there  may  be  obtained 
without  any  difficulty  (g)f 

Sz  =  (^cosX  —  a?coSft)e,  1 

Sy  zz  (opcosv  —  zco%X)ij  *  (8) 

8a;  =  (zcosfi  —  ycos  v)€ ; 

c  bdng  an  indetenninate  &ctor.     In  like  manner  we  shall 

have 

Sz'  =  (y'  cosX  —  afcosfi)  «', 

Sy^  =  (a/cosv  —  z'cosX)*', 
&r'  =  (z*  cosjLc  —  y'cos  v)  €' ; 

^  being  also  an  indeterminate  &ctor  which  must  be  equal  to  6> 
in  order  that  the  motion  of  rotation  may  be  the  same  for  m  and 
for  m%  and  that  the  distance  of  these  two  points  may  not  vary. 
In  fiact,  as  the  square  of  this  distance  is  (x^xy  +  (y'-yy+ 
{z — z^y^  and  as  it  appears  from  the  preceding  formulae  that 
the  two  parts  ar*  +  y'  +  ^'  and  a/*  +  y^  +  2;^  of  this  quantity 
are  constant,  the  variation  of  xx*  +  yy'  +  zz*  must  be  like- 
wise cipher,  hence  there  results 

x'lx  +  y'iy  +  z'iz  +  xhs'  +  yZy'  +  zlz'  =  0 ; 

or  which  comes  to  the  same  thing,  by  substituting  for  Sop,  Sa/, 
&c.,  their  values(A), 

[(ar'y  —  y'a;)cosv  +  {z'x  —  x'z)co»fi 
+  (y'z  -  2^y)cosX]  (€  -€0  =  0  ; 

an  equation  which  evidently  cannot  obtain  for  all  the  points 
of  the  system,  unless  6^=  6. 

If  in  equation  (1),  formulae  (8)  be  substituted  for  Sx,  Sy,  Sz, 
there  results,  by  observing  that  €,  cos  X,  cos  ^,  cos  v,  are  quan- 
tities common  to  all  the  points  of  the  system, 
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,c„...4-($-.)-,(S-.)] 

+  ,.(».p2™[i(^-x)-i(J-.)] 

+  ..<».XX»[!,(g-E)-.-{!g-v)]  =  0. 

and  aB  the  cocffidcnU  of  tlic  suns  S  aic  tknc  q<y 
iD(l('poni]etit  of  ciicU  utlicr,  this  equation  nay  be  iwolrci  k 
three  others,  luunely, 

which  equations  will  be  those  of  the  raotioo 

system  entirely  free,  about  ■  fixed  point  which  nay  bt 

trarily  sMumcd,  and  where  the  origin  of  coofditiMci  it 

These  equations  will  still  subsist,  when  oil  the  point! 

m",  &e.,  or  a  part  of  them,  are  construiwd  to  cj 

distances  from  this  otif^i  siooe  in  that  ei 

Sr,  &r'.  Sic,  which  we  have  made  use  of^ 

dition. 

If  the  system  is  redooed  to  aoe  mIc  poiat,  tlw 
rotation  will  not  then  be  distin^aishetl  fnm  ihal  of 
tion;  in  fact,  equations  (9}  will  only  be  a  coiabiaMioa  of 
tio«f  ((>};  and  moreorcr,  it  b  evident,  that  cadi  vtlktm 
consequence  of  the  two  otheit;  Tor  if  the  aj 
to  a  point  m,  and  if  equations  (9)  be  multiplied 
rospeolivcly,  and  then  added  together,  there  will 
identical  equation. 

In  [Jace  of  caatbg  the  system  to  tarn  about  a^ 
whatever,  in  order  to  obtain  at  onoc  the  three  eqaatiow 
Mcb  of  tben  can  b«  obtiUBed  aure  simply,  by  oakh^ 
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line  to  coincide,  as  in  No.  340,  with  one  of  the  axes  of  the 
coordinates ;  but  the  advantage  of  the  preceding  calculus  is 
to  show,  that  the  consideration  of  the  motion  about  any  axis 
nrhatever,  can  only  furnish  the  three  equations  (9),  in  the 
same  manner  as  a  consideration  of  the  motion  parallel  to  any 
uds  whatever,  can  only  give  the  three  equations  (6). 

If  there  is  a  fixed  axis  in  the  system,  and  if  it  be  assumed 
to  be  that  of  z,  for  example,  the  first  of  the  three  equations 
(9)  will  be  the  only  one  that  will  subsist,  and  it  will  be  that 
of  the  motion  of  rotation  about  a  fixed  axis,  as  in  the  case  of 
a9oHdbody(No.391). 

540.  If  in  the  case  of  a  system  entirely  free,  in  which 
equations  (6)  and  (9)  obtain  simultaneously,  the  origin  of  the 
coordinates  be  transferred  to  the  point  of  the  system  of  which 
the  variable  coordinates  are  denoted  by  x^  y^  z^  relatively 
to  the  first  ori^n ;  and  if,  for  this  purpose,  we  make 

x=zxi  +  x;,    y  =  yi+y/,    zzzzi+z/j 
&c. 

so  that  x^y  y^,  z^j  x/j  y/,  r/,  &c.,  may  be  the  coordinates  of 
m, !»',  &c.,  referred  to  the  new  origin.  The  first  equation  (9) 
may  be  at  once  written  as  follows : 

the  terms  multiplied  by  Xi  and  t/i  are  respectively  equal  to 
cipher,  in  virtue  of  the  two  first  equations  (6) ;  and  by  actually 
substituting  the  preceding  values  of  Xy  x\  &c.,  in  the  remain- 
ing part  of  the  first  member,  we  shall  have 

=  2m  (x,Y  —  y  x), 
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whatever  may  be  the  moveabU)  origin  of  the  e 

if  this  point  is  the  centre  of  gratity  of  the  sj^tem,  tfac  ■ 

%mx,  and  Smj/^  will  be  cipher;  consequeotly,  the  ten 

tipliet!  by  —~  and  -^  will  tIiBa[^>ear  also,  u  wdl  ■•  t 

of  which  the  factora  are  X|  nod  y, ;  by  which  rnmni  tWf 
ceding  cquution  will  be  aimplified.     By  *"*'H"g  anfli 
ductioiis  oD  the  two  other  equattona  (9),  we  ahall  hani 

s™  (»,§•-  »,$-•)  =  2"  (X.Y  -  ,.x,, 
*"(••$'-'•$)=  ^"'-■•''-'■'>' 

s™(».$--.$)  =  s- (».»-«.•>■ 

for  llitt  three  ecjuations  of  thi!  motion  of  roution  irf  ibr  v 
about  its  centre  of  grairity.     It  is  cWdcnl  frnra  •  o 
of  them  witli  equations  (9),  thai  thij  notion  will  be  Uie  * 
as  if  the  centre  of  gravity  wa«  a  fixed  point  and  tlw  | 
forces  which  act  on  all  the  points  of  the  ftj'mcin  * 
changed ;  a  property  whieli  is  peculiar  lo  the  centre  of  g 
and  which  has  been  alreiuly  demonstrated  (No.  438)  i 
case  of  a  solid  body  entirely  free. 

541.  If  the  same  values  as  in  No.  538,  bii  ■iiigiml  lii  j 
quantities  Bx,  ig,  &c,,  which  equation  {&)  csalaiDs ;  then  « 
result 

from  tliis  it  appears,  that  in  the  sudden  changes  • 
the  sum  of  the  qtutntlties  of  motion  of  all  the  p 
tern  entirely  free,  [tarallel  to  each  of  the  axes  of  ill*  f 
nates,  remains  unchanged,  and,  consequently, 
the  case  in  uiy  lUrection  whatever.     It  Ukcwii 
the  maptiiude  and  (Urvctioo  of  the  velodtj  of  t] 
Ifraviiy,  doe*  not  tmdcrgo  any  change]  for  the  c 
this  vrlociiy,  before  and  after  the  siKhin  i 
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pective  members  of  each  of  equations  (H))  divided  by  the 
total  mass  Sm.  Hence,  in  the  impact  of  two,  or  a  greater 
number  of  bodies,  of  any  nature  or  form  whatever,  the  velo- 
dty  of  their  centre  of  gp*avity,  and  the  entire  quantity  of 
motion  estimated  in  any  direction,  never  experience  any 
change,  as  has  been  aLready  remarked  in  a  particular  case 
(No.  364.) 

If  a,  6,  c,  a!^  b\  &y  &c.,  are  the  components  of  the  initial 
velocities  of  m,  m!,  &c.,  and  a,  b,  c,  a',  b',  c^  &c.,  the  compo- 
nents of  the  velocities  which  would  be  impressed  on  them  in 
any  manner  whatever,  at  the  commencement  of  the  motion, 
if  these  material  points  were  detached  and  isolated  from  each 
other,  we  shall  have 

dx\  dvi  dzi 

€U  ac  at 

and,  consequently, 

^1 «        «  dyi^        „  dzi  „        „ 

-37^  Sm  =  SwA,    -^  Si»  =  Swb,    -^^m^  Swc, 
at  at  at 

for  <  =:  0 ;  by  means  of  these  equations,  the  given  velodties 
A9  A^,  &c.,  or  even  the  entire  sum  of  the  quantities  of  motion 
communicated  to  the  system,  parallel  to  the  three  axes  of  co- 
ordinates, will  make  known  the  components  of  the  initial  ve- 
locity of  the  centre  of  gravity. 

If  the  values  of  Sxy  Sy,  Szj  given  by  formulae  (8),  are  again 
substituted  in  equation  (5),  there  re8ults(t) 


Sm  {xb  —  ya)  =  Sm  (a?B  —  yk), 
Sm  (za  —  xc)  =  Sm  (za  —  arc), 
Sm  (yc  —  zb)  =  2iw  (yc  —  zb); 


(12) 


from  which  it  appears,  that  in  all  sudden  changes  of  velocity, 
the  moments  of  the  quantities  of  motion  of  all  the  points  of  a 
system  entirely  free  remain  unchanged,  with  respect  to  any  axis 
whatever ;  this  theorem  still  obtains,  though  there  should  be 
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one  or  more  fixed  poinU  in  the  syAtem,  prorkled  Uiat  thi 
{joints  exist  on  the  axis  of  the  moments. 

If  these  equations  (12)  be  supposed  to  refier  to  thee 
meneement  of  the  motion,  so  that  we  may  have 

dx  dy      ,      dz 

when  ^  =  0,  and  if,  as  in  the  preceding;  number,  the  onf 
the  coordinates  be  transferred  to  the  centre  of  i^nivity  ol 
system,  which  is  assumed  to  be  entirely  free,  these  eqosi 
(12)  will  be  changed  into  the  following: 

^'''  ("^^ ^'  "  ^'  ~Jt)  =  ^'^  ^''^  ~  ^' ' ^• 
^     f    dx^  dz\       ^     . 

V*''  dt  '  dt  J 

in  which  r  ,y,,  *,»  are  the  coordinates  of  m  any  point  « 
fvor,  with  rospoct  to  tho  now  orii^in.  Thcso  ot]uati«>n'i  i»i 
timsi*  t)f  till' initial  motion  oi  tho  sv'^tom  ahoui  i:-*  ivnr 
irravitv  ;  and  as  thrv  do  not  o»ntain  llu'  cinnpotioni'i  oi 
vchK'iiy  of  tiiis  point,  il  lollows  thai  ihi**  in<»lit»n  of  n>u 
will  lu»  the  siuno  as  if  the  cvntre  of  gravity  wa"*  a  fi\td  p 
and  the  j^ivon  vi'ioi'itios  v,  \\  &c.,  whioli  t>oc-nr  in  tluir  ^"^ 
members  woro  not  ehant^oil  ;  a  ri'^ult  \\l:iih  a^^rot^^  witli  y 
hits  been  already  estahli>lKMl,  in  another  manner,  in  the  cj 
a  solid  ImhIv  (No.  AM^, 

542.  It  may  Ih»  ol>served  hcn»,  that  oiiuati.»n*  I! 
(12)  can  Ih»  dtMluivd  from  iHiualioni  (Toand  <**).  by  %iipp^i 
in  these,  that  m\,  //m,  w/,  m\\  >n\  ,  fn/\  ie.  are  the  c*»i 
nents  of  motiye  torees,  whieh  aetin^  on  the  jHiinl«*  in,  w'. 
with  jrreat  intenMty,  are  eapable  of  pnHliieiui;  in  a  xery  • 
interval  of  time,  uhieh  we  ^hall  denote  by  iK  tlu-  ^i\e:»  x\ 
titii*^  oi  motion,  m  \,  mn,  tm  ,  wi  \  .  wi  »'•  ^'*  *  •  Xe. 

In  fact,  accordinij  to  thi«»,  ue  nhall  have. 
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id  if  the  points  of  the  system  are  supposed  to  be  in  repose  at 
le  oomnencement  of  the  time  0,  and  if  a,  bj  c,  afy  l/y  &,  &e. 
re  the  components  of  their  velocities  at  the  end  of  this  inter- 
il  of  time,  we  shall  have  also 

^r  HI  any  point  whatever. 

Now,  if  the  first  equation  (6)  be  multiplied  by  dtj  and  if 
s  two  members  be  then  integrated  from  ^  =:  0  to  t  zzOy  we 
btain 

rhich  coincides,  by  what  precedes,  with  the  first  equation 
11),  and  the  same  is  the  case  for  the  two  other  equations 
S)  and  (11). 

Moreover,  if  the  displacements  of  the  points  m,  m',  m",  &c., 
uring  the  time  0,  are  not  taken  into  account,  and  if,  conse- 
uently,  their  coordinates  are  considered  as  constant  during 
he  action  of  the  given  forces,  we  can  deduce  from  the  first 
quation(9) 

ehich,  in  virtue  of  the  preceding  suppositions,  is  the  same  ex- 
pression as  the  first  equation  (12) ;  and  in  the  same  manner, 
he  two  other  equations  (12)  may  be  obtained  from  the  two 
ast  equations  (9). 

543.  As  in  the  expressions  for  the  increments  of  the  co- 
ordinates given  in  No.  539,  it  is  assumed  that  the  distances  of 
he  respective  points  of  the  system  from  each  other,  and  from 
he  origin  of  the  coordinates,  are  invariable ;  their  expressions 
lividcd  by  dt,  should  coincide  with  the  components  of  the  ve- 
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locity,  relative  to  the  dtnncnu  of  a  soUJ  body,  turntii(  li 
a  fixed  point ;  it  mill  not  be  useless  to  verify  this. 

For  thin  ptirpotte,  tot  ox,  uy,  or  (6g.  30>,  be  tlie  am  i 
tlic  coordinatcH,  and  oi  tbe  axis  to  wbich  the  angbs  X,  /»,» 
No.  539,  about  which  the  Bjstcm  is  niaile  la  turn  by  ■ 
nituly  small  ijuantity,  refer.     In  thia  motion,  the  p»iDt>  nf  ikll 
system  ttescribe  tiiinilai  am  of  a  cireU-,  and  thry  hare  all  ll 
saoifr  angular  rclodty  ;  in  order  to  determine  thi«  rvUatf,  f 
will  be  sufficient  to  determine  that  of  a  point  k,  wbicb  ■ 
for  ciample,  exist  on  the  axis  o;  at  the  cotnntcDccMcat  «Ill 
instant  dt.     Now,  in  the  case  of  this  point,  we  hare  <  =  I 
and  y  =  0 ;  tlus  reduce*  formuUe  (8)  to 

£z=:zfCo«ft,    Sg=~:teM\,    ££  =  0; 

consequently,  the  absolute  velocity  of  the  poinl  r  wQl  W 


V 


S" ~3 


since  cos'A  +  cos';»  +  cos*if  =  1 .     And  as  its  t 
the  axis  oi  u  z  sin  v,  its  angubr  relocily  will  be  e 
which  will  be  that  of  the  entire  systea(ir). 

Hence  if  it  be  denoted  by  w,  we  shall  hare  ■ 
by  making 

wCOsA  s:p,     •«  cosfii  =  f ,     M  eosw  s 
fbrmutw  (8)  will  become 

results  which  evidently  coincide  with  those  of  No.  4<Mt,  i 
In  these  last,  the  direction*  of  tike  moveable  axa  o«.,qy,,a 
at  the  instant  that  they  am  eonsiilefed,  are  aMtnned  |o  \ 
those  of  the  fixed  and  arbitrary  axM  or,  oy,  o:. 
It  nay  be  observed,  that  if  the  plaae  mo*  d 
an  ngle  nit  about  the  axis  or,  and  if  tlie  aioboa  ^  j 
from  Of  towards  oy,  or  In  the  direction  iodicaled  by  the  d 
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itta  Sj  the  increments  of  x,  y,  z,  the  coordinates  of  the  point 
I,  will  be  obtained,  by  making  />  =  0  and  ;  ==  0,  in  the  values 
i  Sxj  Sf/j  Sz ;  consequently,  its  three  coordinates  will  become 

X  —  yrdif    y  -f  xrdty  z. 

If,  after  this  first  motion,  the  plane  moy  describes  an  angle 
fdt  about  the  axis  o^,  by  revolving  from  the  axis  oz  towards 
he  axis  ox,  the  increments  of  the  coordinates  of  m,  will  be  ob- 
ained  by  making  />  =  0,  and  r  =  0,  in  the  values  of  S^,  Sy,  S^r, 
kod  then  by  substituting  the  three  preceding  coordinates  in 
he  place  of  Xf  yt  z;  from  which  it  follows  that  after  this  se- 
»nd  motion  the  coordinates  of  the  point  m  will  be 

X  —  yrdt  +  zq€U,    y  -f  arrf/,     2?  —  (a:  —  yrdi)qdt ; 

ind  if  infinitely  small  quantities  of  the  second  order  be  ne- 
l^lected,  the  third  coordinate  wiU  be  reduced  z  —  xqdt.  Fi- 
lally,  if  after  the  second  motion,  the  plane  more  describes  an 
ingle  pdt  about  the  axis  ox,  by  turning  from  the  axis  oy 
x>ward8  the  axis  oz,  we  shall  find,  by  neglecting  infinitely 
imall  quantities  of  the  second  order, 

ar+(zy  — yr)A,     y +  (a:r  —  sp)rf/,     z  +  (yp^xq)dtj 

for  the  values  of  the  three  coordinates  of  the  point  m,  at  the 
md  of  the  third  motion,   which  were  originally  equal  to 

tj  y,  z. 

Hence  it  follows  that  if  a  point  m  turns  successively  in 
equal  intervals  of  time,  about  three  rectangular  axes,  with  an- 
^^ular  velocities  denoted  respectively  by  />,  9,  r,  its  final  dis- 
placement will  be  the  same,  as  if  it  turned  during  one  of  these 
instants,  with  an  angular  velocity  denoted  by  oi,  about  one 
sole  axis,  which  makes  with  the  three  first,  angles  whose  co- 
sines are  -,-,-.  This  remark  relative  to  the  three  velocities 
www 

of  rotation  p,  9,  r,  which  are  termed  the  components  of  the 
velocity  w  (No.  407),  may  be  also  applied  to  the  components 
of  the  velocity  of  translation. 
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The  composition  o(  relocitiu  of  mtalioo  fiiUows  Utc  s 
laws,  nnd  Is  comprised  id  the  same  fonnulai  u  that  of  vel 
of  tninslatlon  ;  b^  means  of  this  tinalogy  bctwivn  I 
descriptions  of  motion,  wc  arc  cnaUi'd  (o  deduce  the  iiaucf  I 
of  the  composition  of  forces  an<l  of  the  canpontioD  of  i 
mcnls,  which  was  already  inferred  (No,  381)  Atmi  a  a 
analogy  existlni;  betneon  the  projectioaa  oS  nght  Una  nai  d 
projections  of  surfaci^s. 


II.   General  Lawt  of  Smail  OtaUatiomM. 


544.  Besides  the  motions  of  trnnalation  and  i 
which,  as  all  the  points  of  any  system  partkjpnle,  that  b"^! 
tual  distances  do  not  vary,  there  are  UkdViM  otbtr  n 
which  the  moveables  recede  from  or  approach  to  ooe  aaedMrJ 
Now,  if  their  lUsplncomenui  ant  alwa}*!  rcry  tmall,  j 
reduce  the  problem  to  linear  equations,  and  detem 
proximation,  tlie  coordinates  of  the  raoveablca  id  f 
the  time.  A  great  variety  of  intereittng  pbi 
on  theAc  small  oscillatory  motions,  of  which  we  nowl 
to  explain  (he  ^neral  laws. 

Let  I  denote  the  number  of  the  nwreable*  m,  m',  ai*.  1 
and  i>  the  nurolter  of  equations  (2)  of  No.  531,  which  e 
the  cooditioos  of  the  system.     The  number  of  o 

t  material  points  will  be  denoted  by  3i,  aod,  if  % 
^8f  —  V  =  n,  equations  (2)  will  detcfmiDe  a  numbi 
coordinates  in  fimctintis  of  the  n  othetSt  or,  moi»  f[ 
the  coordinates  may  be  determined  by  raeaDS  at  tl 
tions  in  functions  of  n  indcpcudeat  Tariahlct.  Let  •■  p 
be  tlic  initial  volurt  of  tbete  n  variablea,  and  «  +  k,  04-^ 
f  +  w,  Sic.,  their  value*  at  the  cftd  of  the  time  /,  in  mU 
N,  r,  IT,  &e.  are  supposed  to  cofllinue  very  small  qoaaill 
duriDK  the  motion.     Each  of  the  ooocdinate%  of  the  ■ 
will  be  a  pvrn  fuaetiun  of  a  +  «,  fi  +  r,  j  +  t,  &4^,  ■ 
any,  betideit,  conUla  the  lioie  I,  if  thk  variabk  • 
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explicitly  in  equations  (2).  These  functions  may  be  developed 
into  very  convergent  series,  ranged  according  to  the  powers 
and  products  of  u,  v,  tr,  &c.  Let  these  developments  be  re- 
presented as  follows : 

X  zzp'\'au  +  bv  'i'  cw  +  &c. 

+  i^^  +  hf^+i9^^  +  Awr  +  kuw  +  Ivw  +  &c., 

y  zizpi  +  aiu  +  biV  +  CiW  +  &c. 

z  ^ip^-^-  (I2U  +  6at?  +  C2W  +  &c. 

x'  =:  /i'  +  a'tt  +  b'v  +  c'm;  +  &c. 
y'  =  /i/  +  a/ti  +  6/w  +  Ci'w  +  &c. 

+  i  ejV  +  ifi'v^  +  y2tv^+  h^ttv  +  V«m;  +  l^vw  +  &c., 
&c. ; 

and  as  by  hypothesis,  equations  (2)  are  not  supposed  to  con- 
tain the  time  t  explicitly,  all  the  coefficients  of  the  powers 
and  products  of  u,  v,  w^  &c.,  in  these  series,  will  be  given 
constants. 

If  the  system  is  actuated  by  a  motion  of  translation  or  ro- 
tation common  to  all  its  points,  the  variable  parts  of  their  co- 
ordinates, which  result  from  this  motion,  must  be  comprised 
in  the  first  terms  p,  />i,  &c. ;  but,  for  greater  simplicity,  we 
shall  assume  that  this  circumstance  does  not  obtain,  conse- 
quently, these  first  terms  will  be  also  given  constants. 

As  the  components  of  the  forces  which  act  on  the  points 
972,  m\  m"^  &c.,  are  given  functions  of  their  coordinates,  if  the 
values  of  or,  y,  &c.  be  substituted  in  their  expressions,  they  can 
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be  then  developed  according  to  the  powers  and  pfodiirti  d 
Uf  Vf  IT,  &c.     By  this  means,  we  shall  have  conscqiientlj 

X  =  p  +  AM  -4-  Bv  -f-  car  +  &c., 

Y  =  Pi  +  Aill  +  Bit?  +  CiW  +  &C., 

z  =  Pa  +  A^ti  +  Bat;  4-  c^  +  &e^ 
X'  =  p'  +  a'ii  +  B'r  +  c'w  +  &€•, 

Y'=  P/  4- Ai'tt  +  B/r  +  Ci'W  +  &C^ 

7/  =  Pa'  +  Aa'ii  +  Ba't;  +  c^'w  +  &c^ 
&c. ; 

the  first  terms  p,  Pi,  &c.,  and  all  the  coefficients  a,  A|,  &c 
given  functions  of  p,  pu  &c.,  a,  6,  &c.,  which  may, 
contain  the  time  /,  if  this  variable  occurs  explicitly  in  the  ci- 
pressions  of  the  given  forces.  However  we  shall  suppose  that 
this  is  not  the  case,  and  shall  therefore  assume  that  the  qua- 
tities  r,  P|,  &c.,  a,  Ai,  &c.,  are  given  constants. 

.045.  This  boiii^  established,  in  order  to  appiv  equati*^*. 
(1)  of  No.  531  to  the  motion  in  question,  we  should  attriHut^ 
to  the  independent  variables  w,  r,  Wj  &c.,  infinitely  small  in- 
en»ments,  which  we  shall  denote  by  ew,  ?r,  tir^  \c. :  and  iht-n 
substitute  in  this  equation  (1),  the  corresponding  \*alue«  oi 
fx,  ?//,  re,  \\hieh,  if  infinitely  small  quantities  of  the  soconJ 
onler  Ih»  nejj^leeted,  will  hc(i) 

rx  =  (a  +  en  -f  hr  +  ktr  -f  &c.;  cm 
+  {h  +/c  +  hit  +  lu*  +  &c.;?r 
-I-  (r  +  yir  +  Am  +  Ir  +  &c.) cr 

ty  =  (/i|  +  r,M  +  fl^r  +  A-,«-  +  \:e/cM 

+  {''.  +/>«•  +  ^.«  +  A"'  +  ^i-.  rr 
+  >,  -I-  /;,«'  +  A,M  +  /jl*  +  \c.  <ir 

+  \e.. 
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+  (^  4-/2^  +  ^tt  +  ^^  +  &c.)c/t; 
+  (^2  +  9i^  +  *2W  +  /at^  +  &c.)  iw 

3  yalues  of  Sx^,  Sy^,  S2;'  may  be  obtained  from  these  for- 
86  by  marking  all  the  constants  with  a  superior  stroke ;  and 
\e  of  Sa/'y  Z^\  Sz^'j  by  marking  them  with  two,  &e.  After 
substitution  of  these  values  of  So?,  Sy,  &e.,  is  effected,  as 
quantities  Su,  Sv,  Sir,  &c.,  are  arbitrary  and  independent, 
coefficient  of  each  of  them  should  be  put  equal  to  cipher, 
be  first  member  of  equation  (1).    By  this  means,  we  shall 

m 

2»»L(^—  xj(a  +  eu  +  hv  +  kw+  &c.) 
+  (^—  y)  (a,  +  c,a  +  A,»  +  *,«;  +  &c.) 

+  (^-z)(a2+«2«+*2i'+*«w^  +  &c.)J  =  0, 

Siw  [Cyp-  x)  (ft  +/i?  +  An  +  /m;  +  &c.) 
+  (^-  ^)  (*»  +f^^  +  *'**  +  '1^  +  *^-) 

+  (^  -  2^2  +/2t?  +  A2W  +  '2W  +  &C.)J  =  0, 

Sm  [(^—  x)  (c  +  ^tr  +  A71  +  fo  +  &c.) 
+  (p-  y)  (ci  +  ^,tt?  +  A,w  +  /it;  +  &c.) 

+  (^  -  z)  (Ca  +  gaW  +  Aatt  +  /ji'  +  &c.)j  =  0, 

&c. 

hich  the  sums  2  are  always  supposed  to  extend  to  all  the 
ts  HI,  m',  tn'\  &c.,  of  the  system. 

^OL.  II.  2  Y 
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It  Still  remains  to  substitute  in  these  equations^  in  placvtf 
Xj  yy  &c,,  X,  Y,  &e.y  their  preceding  values.  If  when  dv 
substitution  is  made,  the  squares  and  pro«luetA  of  u,  r.  ir,  dct. 
and  also  the  products  of  these  unknown  quantities^  and  cit  thr.- 

f^il   (I^V   (Pu* 

differential  coefficients  -r-^,  j^j-j^i*  ^^m  which  likevMW 

always  very  small,  l>e  neglected  in  a  first  approxintttiM^ 
there  will  then  result  a  number  n  of  linear  equations  with  ca^ 
stant  coefficients,  which  we  shall  denote  by  (a),  each  of  vUck 
will  be  of  the  form 

^5?  +  *^rf/^+'^-5?+^^-  !     .V. 


+  GU  +  uv  +  KIT  +  &c.  =  g  ;  J 

in  which  the  coefficients  d,  e,  f,  &Cm  r.,  ii,  k,  &c^  and  i^ 
the  quantity  q,  denote  given  functions  of  the  constants  thii 
occur  in  the  preceding  values  of  r,  y,  fcc,  x»  T,  &c.  An<r 
having  determined  the  approximate  values  of  u^  r,  ir,  &c^  ^J 
means  of  these  w  equations,  we  should  sul>*«tituto  ihrm  :-.  ti* 
terms  of  the  ritrorous  e(|uati()iis,  whii-h  have  been  nt'ijli'c'i"'  '- 
this  first  approximation  ;  the  new  itpiatioiis  \%hich  n-^-lt  «... 
differ  from  the  first  in  thi»i,  that  their  second  membi-r^,  i:  *:i.*' 
of  being  i^)nstant«  will  be  known  tuiictious  nf  /  ;  ue  c»,r. 
obtain  from  them  other  vahn-^  of  w,  r,  u\  ^S^c,  mon*  .lii-iriV 
than  the  first,  and  so  on,  by  the  nuthod  or*  succe'^Mv*-  :ii.;  •  i  - 
mations.  Accortiintj  lo  tlu*  ii^ual  nu>de  «>|'  pr»Kitii;::^-  . 
question**  of  this  kind,  we  ^liall  ffsirict  our«»ilvf<%  |i>  tIi.  r>' 
approximation.  Wlu-n  tlu*  nunibrr  of  m.itcrial  point*.  •  •.  •.  .  -.  . 
&c.  is  infinite,  etpiation^  (a)  will  be  cliani;«-d  iiit(»  t'lpii;:-  «  : 
partial  «litK*n*nc('*i.  comniiMi  to  all  tin'  |»Mint*«  i>t' i!:e  <»\«:ir. 
till'  nuniiiiT  of  wliirli  uill  lie  alua\H  iMpial  ti»  ih.it  oi  i:.o  l  - 
known  quantities  //,  r,  */\  \r.  'riii^  h.i*.  b,4ri  air,  .i".  — 
srrvtd,  Inr  »'\:i!nplc,  in  tin-  jiri»ltifni  of  \  li.r.itini;  o-"..'.  ^ 
■\^?*),  iti  uliirli  t)ir  nnmU'r  of  flir*.!*  nnknoMn  «{ii.t*it!'it^.  i.'-' 
»  \j.:, -'I  fin-  •li'.|ilaii  ini  nr^  n|  .i!i;  |Miiiir  wli.itv  \  i  r  .•!  jiji*  o«»c  , 
•ii."   il:iiM*«n  "It  fhrrr   r.  i  i.ii'iiMl.u    i*i'iir.!ir..,f,  ^.     j,,,.   ^\  * 
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values  depend  on  three  equations  of  partial  differences  of  the 
second  order  with  respect  to  ty  is  three. 

546.  As  the  second  members  of  equations  (a),  and  the  co- 
eflBcients  which  occur  in  the  first,  are  constant  quantities,  we 
<»n  always  make  these  second  members  to  disappear,  by  in- 
creasing each  of  the  unknown  quantities,  u^  v,  tr,  &c.,  by  a 
constant,  which  it  is  easy  to  determine.  Consequently  we  can 
suppose,  without  limiting  at  all  the  generality  of  the  question, 
tldit  Q  s  0,  in  each  of  equations  (a) ;  this  implies  that  a,  /3,  y, 
&c«,  the  initial  values  of  the  n  independent  variables,  refer  to  a 
state  of  equilibrium(m)  of  the  system,  firom  which  it  has  been 
jBsde  to  deviate,  by  displacing  by  ever  so  little  the  points 
•I,  m'j  mf\  dec,  and  impressing  on  them  very  small  velocities. 
As  these  displacements  and  velodties  must  be  compatible  with 
the  connexions  of  the  points  of  the  system,  they  are  not  the 
initial  values  of  the  coordinates  x,  y^  &c.,  and  of  their  first 

differential  coefficients  3-,  -5^,  &c.,  which  are  given  arbitra- 

at    at 

rily  in  each  case,  but  solely  the  initial  values  of  the  inde- 
pendent unknown  quantities  »,  v,  tr,  &c.,  and  of  their  first 

differential  coefficients  -7-,  -r-,  -j-,  &c. 

at    at    at 

Equations  (a),  in  which  the  second  members  are  sup- 
posed to  be  cipher,  may  be  satisfied  by  assuming 

K  =  RN  sin  {t  \/ p  —  r), 

V  =  RN'sin  {t  v^p  —  r), 

w  =  RN^sin  {t\^ p  —  r), 
&c. 


(b) 


R  and  r  being  arbitrary  constants,  the  second  of  which  may 
be  supposed  to  be  positive  and  less  than  ir,  and  /a,  n,  n',  n", 
&c.,  denote  constants  which  we  shall  have  to  determine.  The 
substitution  of  these  values  of  ?/,  r,  Wy  &c.,  in  equations  (a), 
will  evidently  give  a  number  of  equations  equal  to  n,  and  of 
the  foUownng  form(i9). 
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(DN  +  »!*'+  FN"+&C.)p=GN  +  HN'+K3r"+| 

If  between  these  eqwttions  n  — 1  of  tbeqtcntitMiS.l^tV' 
^&c.,  be  cUminiiteil,  the  n"  qiuuitity  nill  disappear  it  then 

le,  and  we  »hall  have,  in  order  to  dctenniiic  p,  ■ 
of  the  n'*  degree,  whieh  wc  sliiil]  denote  by 


Moreover,  the  voloes  of  the  n  —  1  qiuntitx*  m,  m",  v",  h 
for  example,  of  n',  k",  &c.,  which  are  obtnioed  &tiB  t 
same  equations,  will  be  ration&l  fianctintu  nf  the  d 
with  respect  to  p,  having  a  common  dpnomuwtnr,  waA  Jl 
multiplied  by  the  quantity  n,  which  rcmaiiu 
If  this  be  made  equal  to  the  cmnmon  deam 
qoantitiiti  N,  n'.  n",  &c.,  will  bo  •ymmetrically  a 
polynomials  of  the  degree  ■,  relatively  to  p.  Kow, 
•rquencc  of  the  linear  form  of  cquatjons  (a),  tkey  may  I 
aatisficd  not  only  by  the  precedit^  values  of  k,  p,  «■,  &c^  i 
hitivc  to  such  u  root  as  we  please  of  equatioo  a  =  0* 
by  talcing  for  m,  r,  u\  tie,  the  tunu  of  all  then  | 
values,  in  which  the  constaata  a  and  r  will  be  c 
the  >amo  time  as  the  root  of  a  =  0,  Tberefbre,  if  ^ 
r  ftc.i  be  the  root*  of  this  equation,  and  if  n,  k,,  m^,  ftf,,  i 
L>M>te  tfae  correapooding  values  of  k;  »',  N|',  »,'<  '^  tbttad 
h',  &c.  ;  equations  (a)  may  be  iati*5ed  by  maana  of 

«  =  iiNsin((/^-/-)+B,s,«n(l/^-r,)+Ae, 
V  =  RN'(iin((v'p— r)+a|(i,'«iB(/v'pi  — Tjl+Ae^ 
w=as"sin((/p-r)+api,''sin(*v'^-r,)+*c, 
&c., 

I  in  which  a,  h,.  a,,  &c.,  r,  r„  r^,  he,  are  arbitrary  c 
'  and  as  the  number  of  tbem  it  Sa,  it  follows  thai  tlmeft 

(c)  will  be  the  a  cnnplele  intcgrak  of  vquatiana  (a),  < 

which  b  of  the  second  order. 

In  each  case,  the  vmlnes  of  a  c«a  /■,  K|  en  ri ,  hx^  a  «a  11 

Ki  sin  fi ,  &c.  can  be  determined  by  meant  sf  liw  ^mn  f 
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of  the  2n  quantities  m,  t?,  Wj  &c.,  -^,  -^j  --t-  ,  &c.,  when  ^  =  0. 

As  all  these  values  are  supposed  to  be  very  small,  those  of 
B,  Ri  ,R2,  &c.,  will  be  so  likewise;  consequently,  if  p,  pi ,  p^y  &e., 
the  roots  of  the  equation  a  =  0,  are  all  real  and  positive,  the 
values  of  ti,  v,  Wf  &e.,  in  functions  of  ty  will  be  periodic,  and 
will  continue  very  small,  as  has  been  supposed,  during  the 
entire  continuance  of  the  motion.  But,  if  one  or  more  of 
.these  roots  are  imaginary,  or  negative,  the  terms  which  cor- 
respond to  them  in  equations  (8),  will  be  changed,  by  known 
formulae,  into  exponentials,  and  will  increase  indefinitely ;  con- 
sequently, however  small  the  values  of  k,  v,  w,  &c.,  may  have 
been  at  the  commencement  of  the  motion,  they  will  eventually 
cease  to  be  so,  so  that  formulae  (c)  will  no  longer  represent 
approximate  values  of  these  unknown  quantities,  except  for 
very  inconsiderable  intervals  of  time.  In  the  first  case, 
which  we  propose  to  examine  particularly,  the  state  of  equi- 
librium, from  which  the  system  has  been  made  to  deviate  a 
little,  is  one  of  stability ;  in  the  second  case,  this  equilibrium 
is  instable,  at  least  relatively  to  the  primitive  derangements, 
for  which  the  coefficients  r,  Ri,  r^,  &c.,  of  the  terms  that  are 
not  periodic,  are  not  equal  to  cipher. 

547.  When  all  the  coefficients  R,  Ri,  R^,  &c.,  are  cipher, 
except,  for  example,  the  first,  formulae  (c)  become  reduced  to 
formulae  (b).  Therefore,  if  the  squares  and  products  of  v,  Uy  w, 
&c.,  be  always  neglected,  we  shall  have  simply  (No.  544), 

X  zi  p  +  {av  +  bs^+  cn''+  &c.)R.sin(^/p  —  r), 
y  =zpi  -h(aiN  +  6iN'+CiN''+&c.)R.sin(^\/p  —  r), 
z=z  P2  +  («aN  +  b2v'+C2s'^+&c.)n.sin(tV^p  —  r), 
x'=p'  +  (a's  +  6'n'+  c'n''+  &c.)R.8in(^/p  -  r),  ^  ^^^ 
yf—px  +  (a/N  +  6i'n'  +  c/n" + &c.)  r  .  sin  {f  Vp  —  r), 
z'=/>a'-f-  (a/N  +  &/t?'-|-r/N"  +  &c.)R.8in(/V^p  -  r), 
&c. 
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As  tbo  tint  terms  p,pi,tte.,  and  alto  thcc 
t]ic  Mocaiid  (i.'rms  arc  canstant,  it  roIluiVK,  that  in  thb  a 
the  potiiU  of  the  syatetn,  will  prrform,  to  the  diractioB  at  m 
nf  thvir  coordinates,  osdllntions  which  will  be  i 
aitd  of  a  constant  amplitude,  the  cammon  doslioa  kr  i 
thi'M  moveables,  and  in  all  possible directfaMw,  wUl  beeqnllt 

— ^(ii).     The  relations  which  will  exist  between  ti 

tudcs  for  two  different  points,  or  two  diflennt  d 
be  detcnninable,  and  «-ill  depend  oa  iIm  natitre  of  |] 
and  on  p  the  root  of  the  equation  a  =0.     As  their  a! 
mngnitiido  depend:)  on  the  factor  a,  it  will  be  arbttnr;,  a 
not  influence  the  duration  of  the  oaeillations.      All  the  a 
nbles  will  return  al  the  same  time  to  their  poidtioa  af  > 
librium,   which  answers,  hy  hvpolltcua  (No.  546)  liias^ 
r  s  0,  u)=0,  &c.,  or  to  X  =  p,  y  =  pt,  fte. ;  the  Unt  r 
win  take  uluce  aflC-T  the  lapse  of  an  Inlerritl  t  =  — 

will  depend,  as  also  ii,  on  tlim  primiltve  dctangepwi 
If  a  syittem  of  material  points,  in  which  tltc  o 
of  thoM  points  ntlows  a  number  a  of  independeiil  \ 
aides,  l)c  deranged  rery  tittle  fnm  the  stal«  of  e^uilibriai 
it  may  autume  a  number  i*  of  ututiotia  tiinUar  to  tbe  i 
ceding,  u  hich  correspond  to  the  n  routs  of  the  ei|UMioa  &  s 
Mon-otrcr,  in  virtue  of  formuhe  (c),  and  of  the  corr 
rnloes  of  the  ciwrdinatca  x,  y,  &c.,  nil  these  simlU  a 
only  a  certain  number  of  them,  may  have  ptac**  at  | 
time  in  this  Ky^li^m  ;  pnd  cnnwrsely,  whatever  the  % 
rangement  may  be,  the  rootioo  of  each  of  iheae  y 
always  resolved  in  diTvctiotM  |iaiallcl  tu  each  axis  af  tba  e 
dlnat«.-«,  into  a  number  a,  or  Uts  than  m,  nf  sinple  a 
{tike  those  which  rcspoci  e<)ualiDns  (d]>.  the  ia> 
duratiims  of  llw  iniihil  drrangemefil  of  which  will  W  -^ 

3        U  ^^ 

— ss*  ~r=>  &■■'■       ^Vhcn   all   ihne  diumlions   are   i 

vV  *'c. 
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surable,  the  entire  system  will  rerert  to  the  same  state,  after 
the  lapse  of  each  interval  equal  to  the  longest,  this  is  what, 
for  example,  obtains  in  the  motion  of  vibrating  chords,  and 
has  not  place  in  the  transversal  motion  of  elastic  rods  (Nos. 
490  and  625). 

It  is  in  this  general  theorem,  that  the  principle  of  the  co- 
existence qf  small  oscillations  consists.  It  likewise  obtains 
when  the  number  of  points  m,  m\  tn'\  &c.,  of  the  system 
is  infinite;  and  the  number  of  simple  oscillations  which 
aie  then  possible  may  be  also  infinite ;  but  notwithstand- 
ing this,  both  their  durations  and  the  relations  which  exist 
between  their  amplitudes  are  still  determinable  quantities. 
Thus,  in  the  transversal  motion  of  a  stretched  chord,  the 
length,  the  weight,  and  the  tension  of  which  are  denoted  by 
/,  /I,  ci»,  respectively,  and  the  gravity  by  ^,  the  durations  of 
the  simple  oscillations  can  be  no  other  than  the  quantity 


A  /  pl 
2y^-'  and  its  submultiples  ;  and  by  formula  (d)  of  No.  489, 

the  amplitudes  of  the  oscillation  which  corresponds  to  any 

submultiple  t,  are  to  each  other  in  the  ratio  of  sin.-r-  to 

sin.— J—,  for  those  points  of  the  chord,  of  which  x  and  a/  de- 
note the  distances  from  one  of  its  extremities(/>). 

548.  When  the  points  m,  m^  m"^  &c.,  oscillate  in  a  resist- 
ing medium,  x,  y,  &c.,  the  components  of  the  forces  which 

dx  dtu 
solicit  them,  will  contain  in  their  expressions,  ■-r.i'T:^  &c.,  the 

components  of  the  velocities  of  these  moveables.  If  the 
resistance  of  the  medium  be  proportional  to  the  square,  or  to 
a  higher  power  of  the  velocity,  it  will  not  influence  the  mo- 
tion of  the  system,  at  the  degree  of  approximation  to  which 

we  have  restricted  ourselves,  since  the  terms  -rs,  -73,  — --,&c., 

or^  or   (ur 

which  result  from  it,  in  the  expressions  of  Zj  jf,  &c.,  are  of 
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I  the  same  order  of  smallnrH  as  th**  qtutntttics  wblcfa  hsTthm 
ntgleded.  Uut  If  the  motions  of  the  pmnts  m,  ■!',»",  k<. 
aic  not  very  rapid,  then  we  sbotUd  suppow*,  u  Jo  the  n«r  4 
vtTf  small  ogcUlations  of  r  simple  peoduluro,  that  ibr  nAi- 
anee  b  proportioniil  t*>  the  first  power  of  the  wlovily ; 
supposition  will  intriKluee  into  the  exprenions  x,  T,  fte^ 
by   coiiset)ueiict<,    into  equations  {■),    teniu  multiplM 

57'  li'  "ai'  ^'^■'  '*''''^'*  ought  not  to  be  iicgleei«d. 

Tht'se  equations  which  wc  shall  denote  by  (e),  will  i 
be  of  the  form 


(fa  ,      (Tit  .      d'lr  ,   . 


+  OH  +  Br  +  EIC  4-  &c., 


n',  B',  f',  &c.,  being  likewise  constant  coeAdcnH,  wfalcb  n 
'  be  proportional  tothedensityofthenedtoai,  and,  for  tbew 
part,  extremely  small  relatively  to  tboae  which  occur  ia  I 
first  member.  Kow  this  system  of  equatioRs  may  bv  wtiiC 
by  means  of  formuls  (b)  multiplied  by  exponentials,  tkai 
to  uy,  by  assuming 

■  =  RK  tin  (f  /^  —  r)«-^, 
r  =  RH'tin  (*v'/»  —  r)  f"**. 

w  =  asi'fb  (I /^  —  r)  r-^, 

&c: 

b  which  w,  w*.  w",  &c.  are  very  tnall  MDsttnt  quantities,  aaJ 
denote*,  aa  Dsual,  tbc  haw  of  Ibe  Naperian  tystrra  of  li 
The  aqtuuM  and  prodncto  of  lhe«o  unknown  quaatitia^ 
f  the  coeBchnta  d'.  r',  r',  &c.,  ore  supposed  to  be 
d  M  tbe  Ttloea  of  a,  r,  ir,  &c.,  already  satts^  equaliaM  (t 
if  th^  teoood  number  be  dpber,  wbra  the  expoaentiali  « 
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not  taken  into  account,  their  substitution  in  equations  (e), 
will  furnish  a  number  n  of  equations  of  the  form 

2DNai  +  2ENV  +  2FN'V'=:— (d'n  +  e'n'+&c.), 

by  means  of  which  the  values  of  the  n  unknown  quantities 
tUf  w'y  f»/\  &c.,  can  be  obtained(^). 

Since  the  effect  of  the  resistance  of  a  medium  is  to  dimi- 
nish gradually  the  amplitudes  of  the  oscillations,  these  values 
will  be  positive.  This  diminution  will  be  more  or  less  rapid 
for  the  different  independent  variables  «,  Vy  Wy  &c. ;  it  will 
also  depend  on  p  the  root  of  the  equation  a  =  0,  which  occurs 
in  the  values  of  n,  n^  n^^  &c.;  so  that  the  amplitudes  of  the 
simple  oscillations  of  which  the  system  is  susceptible,  will  not 
all  decrease  with  the  same  rapidity.  However,  the  resistance 
of  the  medium  will  not  otherwise  have  any  influence  on  the 
duration  of  each  of  these  oscillations,  which  will  be  always 

—p^.  for  that  which  corresponds  to  the  root_/9.     By  taking 

the  sums  of  formulae  (f),  relative  to  all  the  roots  of  the  equation 
z^  =  0,  we  shall  have,  as  before,  the  most  general  values  of 

Uy  V,  Wy  &c. 

549.  It  results  from  the  principle  of  No.  547,  that  if  the 
points  of  the  system  are  so  connected  together,  that  there  re- 
mains only  one  independent  variable,  they  can  perform  only 
one  species  of  oscillations,  for  which  the  duration  and  re- 
lations between  the  amplitudes  in  the  case  of  the  several 
moveables,  will  depend  on  the  forces  that  solicit  them,  and 
on  the  nature  of  the  system.  This  case  will  obtain,  for  ex- 
ample, in  the  motion  of  two  material  points  m  and  m^,  attached 
the  one  to  the  other  by  a  thread  of  a  constant  length,  and 
constrained  to  move  on  given  curves. 

If,  on  the  contrary,  the  points  m,  m',  m'\  &c.,  are  not  con- 
nected together,  nor  constrained  to  remain  on  given  surfaces  or 
curves,  a  circumstance  that  does  not  prevent  them  from  being 
subjected  to  their  mutual  attractions  or  repulsions,  and  to  other 
similar  forqps  directed  towards  fixed  points,  all  their  coordi- 
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nates  will  be  independent  variables ;  and  in  Mm 
is  in  some  measure  the  inverse  of  the  preeedin^^,  the 
simple  oscillations  which  may  have  place,  will  be  triple  of  thtf 
of  these  material  points(r).  This  is  what  in  fact  obuias  m 
the  problem  of  No.  534,  relative  to  the  very  slight  mocioaif 
a  point  m,  considered  as  entirely  free,  and  subjected  te  tk 
action  of  forces  directed  towards  four  fixed  points. 

For  another  example  of  the  application  of  the  precedin 
principle,  let  us  consider  the  small  oscillations  of  a  katy 
material  point  such  as  m,  on  the  sur&ce  of  an  ellipsoid,  one 
of  whose  axes  is  vertical.  Let  2  c  denote  the  length  of  thii 
axis,  2a  and  2b  those  of  the  two  horizontal  axes,  and,  con- 
sequently, 

?  +  **  +  ?""*• 

is  the  equation  of  the  surface,  the  origin  of  the  coordinaKf 
being  at  its  centre.  If  this  origin  be  transferred  to  the  lovm 
point,  and  if  the  postive  zs  be  supposed  to  be  directed  upwards^ 

c  —  z  should  be  substituted  in  place  of  z  in  thin  o<|uativo. 
As  the  oscillations  of  the  moveable  on  each  side  of  ihw  inK-rior 
point  arc  supposed  to  \w  very  small,  the  horizontal  absct^^ 
X  and  y  will  be  so  likewise,  and  its  vertical  ordinate  mili  be 
very  small  relatively  to  x  and  y.  Therefore,  if  after  the  »ub- 
stitution  of  c  — z  in  place  of  ;^,  thes<|uare  of  c  Ik*  nt^tclcctcd, 
we  shall  have(/r) 

and  if  A  and  k  denote  the  radii  of  curvature  cif  tho  tu«i  nni>- 
cipal  sections  of  the  surfiioe,  \%ith  respect  to  the  lowest  y^nau 
where  jr  z:  0,  y  =  0,  we  shall  have, 

A  =  "\     *  =  '''. 

r  r 

riiis  iK'iiii^  estalilihhid,  us  in  tliis  queNtion  then*  are  oniv 
Xwtt  inile|H'ntl«'n!  variahle^,  namely  i  and  y.  thi*  nioxoa*!^'  ca:-. 
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only  perform  two  sorts  of  simple  oscillations ;  and  its  most 
general  motion  will  result  jGrom  the  coexistence  of  these  two 
particular  motions.  Now,  if  the  moveable  be  made  to  move 
from  the  lowest  point  of  the  ellipsoid,  by  impressing  on  it,  in 
the  section  of  which  the  horizontal  axis  is  2a,  a  velocity  di- 
lecCed  in  the  plane  of  this  section,  it  is  evident,  that  it  will 
not  deviate  from  it  during  its  entire  motion.  Therefore,  if 
the  force  of  gravity  be  as  usual  denoted  by  ^,  the  duration  of 

these  small  oscillations  will  be  then  27r  k   -,  like  to  that  of 

9 

the  simple  pendulum,  the  length  of  which  is  h  (No.  183) ;  and, 
at  any  instant  whatever,  we  shall  have 


X 


=  B  sin  (<  V  I  -  r),    y  =  0; 


R  and  r  being  as  before,  two  arbitrary  constants.  In  the 
case,  in  which  the  small  oscillations  are  performed  in  the 
plane  of  the  section  whose  horizontal  axis  is  26,  their  dura- 


be  27rl/^, 


tion  would  be  27r  k   -»  cind  we  should  have,  at  any  instant 
whatever. 


X 


=  0,    y  =  R'8in(^  \/i-r'); 


r'  and  r'  being  also  arbitrary  constants.  Consequently,  the 
most  general  values  of  x  and  of  y  will  be  the  sums  of  these  par- 
ticular values,  that  is  to  say, 

X  =  R  sin  (^\/|  -  r),     y  =  u'sin  (^  vf-'*')- 

In  order  to  determine  the  four  arbitrary  constants,  r,  r^, 
r,  r\  let  us  suppose  that  at  the  commencement  of  the  motion, 

/x  fijc        .     dy        , 
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then  there  results  from  this, 

R  sin  r  =  — .  />,     r'  sin  r^  =  —  9, 

Rcosrziii'V   -,      r'cos/=7'V  -; 

9  9 

• 

hence,  by  substituting  for  the  values  of  A  and  i,  we  tU 
have,  at  any  instant  whatever(/)y 


t — ^4--^=sui< — =^, 


a?  =  /I  cos .  ,      . 

«  Vgc  ^ 


I 


In  the  case  of  a  =  fr  =  c,  these  formulse  ought  to  coincMi 
i^ith  those  of  No.  207,  by  making,  as  in  them, 

X  =  aO  cos  ^,    y  =  00  sin  1^. 

{n  fact,  tiiey  then  become, 

aO cos  \f^  =  p  cos  t  \/  -  -f  />'  Y   - *in  /  \/  •-, 

a  //  a 

a  ^  a 

but  in  this  number  \%*c  have  supposed 

when  /  =  0 ;  this  requires  that  wc  should  assume 

;>  =  aa^     }/  =z  «,     y  =  0,     y '  =  fi  V^yn  ; 
there  will  consecinently  rcsull(w) 

0  c<w  i/,  =  a  cos  /  V   -♦     ^ ***"  •^  —  f^  **" '  V  -  • 

fi  a 

hence  wc  obtain 
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a 

a 
the  number  already  cited(t;). 
•50.  Let  US  suppose  generally,  that 

tt  =  u,     t?  =  V,     m;  =  w,  &c., 

the  values  of  the  independent  variables  at  any  instant 
'ever,  when 

dv  dw 


du 


''    Tt^"""    li'^''^"  ^""'^ 


le  commencement  of  the  motion ;  likewise  let  us  suppose 
we  have  at  any  instant  whatever, 

M  =:  u',     t?  =  v',     wzz  w',  &c., 

du        ,     dv        ,     dw         ,  o 
ctt        "     dt       ''     dt         '^       ' 

=  0 ;  and  so  on.     Then,  at  the  end  of  any  time  what- 
we  shall  have 


ii  =  u  +  u'+u"+  &c., 
v=z  v  +  v'  +  v"  +  &c., 
t£?=  w+  w'4- w''+  &c., 
&e.« 

we  suppose  that  at  the  commencent  of  the  motion, 

M  =  tt,  +  fl/  +  tt,"  +  &C., 

r  =  r,  +  r/  +  v/'  +  &c., 
&c., 


(g) 
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—  =ir,-f  «/+«/'+  &c., 

do  t  Si  ^ 

-  =r, +  »/+©/'+ &c, 

—  =  !£;,  +  ll?/+<'  +  &C. 

In  fact,  it  is  evident,  from  the  initial  values  wUdi  hait 
been  supposed  in  the  first  instance,  to  have  been  gifia  is 

u,  Vj  tcy  &c.,  ^,  -j-j  -^,  &c.,  that  forranbe  (g)  will  aatiify 

these  last  equations,  when  ^  =  0;  moreover,  as  by  hjpmlnA. 
the  particular  values  of  u,  r, ir,  &c.,  satisfy  the  difliiialiil 
equations  of  the  motion,  their  sums,  or  formats  (g),  will  aha 
satisfy  them,  since  these  equations  are  linear,  and  cootaiD  as 
terms  independent  of  the  unknown  a,  p,  ir,&c.  (No.  546); 
formulae  (g)  will  therefore  satisfy  all  the  condilions  of  the 
question,  and  will,  consequently,  be  the  values  of  the  uii> 
known  at  any  instant  whatever. 

551.  This  nrenenil  theorem  may  be  dcnominatiMi  the  pri*- 
ciph  of  thv  supt  rimposition  of  small  wotious.  We  >h«HiU 
take  care  not  to  confound  it  with  that  of  the  ctK'xisteno*  oi 
small  oscillations ;  it  is  independent  of  the  |iartieular  Uwn  oi 
the  small  niotii)ns  that  have  hei*n  considered,  and  n-Miit*  M»it  !y 
from  this,  that  the  displacements  and  %'ei<^tit*s  t>f  the  m«>rt^ 
ahles  are  treated  as  infinitely  small  quantities,  Mnct*  tb^ir 
prcNJucts  and  all  powers  su|HTior  to  the  first  are  notrl^vtetl. 

It  is  in  virtue  of  this  principle,  that  sonorous  ^ave«  which 
issue  from  diflferent  points  are  pro{m^ated  and  superimpcHed  in 
the  air,  \iitliout  producing  any  mollification  in  each  other:  w 
that  at  eacli  iiintant  the  dinplacement  aiul  veliH'iiv  of  a  m\4r- 
rule  of  tlie  air  in  any  direct ii>n  wliatever,  are  the  %um«  %^\  tht 
dinplacmu'iitH  and  wltKMti*'*  uliich  wiiuhl  hdoiiLr  to  all  ihe^ 
wave-  M-par.itily  con>idi'u*il ;  uhicli  circtiuislance  fiultU-*  into 
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kear  distinctly,  and  without  confusion,  several  sounds  produced 
by  different  sonorous  bodies.  Simultaneous  sounds  may  also  re- 
sult from  the  coexistence  of  small  oscillations  in  the  same  sono- 
rous body.  Thus,  for  example,  when  a  stretched  cord  performs, 
at  the  same  time,  isochronous  oscillations  which  correspond 
to  its  entire  length,  and  also  oscillations  which  correspond  to 
the  third  of  this  length,  the  motion  of  the  air  is  precisely  the 
itme,  as  if  two  cords,  whose  lengths  were  as  one  to  three, 
performed  simultaneously  the  slowest  vibrations  of  which  they 
are  susceptible ;  and^  the  fundamental  tone  of  the  given  cord, 
and  another  more  elevated  tone,  which  is  the  Jifth  of  the  up- 
per octaoey  is  heard  at  the  same  time.  Thb  is  also  the  rea- 
son why  the  sounds  produced  by  the  longitudinal  vibrations 
and  by  the  transversal  vibrations  which  have  place  at  the  same 
time,  in  the  same  stretched  cord,  or  in  the  same  elastic  rod, 
are  heard  distinctly. 

In  consequence  of  the  same  principle,  the  waves  produced 
in  several  points  of  the  surface  of  water,  are  simultaneously 
propagated  round  about  from  these  different  centres,  and  may 
cross  in  all  directions  on  this  surface,  without  modifying  one 
another,  so  that  at  any  instant  whatever,  the  elevation  of  the 
water  at  each  point  will  be  the  sum  of  the  positive  or  negative 
elevations  which  would  have  place  in  virtue  of  all  these  waves 
separately  considered. 

The  explanation  which  is  given  of  the  phenomenon  of 
inier/erences  in  the  theory  of  luminous  undulations,  is  also 
founded  on  the  principle  of  the  superimposition  of  small  mo- 
tions, which,  it  may  be  observed,  is  susceptible  of  numerous 
applications. 

In  order  to  complete  it,  we  may  add,  that  if  forces  ema- 
aadng  from  moveable  centres,  act  on  the  points  of  the  system, 
the  second  members  of  equations  (a)  of  their  small  motions 
(No.  645),  will  be  linear  functions  of  the  components  of  these 
given  forces.  The  same  will  be  the  case  with  respect  to  the 
complete  integrals  of  these  same  differential  equations ;  hence 
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it  follows,  that  the  parts  of  m,  r,  w,  &c.,  independnil  «(i 
initial  ftUte  of  the  syfttem,  and  conieqnetidy,  the  ■ 
of  the  coordinates  of  the  moreubleo,  will  be  tbe  « 
values  which  they  would  have,  if  the  |pv«i  forcet  aetol  ■ 
rately.  Thus,  for  exumplr,  in  the  phenooienoR  of  tke  tl 
the  total  elevation  of  the  sea  at  each  {xnnt,  and  at  eack  inMV- 
is  tho  sum  of  the  elevations  whti'h  would  b«  prodneed  by  tW 
Mparate  actions  of  the  sun  and  noon ;  and  this  ia  Ot»  iMMn 
why,  ever}'  thin^  else  beinf^  contidered  as  mjual,  the  bogtl  ■>. 
the  tide*  is  greatest  tn  tho  fyty^iva,  and  Uwt  ia  the  qat- 
draturcs. 


II.  Principles  <tfthe  Coturrtatlon  i^fUu  Motion  tfftkt  Omm 
qfGraeitif,  and  of  the  Coiuervatiim  o/Artaa. 

5.02.  Since  tlic  motion  nf  the  centre  of  gravity  oTaayMea 
entirety  free  is  the  same  as  if  the  mames  of  all  the  ■ 
bctiiK  united  in  it,  their  motive  force*  i 
parallel  to  their  re«pociive  dircrtiatM,  it  follom  that  th*  giwa 
forces,  whose  components  parallel  to  each  ordinale  are  e^aJ 
and  conttar)',  will  not  occur  in  the  diflfefwilial  egiiaiiam  of  thb 
motion.  Now,  this  case  ts  that  of  the  noiira  fiMoea  afiMt 
from  the  mutual  nctiona  of  the  points  oT  the  ty«t«D,  ia  mKmn 
of  the  general  law  of  actioM  rtfual  to  rtaeHam,  wM 
ahuned  in  nature,  as  we  now  procood  to  «xpl 

If  a  material  point  situatml  at  u  acta  on  i 
situated  at  m',  and  impresses  on  it,  nr  tends  tn  Improa  «■!■ 
an  instant,  an  in6nitely  small  ([uantily  of  notion  i 
shall  denote  by  fi,  it  is  invariably  observed, 
'     I  St.  That  this  action  is  directed  along  the  liiw  dimwM  ft 
the  point  h'  towards  the  point  m,  or  a 
yond  m'. 

Indly.  Thai  ai  (he  same  time  i1m>  point  ai 
acts  on  the  point  situalnl  at  M,  along  tlte  line  draw*  ( 
towants  m',  or  along  its  produetion  bejond  h. 


It  aitaalnl  m  m".  I 
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3rdly.  That  this  reaction  communicates,  or  tends  to  com* 
municate  to  the  point  situated  at  m,  a  quantity  of  motion  pre- 
cisely equal  to  ii{x). 

The  mutual  action  between  these  two  material  points  is 
tenned  attraction  or  repulsion,  according  as  it  tends  to  in- 
crease or  diminish  the  distance  mm^  ;  if  they  are  entirely  free, 
and  if  their  masses  are  represented  by  m  and  m'j  the  velo- 
cities by  which  they  will  be  respectively  actuated  will  be 

^,  J-,y  that  is  to  say,  in  the  inverse  ratio  of  their  masses,  and 

the  quantities  by  which  they  approach  to  or  recede  from  each 
other,  in  an  infinitely  small  portion  of  time,  will  be  equal  to 
these  velocities  multiplied  by  the  half  of  this  time  (No.  1 1 4)(a;). 
Moreover,  the  quantity  /n  will  either  depend  on  the  nature  of 
the  bodies  to  which  m  and  m!  belong,  or  be  independent  of 
them,  and  proportional  to  mm!  the  product  of  these  masses 
(No.  241),  as  in  the  case  of  universal  attraction  (y). 

The  first  of  the  three  propositions  which  have  been  now 
stated,  may  be  considered  as  self-evident;  for  when  the 
quantities  of  matter  m  and  vii  are  reduced  to  infinitely  small 
dimensions,  and  placed  at  a  finite  distance  from  each  other, 
there  is  no  reason  why  the  action  of  one  of  these  points  on  the 
other  should  be  exercised  on  one  side  of  the  line  which  joins 
them,  and  about  which  every  thing  is  similar,  rather  than  on 
the  other;  but  with  respect  to  the  two  other  propositions,  they 
can  only  be  considered  by  us  as  the  results  of  experiment, 
generalized  indeed  by  induction,  and  confirmed  by  all  the 
consequences  which  have  been  obtained  from  them.  In 
fact,  it  cannot  be  considered,  a  prtorty  as  impossible  for  a 
material  point  m  to  act  on  another  m%  without  the  latter 
reacting  on  the  first,  in  an  opposite  direction  with  equal  in- 
tensity. Thus,  the  principle  of  reaction  equal  and  contrary  to 
action  may  be  admitted  as  a  general  law  of  nature,  which  is 
established  by  observation,  in   like  manner  as  the  law  of 
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aniveml  attnutioa,  in  the  inm«e  laUo  of  tike 


553.  Tbii  being  ntablkhcd,  if  all  the  nttUml  | 
I'^uem  enlirely  tw  ore  only  subject  to  tbar  nmiu 
Fthese  motira  fiHces,  tramfrrTed  to  the  centre  afgtvHty  eCd 
I .^(teni,  will  destroy  cacli  otbcr,  two  by  twn,  i 
a  of  thta  syMem  trill  \*c  rvdilinrar  oiul  o 
I  Coutntly  prcwtTc  its  initial  wincity  anil  dinctxMi; 
ibis  theorem  has  been  dcnnmtnatnl  /Af  primdplr  aftlm  a 
mrratiom  oftkt  motioM  o/the  ctntrt  iffgrarity. 

This  motion  is  not  altered  by  the  impai.-t  of  bo£e«.  wImi- 
ever  any  be  their  degree  of  rLMtidty(No.  541);  aiKiftabeL 
the  pbenoowaoa  of  the  impact  is  produced,  am  I 
already  stated  (No.  i'J9),  by  the  matual  actions  of  ik  ■ 
enlos  of  the  striking  and  strudt  body,  which 
excTt«d  at  distancesi  which,  altho4^h  inaettsibl^  ■ 
mat^nitudc,  ntid  fi>r  which  tbcbiw  ofrraetic 
tntry  to  action,  ramt  luirc  place.  For  th«  ■ 
paru  of  a  solid  body  in  raolioD  ue  separated  by  ■ 
explosion,  the  direction  and  velodly  of  the  oi 
of  all  its  parU  after  the  cxplocion,  will  be  the  a 
rertiun  and  vi-locity  of  the  centte  of  gnvity,  wfaidi  I 
previously  to  this  evenu  In  general,  the  sodden  ^ 
velocity  wltitli  accompany  thcae  impacts  or  e 
effects  of  the  mutoal  actions  of  the  ntoUi 
leculea  approach  to  or  recede  froa  eadi  other,  that  I 
in  very  high  ratios,  and  they,  conaequently,  cune 
of  the  bodies  to  rary  also  coaifaknibly,  daring  v 
(errals  of  tine. 

The  principle  in  question  is  independent  nf  tb«  i 
I  of  the  points  of  the  system,  provided  that  none  of  tl 

il  to  other  pninu  fnrvign  frvtn  the  tystea  t 

I  riderwl,    nor   constrained  to  move  on  a  find  or  i 

Coulhioiii  of  this  kind,  wfaea  i 
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,  give  rise  to  forces  which  should  be  transferred  to  the  centre  of 
levity,  and  which  may  cause  its  velocity  to  vary.  This  will 
be  also  the  case,  when  there  are  forces  applied  to  the  points  of 
the  system,  which  do  not  arise  from  their  mutual  actions ;  and, 
in  this  case,  the  mutual  actions  may  influence  indirectly  the 
iBOtion  of  the  centre  of  gravity,  by  diminishing  or  increasing 
the  distances  of  the  points  of  the  system  from  the  fixed  or 
moveable  points  from  which  the  foreign' forces  emanate,  and, 
ooiueqaently,  changing  their  intensities. 

The  inertia  of  a  tnaterial  point  conusts  in  this,  that  it 
cannot  excite  any  motion  in  itself,  nor  in  any  way  modify  the 
motion  which  it  has  received,  without  the  aid  of  forces  ema- 
nating from  other  points;  in  like  manner,  the  inertia  of  a 
sjfsiem  qf  bodies  consists  in  this,  that  the  mutual  action  of  its 
parts  can  neither  produce  nor  modify  the  motion  of  its  centre 
df  gravity,  without  the  intervention  of  points  against  which 
the  moveables  are  pressed,  or  of  foreign  forces.  Hence,  the 
motion  of  the  centre  of  gravity  of  the  sun,  the  planets,  the 
satellites,  and  comets,  must  be  uniform  and  rectilinear  in  space, 
when  the  action  that  the  fixed  stars  exert  on  all  these  bodies, 
and  the  resistance  of  the  medium  in  which  they  move,  if  any 
such  exists,  is  not  taken  into  account. 

The  manner  in  which  the  different  parts  of  a  muscle  act  on 
each  other,  in  order  to  produce  its  motions,  is  unknown  to  us ; 
and  perhaps  we  shall  be  for  ever  ignorant  of  the  means  by  which 
the  will  puts  these  parts,  that  are  of  a  different  nature,  in  the  re- 
spective dispositions  which  are  required,  in  order  that  they  may 
actually  produce  their  mutual  attractions  or  repulsions ;  what- 
ever it  may  be,  it  cannot  be  doubted  but  that  these  actions  are 
subjected  to  the  law  of  reciprocity,  like  to  all  other  natural 
forces ;  hence  it  follows,  that  an  animal,  in  whatever  manner 
it  exerts  itself,  can  never,  by  the  mere  act  of  volition,  displace 
its  centre  of  gravity,  without  the  intervention  of  an  exterior 
point  against  which  it  may  press.  A  man  or  any  other  animal 
may  cause  their  centre  of  gravity  to  rise  or  fall  vertically,  by 


sdi 
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pressing  njitaiDst  ihc  varth ;  iltcy  nay  aUo  caow  it  ts  ■ 
horixonully  hy  the  aiA  of  frictioa  agUDst  its  surfi^c ;  bat  A 
locoreollon  would  be  impossible  on  ■  ppHpcUy  f 
on  which  tlds  resistance  woulil  be  vnlin-ly  tmiriHible.  1*1^ 
flight  of  birds,  it  in  (he  centre  ofgniTity  afthc  sniaii 
the  rrndVi-  maita  of  ihe  air  that  it  put*  in  raoueo,  thm 
coimtantly  at  rest,  anil  in  u  mcuo,  il  would  bm  i 
displace  its  proper  centre  of  gravity,  whoUrO'  ad^cWfl 
rapidity  with  nhiih  it  moved  iu  viogs. 

Neitlii-r  can  it  lie  doubted,  bat  that  impoodciablc  MilJ 
Biiliject  to  tlie  law  of  reaction  cqital  and  contnrjr  le  a 
and  timi  consequently,  the  priaciplv  of  the  omaervatiaa  tt^ 
notion  of  the  centre  of  granty  which  follows  ta 
from  ir,  must  likewise  be  observed  in  thetr  mouoaa  aa 
of  all  other  substances  from  which  they  dUbr  only  n 
extreme  tenuity.  Thu»,  when  cU'ctriciiy,  heat,  and  li|^  • 
unto  trom  one  side  of  a  maveuble,  this  body  tluiuld  rn 
contrary  direction,  in  order  that  the  centre  of  giawiy^i^ 
entire  sysU-m  may  remain  at  rcat ;  bat  tba  ( 
tion  by  which  it  will  be  acluatod  will  tioi  be  appi 
the  tkii«e«,  unlcM  that  of  the  impondefable  fl 
notwithstaoding  the  exttcmc  saiallneaa  of  hs  aasa,  aad  It  a 
be  proportional  to  the  magnitude  of  fla  vdodty.     TUi  c 
only  be  decided  by  meant  of  ray  delicate  c 


lit.   roMM/Tvi/iON  f/rAe  AfohoM  qftUHmtimm. 

654.  It  bai  been  dcmonatniled  that  tbe  fwrcca  a 
ibe  mutual  action  of  tlio  pointa  mi,  m',  m",  ttc,  of  a  ayt 
I  lltvly  fnW)  do  tut  occur  in  equation  <7)  of  their  i 

B»latioii ;  it  nay  be  UkewiM  shown  tlut  they  •iiMpprarfr 
tiM  equationa  of  ita  motion  of  rotation  about  the  ori^  «f  4 
wotdiBatet  (Noa.  53»  and  539). 

Id  fact,  let  »  be  the  force  ariung  fniw  tbe  mutaal  a 
of  n  a»d  Ml',  «ibii-h  is  the  laaw  for  tb«M  two  aaicnal  i 
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and  directed,  if  the  force  be  attractive,  from  m  towards  m^  for 
tlie  point  m,  and  from  m'  towards  m  for  the  point  m\  If  the 
distance  of  these  two  points  be  denoted  by  p,  the  cosines  of  the 
angles  which  the  line  mm'  makes  with  lines,  drawn  parallel  to 
the  axes  of  x,  ^,  z,  through  the  point  m,  will  be 

x'—x     y'  — y     z' — z^ 

>  9  9 

P  P  P 

hence  then,  relatively  to  the  force  f, 

mx  =  ^ ^,   my  z=  ^ — ^^,    mz  =  ^^ ^, 

P  P  P 

will  be  the  components  of  the  motive  force  of  m ;  in  the  same 
manner  we  shall  find 

P  P  P 

for  the  components  of  the  motive  force  of  m',  arising  from  this 
force  F.     Now,  it  is  evident  from  these  values,  that 

j»(a;Y— yx)  +  m'(ar'Y'— y'x')=:  0, 
»i(2X— xz)  +  m'{z*x!^x'z')  =  0, 
TO(yz— 2t)  +  »i'(y'z'—  5;'y')  =  0 ; 

consequently,  the  terms  arising  from  the  mutual  action  of  the 
points  of  the  system  mutually  destroy  each  other,  two  by  two, 
in  the  second  members  of  equation  (9)  of  No.  539. 

If  therefore  no  other  motive  forces  act  on  the  points 
mj  m\  nfj  &c*,  the  motion  of  rotation  of  the  system  about  the 
origin  of  the  coordinates,  will  arise  solely  from  the  initial  velo- 
cities impressed  on  these  points ;  so  that  unless  there  be  some 
extraneous  forces  acting  on  the  system,  or  some  points  against 
which  the  moveables  press,  taken  without  it,  the  sole  mutual 
action  of  its  parts  can  neither  produce  any  motion  of  transla- 
tion or  of  rotation  common  to  all  its  points^  or  in  any  degree 
modify  that  which  it  has  primitively  received. 
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555.  The  second  members  of  equations  (9)  will  be  Ikh 
wise  zero,  when  the  points  of  the  system,  besides  their 
actions,  are  also  solicited  by  forces  directed  towmrds  the 
of  the  coordinates ;  for  mx,  mv,  mz,  the  components  of  sacks 
force  applied  to  the  point  m,  are  to  each  other  as  x,  jr,  x*  the 
coordinates  of  this  point,  consequently  we  have 

XY  =  yx,    zx  =:  xz,    yz  =  rY  ; 

and  the  term  which  arises  from  it  disappears  from  each  of  eq»- 
tions(9). 

Thus,  in  every  system  entirely  free,  or  which  contains  ool; 
one  fixed  point,  and  whose  points  m,  m',  m^\  &c.,  are  oalj 
subject  to  their  mutual  actions,  and  to  forces  directed  towai^ 
this  fixed  point,  when  this  point  is  taken  for  the  origin  of  the 
coordinates,  we  shall  have 

It  there  is  no  fixed  |>oint  in  the  system,  and  if  the  roor*. 
ables  are  only  subject  to  their  mutual  actions,  we  can  assuoK 
any  |H»int  we  plea^,  for  the  origin  of  the  coordinates :  and  a> 
in  this  same  case,  e(]uations(7)  of  No.  538,  become 

(Px  ff'U  tPz 

it  follows  that  we  can  assume  for  this  origin,  a  |Miint  which  tiA« 
a  uniform  and  rectilinear  motion  in  s|)aei*. 

In  fact,  if  the  coordinates  of  thin  moveable  iHiint  be  tW^ 
noted  by  o,  /3,  y,  we  shall  have 
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w  and  if  the  origin  of  the  coordinates  be  transferred  to  it,  we 
should  make 

X  =  a  +  ar„     y  =  /3  +  y„     z=zy  +  Z,y 

lelatively  to  m  any  point  whatever ;  now  by  substituting  these 
Talues  in  the  first  equation  (a),  it  can  be  made  to  assume  the 
form(«) 

^  (^' Jr  -  y/ -5^)  +  ^]^  Siim:,  -  ^Smy, 

whichy  in  consequence  of  the  preceding  equations,  will  be  re- 
duced to 

and  in  like  manner  the  two  other  equations  (a)  will  become 

when  the  origin  of  the  coordinates  is  transferred  to  a  point, 

.  the  motion  of  which  is  uniform  and  rectilinear. 

As  in  the  case  in  question,  the  motion  of  the  centre  of 

gravity  of  the  system  is  uniform  and  rectilinear  (No.  553),  it 

follows,  that  when  this  centre  is  taken  for  the  origin  of  the 

coordinates,  equations  (a)  should  obtain. 

556.  Since 

d*y        (Px      ./  dy        dx\ 

dfx       d^z      ,/  dz       dz\ 

z—i x-r-ne/i  ;2-r- — x-^  I, 

di         dt         \    di        dt^' 

dPz        dfy      ,/  dz        dy\ 

if  equations  (a)  be  multiplied  by  dty  and  then  integrated, 
there  results 
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^     /   dy       dx\ 

(dx       dz\ 


fe) 


r,  c\  c\  denoting  the  arbitrary  constants  introduced  by  tbe  »• 
tegration ;  it  appears  from  these  equations,  that  in  the  w^ 
tion  of  a  system  entirely  free,  in  which  the  moveables  are  calf 
subject  to  their  mutual  actions,  or  to  the  actions  of  forces  d^ 
rected  towards  a  fixed  centre ;  the  moments  of  the  qmiitiiHi 
of  motion  of  all  the  points  of  the  system,  with  respect  to  thrac 
rectangular  axes,  that  intersect  in  this  point,  and  eoMt^ 
quently,  with  respect  to  any  other  right  line  drawn  tbroi^ 
this  point,  are  constant  quantities.  The  value  of  these  ■»- 
ments  will  not  be  changed  in  the  impact  of  the  bodies  of  t 
system,  or  when  an  explosion  takes  place  in  one  or  more  of 
thoni,  for  the  forces  which  pro<lucc  these  phenomena,  are  itr 
mutual  actions  of  their  molecules;  this  agrees  \iith  the  rt-*u!: 
of  No.  i>41. 

It  results  from  the  preceding  number,  that  if  there  Mxt 
no  forces  directed  to  a  fixe<l  point,  this  theorem  alM>  obtaiiM, 
with  resjK^ct  to  any  axis  whatever,  which  moves  parallel  \c> 
itself,  and  passes  constantly  through  the  centre  of  gravity  ot 
the  system,  or  more  generally,  through  any  |H>int  the  im-ii-^a 
of  which  is  uniform  anil  rectilinear.  Likewisi*  it  f«illo«<»  :roci 
e(|uations  (b),  that  in  tlii**  >ame  ease,  the  snm«  \^\  the  «}iLir- 
titles  of  miction  of  all  the  points  of  the  system  e<»( iin.it  11  i  hi  tLc 
direction  of  three  reetanj^ular  iHumiinati^s,  an«l  con^cqurn:'.}. 
in  any  direction  whatever,  are  also  conntant  (|uantitic«  ;  lh:« 
theorem  may  be  regarded  as  eontiiined  in  that  uhich  i\'tVr«  lo 
the  moment^  of  the^^e  ft»rces,  the  centre  «»f  the  momenta  An»i 
the  orii;in  of  the  coordinates  being  bUppoMil  to  be  intiuilci) 
«liHt;iiit. 
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657.  The  values  of  the  constants  c,  </y  c'\  will  depend  on 
lie  direction  of  the  rectangular  axes  which  are  taken  for  those 
rtlie  coordinates ;  but  if  we  make 

10  quantity  y  will  be  not  only  independent  of  t^  but  also  of 
lis  direction  ;  for  it  expresses  the  principal  moment  of  a  sys- 
m  offerees  (No.  281),  the  value  of  which  does  not  depend 
■  the  arbitrary  direction  of  the  lines  along  which  those  forces 
m  decomposed.  Hence,  when  there  is  no  fixed  point  in  the 
inrteni)  the  value  of  y  will  be  the  same  when  it  is  computed 
fc  two  different  epochs  of  the  motion,  the  centre  of  gravity 
oii^  taken  for  the  origin  of  the  coordinates,  whatever  may 
e  otherwise  their  direction,  whether  the  same  or  different,  at 
bese  two  epochs.  In  these  calculations,  it  is  the  relative 
ontioiis  and  velocities  of  the  moveables  at  the  given  epochs 
hat  are  employed,  namely,  x^  y^  z^  the  perpendiculars  let  fall 
com  each  point  m  on  three  rectangular  planes  drawn  arbitrarily 

Inongh  the  centre  of  gravity,  and  ^,  ^,  ^,  the  differences 

etween  the  components  of  the  velocity  of  m,  parallel  to 
bar  intersections,  and  the  components  of  the  velocity  of  the 
entie  of  gravity  in  the  same  directions.  Even  if  one  or  more 
npact  or  explosion  of  the  bodies  of  the  system  should  take 
laoe  in  the  interval  between  the  two  epochs  for  which  the 
aloe  of  y  has  been  calculated,  this  value  will  not  be  changed, 
•roTided  that  in  the  case  of  an  explosion,  all  the  parts  of  the 
foken  body  are  taken  into  account,  in  the  calculation  made 
t  the  second  epoch.  It  follows,  therefore,  if  this  value  of  y 
\  not  the  same  at  the  second,  as  it  was  at  the  first  epoch, 
lial  in  the  interval,  foreign  forces  have  acted  on  the  move- 
bles,  or  other  bodies  which  do  not  constitute  a  part  of  the 
rttem,  have  impinged  on  them. 

If  09  a' J  a" 9  be  the  angles  which  the  axis  of  the  principal 
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moment  makes  with  the  axes  of  x,  y^  z^  whose  orini^n  i«  at  ik 
centre  of  gravity,  we  shall  have  (Mo.  281) 

c  &  c^ 

cosa=-,     cosa=— ,     cosa"=— ; 

7  7  7 

hence,  if  these  axes  are  constantly  parallel  to  themsehv\ 
the  quantities  r,  d^  c'',  will  not  undergo  any  change,  and  tk 
direction  of  the  axis  of  the  principal  moment  will  be  abo  ii- 
variable,  as  well  as  the  magnitude  of  its  principal  moaMRt 
The  same  thing  has  place  with  respect  to  a  fixed  point,  vks 
there  is  one  in  the  system,  and  the  origin  of  the  coordiuKi 
is  place<l  in  it ;  this  has  been  already  obser\'cd  in  No.  416, 
relatively  to  a  solid  body. 

558.  It  is  im|K>rtant  to  observe,  that  the  terms  arwii^ 
from  the  mutual  action  of  the  bodies  composing  the  »}fitf« 
disappear  in  the  second  members  of  equations  (IM  of  No.5J9« 
even  when  the  intensity  of  this  action  %'aries  with  the  time. 
independently  of  the  distance,  that  is  to  say,  when  the  c\vb- 
pononts  of  this  toroo  contain  the  time  ^explicitly.  Kquatl-^ns^ 
(c),  and,  consequently,  the  invariability  ot  the  princi|uj  ir.  • 
ment,  and  of  the  ilireetion  ot' its  a.\i^,  tiieretore,  Imh  <»till  yj^x 
in  this  case,  wliieh  oeeiirs,  for  example,  wju-n  tlic  |>«ii.!- i»:  :b». 
sNstem  lose,  under  a  ratliittin:^  ftnm,  a  ]>art  ot  iluir  pro]Kr  iu^'. 
aeireum^tance  that  diminishes,  at  equal  d>tanev^,  the  i:.:*::*::) 
of  tlieir  mutual  action.  Thus,  it' the  action  ot  tiie  ^un  .i::ii  ni--  "^ 
on  the  mass  ot'  llio  earth  is  not  taken  iiit4t  aeeoiinl,  .k*...i  i:  .i . 
suppose  that  oui  planLl  v\a««  lormerly  in  a  vr.iM.tius  statf,  ~  '. 
then  tli.it  it  beeanie  soli  1  I'V  the  clleet  oi'  eoi.jiri '.  u::[..  .: 
l.isiiii^  anv  part  «•!  il"*  |»iiiii!eraM^  isi.ilU!,  v. v  m.i\  .»e  .1**1;:*  . 
liiat  in  this  transiiiini.iM<>i:,  iiei'.iiii  li.c  n:a^i.ii  «>:i  1:  :  i\:* 
direelioii  ot  jhe  prnuiii.tl  inonK:;!  i*:  ^\w  li.i.i.i'  'ii*  .  :  :::  . 
f»l  all  jfs  |HMiif'«,  mnur^o  ,\\\ :  ^li. .:•_:%  .  1  ii>  .1^  i^.  l.^  ^  :. .  •  ■.!..r. 
ol  ilie  li^iire  oi  ih»-  f.iMh  iliiiiil  ul.i^ii  i'  hi>.\  •  .::.-  ..  .  •  .- 
i.i-y  tn  pe'ctivi-  (  \.i.  ijsi  )  TJi.j  ,:,  ti:^  niori  .. 
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is  the  value  of  the  principal  moment;  o)  being  the  angular 
Telocity  of  rotation,  m  the  mass,  and  mA^  the  moment  of 
inertia  with  respect  to  the  axis  of  figure.  If  the  cooling  of 
the  earth  is  still  going  on,  and  if,  in  consequence,  its  radius 
diminishes,  the  value  of  k  will  diminish  in  the  same  ratio ; 
and  since  the  quantity  y  is  constant,  the  value  of  a>  will  in- 
crease in  the  inverse  ratio  of  the  square  of  A,  and  the  duration 
of  the  day  will  decrease  proportionably  to  the  square  of  the 
ndins.  A  diminution,  arising  from  this  cause,  of  a  ten  mil- 
lioneth  part  in  the  duration  of  the  day,  would  imply  a  de- 
Cfease  of  a  twenty  millioneth  part  in  the  length  of  the  radius ; 
and  as  we  are  certain,  that  for  the  last  2600  years,  the  day 
has  not  experienced  this  diminution  (No.  443),  it  follows  that 
the  mean  radius  of  the  earth  has  not  varied  a  twenty  mil* 
lioneth,  or  three  metres  very  nearly  in  this  long  interval  of 
time^  by  the  effect  of  cooling,  if  the  mean  temperature  of  the 

earth  has  not  yet  attained  to  a  permanent  state. 

No  change  can  arise  in  the  quantity  y  from  earthquakes, 
volcanic  explosions,  the  blowing  of  the  winds  against  its  sur- 
face, or  the  friction  and  pressure  of  the  sea  on  the  solid  parts 
of  the  terrestrial  spheriod,  for  all  these  phenomena  are  cases  of 
the  mutual  actions  of  the  parts  of  the  system ;  and  as  the  dis- 
placements of  these  parts,  which  take  place  under  all  these 
circumstances,  arc  not  considerable  enough  to  produce  any 
sensible  change  in  the  value  of  k^  these  different  causes  will 
not  produce  any  appreciable  alteration  in  the  rapidity  of  oi  the 
earth's  velocity,  or  in  the  duration  of  the  day. 

559.  The  theorems  which  have  been  deduced  from  eciua- 
tions  (c)  may  be  also  stated  in  another  manner. 

For  this  purpose,  it  may  be  observed,  that  the  formula 
I  {xdy  —  ydx)  expresses  the  area  described  during  the  instant 
dty  or  the  differential  of  the  area  described  during  the  time  ^,  by 
the  radius  vector  of  the  projection  of  the  point  m^  on  the  plane 
of  the  axes  of  x  and  y,  reckoning  from  the  axis  of  the  positive 
X9  towards  the  axis  of  the  positive  ys  (No.  154).     In  the  same 
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manner,  }  {edx  -~  id:)  is  the  dilTerontial  of  iImt  «nn  i 
by  llie  radius  rector  of  the  projection  of  tl»  •acM^  pai*l  m,  ■ 
the  plane  of  the  axn  of;  an«l  x,  reckoiunf;  from  Uw  Bxntf - 
towunlH  the  axis  of  x;  and  \  {pdi—zdfi)  exjtxann  ibe  difr- 
rvntiul  of  the  area  <loscril>ed  by  the  radiui  rector  of  iW  p*- 
jection  of  thb  point  on  the  plane  of  the  axes  of  jr  mi  t- 
reckoning  from  the  axis  of  y  towards  the  axis  of;. 
This  being  cstubllBhcd,  the  areas  should  be  e 
positive  or  nt^tivr,  according  u  they  arc  dcMnlMd  !■• 
plane,  in  the  direction  indicated  above,  or  In  tlw  « 
rection.     Let  J  X  he  the  sum  of  the  areas  deMU 
time  t  by  the  radii  vectorc*  of  the  projoctioM  of  «Ulj 
of  the  Bystcm  on  the  plane  of  the  axes  of  x  and  jr. 
plied  respectively  by  their  moMea  m,  m",  m",  itc.     L«t  |1 
denote  the  sun)  of  the  areas  d^cribed  on  the  plane  of  t^  a 
of  z  and  x  during  tlie  same  time,  by  the  radU  reetoraa  of  t 
projections  of  these  material  jwints,  and  likewtK  an 
their  respective  masses.     FiiuUly,  hit  J  A*  bo  tbo  a—  ifj 
areu«  devcribed  on  the  plane  of  the  axe*  of  p  aad  X  d 
time  /,  by  the  radii  vectorcs  of  the  projoetioBa  of  d 
points,  multiplied  olw  by  their  mojaca.     Ttiaaa  1 
will  be  functions  of  t,  the  values  of  whidh  will  vwu^  w{|k  d 
variable,  and  their  differentials  will  bo 

^dX=^^m{zdx-Tth), 

CoaHquently  we  iboll  have,  in  virtue  of  «i]ualioM  (e) 

dX  =  cdt,     dX'  =  e'di,     dX'  =  e'dt; 

and,  by  integrating,  wo  obtain 

X  =  rt,     X'  =  r*!,     X"  =  iTI. 

'DtenUnv,  in  the  molioa  of  a  ayaton  cotinly  Iim,  i 
'  points  an  only  Mibjcct  tu  llwiT  mulaal  aetiuiu,  the  awa  if  d 


CONSERVATION  OF  AREA.S.  373 

represented  by  ^  X,  ^  X^  ^  X^^  are  proportional  to  the 
time  in  which  they  are  described,  and  the  sums  of  the  areas 
described  in  the  unit  of  time,  retain  their  initial  values  during 
the  continuance  of  the  motion ;  the  centre  of  the  areas  being 
m  fixed  point,  either  the  centre  of  gravity  of  the  system,  or 
indeed  any  other  point,  the  motion  of  which  is  uniform  and 
rectilinear. 

It  is  in  this  that  the  principle  of  the  conservation  of  areas 
consists.  It  obtains  also,  when  there  is  a  fixed  point  in 
the  system  towards  which  the  forces  acting  on  one  or  more  of 
the  moveables  are  directed,  provided  that  this  fixed  point  is 
taken  for  the  centre  of  the  areas ;  this  comprehends  the  theo- 
rem of  No.  154  relative  to  a  single  material  point. 

It  may  be  remarked  here,  that  when  the  points  m,  m'^  m!\ 
&C.9  turn  in  the  same  direction  about  the  centre  of  areas,  as 
the  centres  of  the  planets  do  about  the  sun,  this  will  be  also 
the  case  with  respect  to  their  projections  on  the  planes  of  the 
coordinates ;  so  that  the  signs  of  all  the  terms  of  the  sums 
4X9  ^XS  ^X^' will  be  the  same:  on  the  contrary,  they  will 
have  difierent  signs,  and  these  sums  may  be  either  positive  or 
negative,  when  a  part  of  the  moveables  turn  in  one  direction, 
and  the  other  part  in  the  contrary  direction,  as  is  the  case  in 
the  motion  of  the  comets  about  the  sun. 

560.  Now,  let  o  (fig.  31)  be  the  fixed  or  moveable  centre 
of  the  areas ;  02;,  oy,  oz,  the  directions  of  the  rectangular 
axes  of  the  coordinates;  m  and  Mi  the  positions  of  any  point  m 
at  the  end  of  the  times  t  and  ^  +  tf^ ;  p  and  \\  the  projections  of 
M  and  Ml  on  the  plane  of  the  axes  of  x  and  y.  The  triangle 
MOM]  will  be  the  plane  area  described  during  the  instant  di  by 
the  radius  vector  of  m,  and  the  triangle  poP]  will  be  its  pro- 
'  jection  on  the  plane  of  the  axes  of  x  and  y,  or  the  area  de- 
scribed during  this  instant,  by  the  radius  vector  of  the  pro- 
jection of  m  on  this  plane.  The  projections  of  moM]  on  the 
two  other  planes  of  the  coordinates,  will  be  likewise  the  areas 
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described  by  the  radii  vcctorcs  of  theprojecdoiis  offsieB 

planes. 

This  will  be  the  case  likewiie  Sot  the  araas  dcscrik 
space  during  all  the  infinitely  small  portkma  of  I,  bj  the 
Tectores  of  all  the  points  of  the  system,  and  moldpliod  by 
masses,  or  in  other  words,  for  all  these  aieu  increased  h  At 
ratio  of  the  masses  m,  mf^  m^,  &c.,  to  unity.     Conseqamiy^ 
the  quantities  ^  A,  ^  ^'>  i  ^'  conttdered  above,  will  be  disSHa 
of  the  projections  of  these  infinitely  small  areas  on  the 
planes  of  the  coordinates,  and  the  tiieoienM  of  No.  116 
the  following  numbers,  may  beappfied  to  tUs 
areas  and  to  their  projections. 

Thus,  among  all  the  planes  which  can  be 
through  o,  there  is  one  on  which  the  sum  of  the 
of  the  plane  areas,  respectively  aflfected  with  the 
results  from  the  direction  of  the  motion  relatire  to  each  d 
them,  is  a  mazimum.  If  the  value  of  this  greatest  aiss  hs 
denoted  by  fi,  wc  shall  have 

,i»  =  X'  +  X'"  +  X  =; 

and,  if  OH  be  the  |)er|)cndicular  from  the  centre  o  to  tliL^  pLisr. 

by  mulxing 

wc  siiall  have  also 

X  X'  X' 

cosi3  =  -,      ct»s»ij'  =  — ,     CO*ij"= , 

M  ^  M 

Now,  from  the  \':iluos  of  X,  X',  X'\  i^iven  iibovi*.  ii  i«  i  in- 
dent that  tliesic  Airmuhe  are  tli«*  name  tliiii:;  .is 

c  c  r 

7  7  7 

f%  ''t  f"%  7  IhIhl;  the  s;mu'  ton^taiit^  :i^  lu'lon-       llciui  it  J^y- 
IK-ar^  that  the  (i ire t tun  <it  ihe  plaiii   nt  :hi  i:r>  ;irt-^t  .iiia  M" 
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remain  constant  during  the  continuance  of  the  motion,  and 
that  the  normal  to  this  plane  drawn  through  the  centre  of  the 
areas  will  always  coincide  with  the  axis  of  the  principal  mo- 
ment of  the  quantities  of  motion  of  all  the  points  of  the 
system. 

It  follows  from  this,  that  in  the  motion  of  every  system 
entirely  free,  the  material  points  composing  which  are  only 
fnbject  to  their  mutual  actions,  there  exists  a  plane  passing 
through  the  centre  of  gravity,  which  remains  constantly  pa- 
rallel to  itself,  and  whose  position  can  be  determined  at  each 
instant,  by  means  of  the  masses  of  aU  these  points,  of  their  co- 
ordinates referred  to  the  centre  of  gravity  as  their  origin,  an 
of  the  excess  of  the  components  of  their  velocities  over  those 
of  the  velocity,  of  this  centre* 

We  are  indebted  to  Laplace  for  this  theorem,  who  has  de- 
nominated the  plane  in  question  the  invariable  plane,  and  he 
proposed  to  make  use  of  it  in  astronomy,  in  order  to  refer  to  its 
constant  direction  the  variable  directions  (No.  244)  of  the 
planes  of  the  planetary  orbits. 

561.  It  is  to  the  plane  of  the  orbit  of  the  earth,  and  to  a 
right  line  drawn  in  this  plane  through  the  centre  of  the  sun, 
and  in  a  direction  parallel  to  the  line  of  the  equinoxes,  that  as- 
tronomers refer  the  positions  of  the  stars,  and  the  directions  of 
the  planes  in  which  they  move.  As  the  true  ecliptic  and  the 
line  of  the  equinoxes  are  in  motion  in  space,  their  positions,  at 
a  given  instant,  are  determined  by  comparing  them  with  those 
of  the  stars ;  but  as  the  proper  motions  of  the  stars,  which  are 
for  the  most  part  unknown,  may,  after  the  lapse  of  several  ages, 
lead  us  into  error  as  to  the  absolute  displacements  of  the  orbit 
of  the  earth,  it  is  useful,  in  order  to  prevent  mistakes,  to  be 
able  to  assign  its  true  direction  at  any  instant  whatever. 

Let  us  therefore  suppose  that  the  plane  of  the  axes  of  x 
and  y  is  the  plane  of  the  ecliptic  at  a  given  instant,  or  more 
accurately,  a  plane  parallel  to  that  of  this  ecliptic,  and  drawn 
tlirough  o  the  centre  of  gravity  of  the  solar  system.   Through 
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the  |>nint  o  {Rg.  32),  let  the  axes  ox  and  ny  ba  drnwi  ^ 
trarily  in  this  piano ;  nnd  also  k-t  the  values  of  the  a 
r,  c',  c"  be  sup|)oi«e()  to  b«  cnmputcd  by  meoiui  vt  l^l 
or(linati>3  and  the  actual  vcloeitirs  of  all  the  polnti  of  tbt  fl 
Byslctn,  reffrred  to  ih«  rcctariKiuW  ascs  or,  oy,  aj,  j 
masses  of  thrsc  points.  If  oti  is  the  pci|>mdicuW  to  tl 
variable  plane  of  this  syslcm,  and  kok'  the  intiinctrtioa  flf  4 
plane  with  that  of  the  axes  of  x  and  y,  tlico  by  e 
we  shall  have 


COSHO£  =-, 


tangiox  =  -r,\ 


by  means  of  nhich  the  direction  of  the  invariable  plan*  Rb- 
tivcly  to  that  of  the  axes  ofxandjr,  can  bu  determined 
in  onler  to  be  able  (o  infer  reciprocally,  the  ab«oIiii« 
of  the  plane  of  the  celiptic  parallel  to  that  of  the  axes  at  t 
y,  it  is  moreover  requisite  tliat  there  tboald  exist, 
variable  plane,  a  line  which  rentaint  comtaatly 
ilscif,  and  whose  direction  nay  be  kiMiwa  U  «Mh 
nK  being  this  line,  the  angle  Kor  will  be  known  at  lb* 
In  question.    The  angle  kok  can  b«  dcdocod  froos  diM  ta^-, 
and  the  angles  ii  m  and  box  ;  and  tb«  two  utgU*  noa 
will  completely  determine  tho  abvoliiU  direction  oftha 
of  the  ecliptic. 

Now,  the  existence  of  the  invtriaUe  plane  in  tbatolv 
lem,  ftuppouK,  implicitly,  that  tbo  aetioD  of  tiw  ttaia  «■ 
son  and  on  the  planets,  is  not  token  into  aecount,  moA 
the  parts  of  the  system  are  subjected  solely  to  tbeir 
actions.     Bui,  in  this  case,  the  mottoD  of  o*  tbe  ei 
giarity  of  tbe  system  is  uniform  and  rectilintar : 
unless  tbe  direction  of  this  motion  b  exactly  | 
llie  iovariabla  plane,  the  line  which  the  point  o  A 
space,  when  projected  on  this  plane,  will  cwntiDtia  1 
Itself.     There  does  not  appear  to  be  any  other  linalj 
taken  for  the  luic  oa ;  but  to  be  able  to  make  I 
wUeh  we  hare  indicMail.  the  dirveiiMi  of  tbe  i 
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centre  of  gravity  of  our  universe  should  be  previously  deter- 
mined by  observation,  which  is  at  present  very  imperfectly 
known. 

If  the  values  of  the  angles  Hojir  and  eok  be  determined  at 
two  different  epochs,  the  real  displacements  of  the  ecliptic 
which  take  place  in  this  interval  will  be  known,  and  in  this  dc- 
Cennination  it  will  appear  that  the  angle  hoz,  or  the  inclination 
ai  the  moveable  plane  to  the  invariable  plane,  is  not  sufficient 
of  itself  to  determine  them  completely.  ^Nevertheless,  if  the 
quantities  c'  and  d'  are  very  small  relatively  to  c,  the  angle  hoz 
will  be  also  very  small,  and  very  small  differences  in  the  values 
of  c  and  d'  will  produce  considerable  ones  in  the  values  of  Eoor, 
and  consequently  of  eok  ;  so  that  in  this  case,  it  would  appear 
that  OB,  the  intersection  of  the  ecliptic  and  of  the  invariable 
plane,  will  have  experienced  a  considerable  displacement  on 
this  plane.  But,  in  general,  this  displacement  will  be  only 
apparent,  for  the  small  differences  of  the  values  of  c'  and  c" 
will  arise,  in  a  great  measure,  from  the  inevitable  errors  in  the 
observations,  by  means  of  which  these  values  are  determined, 
and  from  the  quantities  which  we  are  obliged  to  neglect  in 
calculating  them. 

In  fine,  when  the  angle  iioz  is  very  small,  that  is  to  say, 
when  the  inclination  of  the  ecliptic  to  the  invariable  plane  is 
inconsiderable,  the  angle  eok,  which  it  is  then  extremely  diffi- 
cult to  determine,  has  very  little  influence  on  the  true  direction 
of  the  plane  of  the  orbit  of  the  earth. 

562.  As  the  number  and  masses  of  the  comets  arc  un- 
known, the  terms  which  correspond  to  them  in  the  values  of 
c,  c'j  c",  relative  to  the  solar  system,  must  be  neglected ;  how- 
ever, the  values  of  c,  c\  d\  furnished  by  formulae  (c),  will  be 
very  little  affected  by  this  omission,  in  consequence  of  the 
smallness  of  these  masses,  and  also,  because  the  terms  of  these 
formulae,  which  respect  the  comets,  are  in  a  g^eat  measure  de- 
stroyed by  the  opposition  of  their  signs  (No.  559.) 

The  parts  of  r,  c',  v\  which  belong  to  the  sun,  the  planets, 

VOL.  ir.  3  c 
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and  the  satelliteSy  may  be  determined  in  the  foUowiag 

ner. 

Let  31  be  the  mass  of  one  of  these  bodies,  and  dm 
ment  of  this  mass,  whose  coordinates  referred  to  the  azMO«»o|i 
oZf  are  or,  y,  z.  Let  X| ,  yi ,  ^i ,  denote  the  coordinates  of  # 
centre  of  gravity  of  m,  with  respect  to  the  same  azcs»  mi 
x^  y,y  z,j  the  coordinates  of  dm^  referred  to  parallek  to 
axes,  drawn  through  this  centre  of  gravity ;  so  that,  i 
instant  whatever,  we  may  have 

X  =  Xi  +  a:,,     y  =  yi  +  y^,     J  =  r,  -f  ar^, 

dt^  dt  '^  di'    dt^dt^dt'    di^df^  di' 

The  origin  of  the  coordinates  x^,  y^,  f,,  being  at  the  centic  ^ 
gravity  of  m,  wc  have 

Ix.dm  =  0,     Sy////i  =  0,     ^z^dm  =  0, 

and«  consequently, 

J  dt  'J  dt  J  di 

in  which  the  intonrrals  are  siippijsttl  ti>  fXti»nd  to  the  cntrr*- 

mass.      Now,  it  these  values  otx,  y,  c,  -7-,    "  ,        be  *un*:;- 

tuted  in  the  first  equation  (e),  and  if  w  and  i  he  chani^l  irt** 
dtn  and  $,  there  results  (a) 

from  which  it  apiH^ars,  that  the  moment  of  the  quantities  ot'n:*w 
tion  of  M  with  rc<|H'ct  to  the  axis  0;,  ct>n«»i«»tH  of  tuo  \KiTi^ :  ilti 
first  depends  only  on  the  motion  of  the  eetitre  of  v;r;ivit\  of  v, 
and  is  the  same  as  if  this  ina^H  was  eMiu-fiitniti-d  in  iUi%  |H%i!ii ; 
thenecond  in  indrjHMulent  of  thin  nnuion,  and  thovinu  a^  if  the 
centre  of  ^ravii\  of  m  was  at  rest,  and  the  a\U  or  u.;*  tra:i»- 
fcrn*d  to  this   point,   parallel  to  it«K*lr.      I'he  ^anu*  tx-^uii  :« 
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ap|dicable  to  the  quantities  d  and  d\  and  also  obtains  with 
leqiect  to  any  axis  whatever.  Now,  if  a,  b,  c  be  the  moments 
off  inertia  of  m,  with  respect  to  the  three  principal  axes  which 
iatersect  at  its  centre  of  gravity ;  /i,  9,  r,  the  components  of 
to  angular  velocity  of  rotation  relative  to  the  same  axes ; 
At  /tt9  V  the  angles  which  their  directions  make  with  a  line 
dimwn  parallel  to  the  axis  oz^  through  their  point  of  inter- 
lection ;  then  by  what  has  been  established  in  No.  409)  we 
•hall  have 

\v^'  ^""  ^'"^  dmziKp  cosX  +  Bj'cos^  +  crcos  v, 

for  the  moment,  with  respect  to  this  parallel,  of  the  quantities 
of  motion  of  all  the  points  of  m,  arising  from  its  rotation  about 
its  centre  of  gravity.  Hence  it  follows  that  the  complete 
value  of  c  will  be 

c  =  2m ^an^— yi -^j+S(ApcosX-f  Bjcos^+crcosv);  (f ) 

in  which  the  two  sums  2  comprehend  the  sun,  all  the  planets 
and  their  satellites,  and  therefore  consist  of  thirty  terms. 
Now,  as  the  relations  of  a,  b,  c  to  m,  depend  on  the  internal 
constitution  of  this  body  m,  they  will  be,  without  doubt, 
always  unknown ;  all  that  we  know  respecting  them  is,  that 
these  three  relations  differ  very  little  from  each  other,  in  con- 
sequence of  the  nearly  spherical  form  of  the  heavenly  bodies, 
and  also  that  they  are  less  than  if  these  bodies  were  homo- 
geneous, because  the  densities  of  the  concentrical  strata  de- 
crease from  the  centre  to  the  surface  of  m.  It  would  therefore 
be  impossible  to  calculate  the  values  of  c,  c'^  c",  if  it  was  ne- 
cessary to  take  into  account  that  part  of  each  of  these  quan- 
tities, which  arises  from  the  rotation  of  the  heavenly  bodies. 
But  whatever  may  be  the  form  and  internal  constitution  of  m, 
the  part  of  ApcosX  +  b^cos^  +  or  cos  v,  which  is  due  to  the 
initial  state  of  this  solid  body,  remains  constant  during  the 
entire  continuance  of  its  motion  (No.  416) ;  so  that  this  quan- 
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Uty  cannot  vary,  for  encli  hckvenly  bodjr,  except  on  t 
of  the  attractluntt  of  the  other  bodiet,  InsMntich  i 
tant  doc*  not  pass  exactly  thmogh  tbe  centre  of  g 
that  i*  to  »ay,  att  far  aa  they  aiv  esennl  nn  tb«  i 
pari  of  M,  i.  e.  the  part  by  wliidi  it  devtale*  { 
It  follows  from  this,  that  for  each  heavenly  body  the  f 
part  of  the  Hccond  term  of  the  formala  (f )  w  very  aaai 
may  be  neglected  with  mpcct  to  the  part  of  the  Km  « 
which  is  relative  to  the  same  Iwdy.  Thus  for  rxaoiplf^  if  || 
railiua  of  the  terrestrial  globe  be  denoted  hy  M,  tlie  angBhr  i 
loeity  of  its  motion  of  rolalion  about  ila  axis  of  6ffia9  If  I 
and  the  angle  whieh  this  axU  makea  with  the  pualld  M  m 
asis  02  by  S,  the  second  term  of  formula  (f),  which  r 

the  earth,  will  be  leM  than  — r?— mco*  j,  which  would  W  I 

value  if  the  earth  was  homogeneous ;  likewUe,  [f^aadll 
the  mean  radius  of  the  nrbit  of  the  earth,  and  ila  mm 
dty  in   its  annual  molion  ;    the   value  of  the  fint  I 
formula  (f),  relatively  to  the   earth,  will  be  i 
11(1*0.     Now,  if  the  axis  o:  is  perpendirular  lo  t 
thia  orbit,  in  which  case  S  will  denulo  the  oU 
ecliptic,  then  a  variation  of  five  iegrtn  in  tbe  a 
this   angle   will   not   produce   a   variBlion   in   the   rahx  t 

— V—  ni  cos  8,   which  u  a  hutuliedlh  intUitMteth  pan  id  4 

quantity  Hp'S.     It  is  cany  to  be  astured  of  thia,  by  o 
that  the  ratio  of  «  to  0  hardly  oxcredi  36fi,  that  tim  ttp 
h  ia  about  2400,  and  the  aOKlc  i  rtrf  nesrly  S3*  18'. 
■ame  will  be  the  ease  with  revpeet  to  all  the  otbv  J 
In  the  case  of  the  tun,  there  it  maon  In  tUidtJ 
variable  pari  of  the  itccond  term  of  formtda  (f)  wU 
puiiils  to  it,  is  altogether  toaeDcible,  heeauae  all  « 
itidiealir  thai  ita  form  is  nnurty  iplierinl,  and  a*  | 
lii|pil  force,  rompaivd  with  the  wr^hl,  it  extrc 
different  point*  of  ihit  body  ( So.  StiO),  wa  nwy  a 
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'lliat  its  interior  strata  are  likewise  nearly  spherical ;  hence  it 

Ibllows  that  the  resultant  of  the  attractions  of  the  planets  must 

eoDstantlypass  throughits  centre  ofgravity,  and,  consequently, 

cannot  cause  any  perturbation  in  its  motion  of  rotation  about 

this  point  (A). 

It  follows  from  these  considerations,  that  if  the  second  term 
of  the  second  member  of  equation  (f),  be  made  to  pass  into 
its  first  member,  the  invariable  part  of  this  second  term  may 
be  comprised  in  the  constant  c,  by  affecting  it  with  a  contrary 
ngn ;  and  if  its  variable  part  be  solely  neglected,  and  if  si- 
milar operations  be  performed  on  the  equations  which  furnish 
the  values  of  c*  and  c'\  we  shall  obtain,  to  a  degree  of  accuracy 
much  superior  to  that  given  by  observation, 


C=SM(x.|5_y,|.), 


(g) 


563.  The  origin  of  the  coordinates  Xiyj/uZu  which  occur 
in  these  formulae,  is  at  the  centre  of  gravity  of  the  solar  sys- 
tem ;  it  will  be  more  convenient  to  transfer  it  to  the  centre  of 
gravity  of  the  sun.  For  this  purpose,  let  ^,  A,  A,  be  the  co- 
ordinates of  this  point  referred  to  the  same  axes  as  Xi,  ^i,  j^i ; 
and  let  x,  y,  z  denote  the  coordinates  of  the  centre  of  g^ravity 
of  M,  referred  to  parallel  axes  passing  through  the  centre  of 
gravity  of  the  sun ;  we  shall  then  have 

a:,  =  a?  —  ^,    yi  =  y  —  A,    Zi  =  z  —  A ; 

hence,  if  these  values  be  substituted  in  the  first  equation  (g), 
it  will  become(c) 

c  =  SM(x|-y|)  +  (4-A|)sM 

^    dy       T^    dx      dg  ^  dh„ 

-l/SM^+ASM^  +  ^SMy-^SMx; 
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and  the  expresnons  of  &  and  d*  may  be  fiamtwul  ia  if 
same  manner.     Moreover,  as  the  origin  of  the 
x\^y\yZx^\A9X  the  centre  of  gravity  of  the  system,  we 

and,  consequently, 

^!f7 «        ^    d^    dh  „        ^    dw    dk  ds 

if  by  means  of  these  equations,  ^,  A,  A,  <^,  -^«  ^»    be 
nated  from  the  expressions  of  r,  e',  e"^  they  will  finally 


c  =  Sm(x|-.,^ 


) 


-^(2M».SM|-SMy.2Mg), 


ctr         d!; 


\     dl  til/ 


di 


ih 


2m  ^  (U  lit  ^ 

/    dz         dtf\ 
V^  dt         dt  ^ 

The  ciwrilinato**  x,  //,  r,  of  tlu»  ct*ntrc  of  jrravity  of  rtcfc 

1  11-  1  ''•'■  ''.V  '''      I 

plaiu't  or  satellite,  aiul    ,  •    ,,,    .-7,  tho  coniMnont^  ol  its  ve- 
*  «/    #/f    ttt  ■ 

locitv,  inav  In*  roi^anlnl  as  the  data  fiimishoti  hv  ol>^*rvatk>iM 

made  at  the  dilferent  e|NK*lis,  tor  which  it  in  |ftro|MiMii  to  caU 

cuhite  tlie  values  itf  r,  r\  r  ',  and,  eonM'i|Ueiitlv«   tho  anirlrt 

lior  uiid  Kox  relative  to  the  ilireetioii  ul'  the  imariahle  plan^. 

by  meaiiH  <»f  e«iiiali«>iiH  (e).      A<  the  orii^in  ot  the  etMiniiiuiti-* 

in  MOW  HnpiioM-il  to  1k»  at  the  iXMitre  ol"  tho  huh.    tin.  %utii»  2 

>%hieh  relate  to  them  will  not  contain  the  ma»4  ol  the  «uri. 
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whicb  as  it  will  therefore  solely  occur  in  the  denominator  Sm, 
the  second  term  of  each  of  the  formulae  (h)  will  be  very  small 
relatively  to  the  first(c). 

IV.  Principles  of  living  Forces  and  least  Action. 

664.  When  equations  (2)  of  No.  63 1  do  not  contain  the 
time  explicitly,  equations  (3)  of  the  same  number  may  be 
satisfied,  by  assuming  for  Sxy  Sy^  &?,  Sx',  &c.,  the  differentials 
dx,  dy^  dzj  dx'j  &c.,  relative  to  this  variable ;  for  then  these 
last  equations  will  become  the  complete  differentials  of  the 
first,  namely, 

rfL  =  0,     dh'  =  0,     rfL"  =  0,  &c., 

and  since  by  hypothesis,  the  quantities  l,  l^,  l^^  &c.,  are 
cipher,  during  the  entire  continuance  of  the  motion,  their 
complete  differentials  taken  by  considering  x,  y,  z,  x'^  &c.,  as 
functions  of  /,  are  likewise  cipher.  But  if  l,  for  example, 
contains  the  time  explicitly,  its  complete  differential  will  be 

dL  =  -;-  A  +  T-  da:  +  3-  rfv  4-  &c. ; 
dt  dx  dy  "^ 

and  by  assuming 

go:  =  dr,     Sy  =  dy,     iz  =  dz,     Si:'  z:  d^,  &c. ; 

the  first  equation  (3)  will  not  agree  with  the  equation  dL  =:  0, 
except  for  those  particular  values  of  ^,  if  any  such  exist,  for 

which  -J-  =  0.     We  shall  suppose  in  what  foUows,  that  the 
dt 

condition  of  the  system  of  material  points  m,  m\  m"^  &c.,  ex- 
pressed by  equations  (2),  are  independent  of  the  time  t\ 
moreover,  the  quantities  l,  l',  l'',  &c.,  may  be  any  functions 
whatever,  of  the  coordinates  of  these  moveables,  which  may 
not  involve  solely  their  mutual  distances ;  for  the  system 
may  contain  fixed  points,  and  also  points  constrained  to  remain 
on  immoveable  surfaces  or  curves. 

This  being  agreed  upon,  if  the  preceding  values  of  &r, 
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Syi  &c.,  be  subsliluliHJ  in  equation  ( I )  fif  die 
it  will  become 

But  if  r,  vf,  v",  &c.,  denote  ibe  nsladties  of  the  p 
m,  m\  m",  &c.,  at  the  end  of  tlw  lime  t,  wv  shall  hvt%  \ 
tively  to  m  any  point  wbat«V4ir, 

and  by  dilfcrcntiating  witb  rc«pci:1  to  /,  thvK  will  tmh 


irf.r^=^.dz  + 


^*fc: 


from  which  it  appean,  that  the  precwUng  cqnatioa  mmf 
clumped  into  the  fotlowtiig, 

id.Smt;»  =  Sm  {Jidx  +  Trfj  +  W*>.  ( 

Now,  if  tbc  points  of  the  !)y«ti.in  arc  altracted  or  npil 
by  forces  emanntiug  from  fixe«l  ceotrvs,  and  if  Ute^m  faroM 
any  functions  whnterer  of  tbc  distance,  tbv  (uvmnXm  tdx 
Ydp  +  III:  will  be  an  exact  diflcrcntUI  <No.  158 >,  far  m 
of  tbc  mo^-cableo  in  particular.  Moreorer,  if  lh»  Ma 
n,  m',  fn",  he,  are  subjected  to  ibeir  mutual  actiao^  I 
intonsitics  of  which  are  liken'tse  fttnctions  of  their 
distances,  nnd  which  satiffy  the  law  of  rraciiao  e«)aa) 
contrary  lo  action,  the  sum  of  the  ([uantitica  xdx  -f-  >i 


nd  x'(lr'+  v'(/y'+  7.'il^  n^lniive    lo  the  I 


utunl  I 


and  m',  will  Iw  nlto  an  exai-l  differential  (No.  340)|j 
•amc  is  the  case  for  all  the  otlter  parts  of  the  • 
two  by  two.     It  foilowa,  itiereforv,  that  if  thmtaaofl 
directed  to  an  extraneous  moreable  cenliv,  which  wooU  I 
troduec  tbo  time  (  into  (he  espreuions  x,  v,  Afc^  •■•  t 


mUtaiin)  of  a  mcdiui 


,  for  which  ibcM 


contain  the  veliKtiies  of  the  noveablca,  «e  thai  iba  | 
M,  m'.  hi",  &c.,  may  Iw  unly  subject  to  Uwir  muiual  i 
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and  to  attractions  or  repulsions  emanating  from  fixed  centres, 
sball  have 


Swi  (xdx  4-  rdy  +  zdz)  zz  d^  (a?,  y,  «r,  a?',  &c.) ; 

in  which  ^  denotes  a  given  function  of  the  coordinates  of 
m,  mfj  w!'y  &c.,  depending  on  the  laws  of  these  forces  in  func- 
tions of  the  distances.  Then,  if  equation  (a)  be  integrated, 
we  shall  obtain,  by  denoting  the  arbitrary  constant,  introduced 
by  the  integ^tion,  by  c, 

ILmt?  =  c  -f  2^  (a:,  y,  2r,  a:',  &c.). 

In  order  to  eliminate  c,  if  the  initial  velocities  of  m,  m\  m'\ 
&c.,  be  denoted  by  A,  k'y  k'\  &c.,  the  initial  coordinates  of  m, 
by  a,  6,  c,  those  of  m',  by  a',  Vy  c',  &c.,  we  shall  have  at  the 
commencement  of  the  motion, 

SiwAr*  =  c  +  2^  (a,  A,  c,  a',  &c.)  ; 

and  if  this  equation  be  taken  from  the  preceding,  there  will  re- 
sult, at  any  instant  whatever, 

Smr*  —  2mA*  =  2^  (x,  y,  2,  a:',  &c.)  —  2 ^  (a,  ft,  c,  a',  &c.)  (b) 

The  quantities  ^m^  and  ^mk^  are  the  sums  of  the  living 
forces  of  all  the  points  of  the  system,  at  this  instant,  and  at 
the  commencement  of  the  motion  ;  it  therefore  appears  from 
this  equation,  that  the  difference  of  these  two  sums  depends 
solely  on  the  coordinates  of  the  moveables,  at  these  two 
epochs,  and  not  at  all  on  the  manner  in  which  they  are  con- 
nected together^  or  the  routes  which  they  describe  in  passing 
from  their  initial  positions  to  those  which  they  occupy  at  the 
end  of  the  time  t.  It  is  in  this,  that  the  law  of  motion,  which 
has  been  denominated  the  principle  of  living  forces^  consists. 

565.  It  follows  immediately  from  this  principle  thus  ex- 
pressed: 

1st.  That  the  sum  of  the  living  forces  is  constant  when  the 
points  of  the  system  are  not  subject  to  any  motive  force,  and 
that  their  velocities  do  not  vary  in  magnitude  and  direction, 
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uxccpt  ill  consequence  of  thnr  muuul  imiiu  lioBi.  or 
tlipy  arc  constrained  to  move  on  hxcA  and  givem  ei 
surfocM. 

2ndly.  That  Sf  all  tlifi  pobtt  of  lbs  syMea 
same  positions  at  two  difTereat  epochs,    tbe   Muat  flf 
living  forces  will  be  also  the  wme  at  th«*c  two  epoch*. 

As  the  forces  trhich  produce  the  impact  of  IkmBh  «f  ■( 
nature  whatever,  arise  from  the  reciprocal  actioiM  flf  A* 
molecules  (No.  553),  it  follows  that  vquatinn  (h)  ba*  |ili« 
during  the  entire  continuance  of  thb  pbcDonenon.  N«»,  * 
the  impact  of  bodies  emlownl  with  perfect  clasticitj-,  ^ 
moveables  are  supposed  to  resume,  after  the  percosHon  if  «««t 
the  exact  form  which  Uicy  haii  prwiotuly,  so  thmt  >Q  iks 
points  revert  to  their  primitive  pottitlons;  if,  tluurtuit,  (lit 
has  actually  place  in  tlie  case  of  two  or  more  bodies  at  mi 
form  whatever,  then  when  they  commence  to  •epArat*  fra 
each  other  after  the  impact,  tbc  sum  of  tbs  Irring  iwiii  rf 
nil  their  points  will  W  the  same  at  thia  imtant 
firat  moment  of  the  pereussion,  or,  in  other  words,  tbcn  «fl 
be  no  loss  of  living  force  iu  the  system,  as  baa  bwo  ahiifj 
observed  (No.  361),  in  the  portirnlar  case  of  tW9  boaw- 
geneoui  spheres,  whose  centres  move  in  (be  mae  r%bt  Im^ 
fl6G.  If  the  force  of  attmctioD  or  repnlsioo  which  aoBHlB 
from  a  lixcd  centre,  and  acta  on  ibe  point  is,  be  deaaMrf  kf 
II,  and  if  r  he  the  mutual  distance  of  tbcM  two  ptlaH  «• 
Hltal!  have  (No.  158) 

ni(x</x  +  vd'y+  xd:)  =  m  tdr; 
in  which  the  superior  sign  has  place  when  the  (on*  ia  ■»■ 
puluve,  and  the  inferior  sign  in  the  caoc  of  aa  atlxactive  fanfc 
and  It  denotes  a  given  function  of  r,  which  may  be  al«^ 
rcpirded  as  positive.  Conwqucntly,  if  the  diotancw  r  ti  «  at 
the  oomawncemoit  of  the  motion,  and  a  at  the  tmi  «f  ih* 
tine  t,  ^  iy  ■>«'>  will  eiprMa  the  variaiioa  of  Ih*  Mif 
force  of  the  syttem,  produced  by  tba  Ibivt  E  during  the  liart 
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that  is  to  say,  it  will  be  the  part  of  the  second  member  of 
equation  (b),  which  belongs  to  this  force.  Consequently, 
"when  this  force  is  repulsive,  there  will  be  an  increase  or  dimi- 
nation  of  living  force,  according  as  the  distance  r  shall  have 
been  increased  or  diminished,  and  the  contrary  will  be  the 
case  when  the  force  r  is  attractive.  It  is  evident  from  what  has 
been  observed  in  No.  346,  that  this  will  also  have  place  with 
we&pect  to  the  mutual  actions  of  the  points  of  the  system ;  and 
in  fiict,  if,  as  in  No.  554,  we  denote  the  mutual  action  of  m 
and  m\  for  example,  by  f,  and  the  distance  mm^  by  p,  we  shall 
hare 

mx=  qp  ^ -^,     mYzz  ::f  ^ ^^—,     mz  zz  ^ ^, 

P  P  P 

m'^^=^(JLi^,  „,'^'^^(liilQl,  «v=:p(i=:ilf, 

p  p  p 

the  sig^  is  —  or  + ,  according  as  f  is  repulsive  or  attractive ; 
hence  since 

p*  =  (:r  -  xy+  (y  -  yO'+  (^  "  «')'. 

there  will  result 

m  {xdx  +  Ydy  +  zcfe)  +  wi'(x'(fo'  +  Y'rfy'-f  z'rfar')  =  ±  Fc/p, 
for  the  part  of  the  second  member  of  equation  (a)  which  cor- 
responds to  the  force  f,  and  consequently,  ±  2  V    Fdp  will  be 

the  variation  of  the  living  force  of  the  system,  which  this  force 
F  will  produce,  while  the  distance  p  changes  from  p  =  a  to 
p  =  V.  As  the  superior  sign  has  place  when  the  action  is  re- 
pulsive, and  as  the  quantity  f  is  always  positive,  it  is  evident 
that  there  will  be  an  increase  or  diminution  of  living  force, 
according  as  ti  >  a  or  «  Z  a,  that  is  to  say,  according  as  p  is 
increased  or  diminished ;  it  follows,  for  example,  that  the  mu- 
tual action  of  the  molecules  of  a  gas  which  tends  to  increase 
their  mutual  distances,  produces  always  an  increase  of  living 
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force,  in  the  system  of  which  this  floii)  constitute*  a  p*n,  d 
it  is  actually  dilated,  and  a  ditninutinn  when  jt  n  eomim 
When  the  force  p  is  attractive,  the  prrc«lin^  quantity  aki 
be  affected  with  the  inferior  Mga,  and  it  will  prodaee  affa 
effects.  It  ajipcars  aim  that  if  a  weight  r  b«  ap(>M  ■ 
mBchinc  or  any  system  of  material  points,  it  will  prwfap 
increase  uf  living  force  expressed  hy  the  product  3  ri.  via 
descends  thruiigli  a  vertical  beif^ht  A,  and  a  dixnimitiaa,  I 
wise  eqnal  to  2  rA,  when  it  is  elevated  the  sbiik!  hotg^  •! 
ever  be  the  route  which  the  body  ptinucs  in  tbnr  two  (■ 
whether  a  right  line  or  a  curve. 

567.  If  the  point  m  is  constrained  torenain  on  a  ■■•■ 
surface,  the  equation  of  which  U  L  =  0,  then  l  m  ■  gli 
function  of  x,  y,  z,  t.  If  the  re^stanc*  tif  dnt  ««faa%  ad 
in  the  direction  of  one  of  the  two  parts  of  tbe  mmaal.  fe  > 
noted  by  n,  and  if  for  cottctsenns,  we  make 

«=[(e)'+(|)V(S)T- 

then  we  ftliall  have,  for  the  compooenia  of  tUs  okas 

force  B,  

v^,     m  = 

Hence  tbe  part  of  the  wcond  member  of  oqtM 
which  corrapenda  to  this  force,  will  hv 

m  (xd*  +  Trfj  +  zdi)  =  NT  (  ^  rf,  +  ^  W|r  +  3^  de  )  J 

and  aa  by  differentiating  conplelidy  the  ecpiattoa  l  =  0,  i 
'iwpsct  to/,x,y,  2,  w«  obtain 


it  b  evident  that  thia  part  nay  be  reduced  to  — nJ^dk. ' 
fare  in  order  to  take  the  ibm  n  inloaccooai,  famlcvlBliBf  d 
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living  force  of  the  system,  we  should  add  the  double  of  the 
integral  of  this  quantity  to  the  second  member  of  equation  (b) ; 

(consequently  —  2Snv— rf^  will  be  the  variation  of  the  living 

force,  produced  by  the  force  n,  during  the  time  tj  the  integral 
being  taken  in  such  a  manner  that  it  may  be  cipher,  when 
t  =  0(d). 

This  variation  will  be  positive  or  negative,  according  to  the 

sign  of  ^,  and  according  to  that  of  v,  which  last  will  depend 

on  the  direction  in  which  the  force  n  acts.  As  the  magnitude 
of  this  resistance  n  depends  in  part  on  the  centrifugal  force  of 
the  point  m^  in  order  to  know  it,  and  consequently  to  be  able 
to  calculate  the  value  of  the  preceding  integral,  the  velocity 
of  the  point  m  and  its  trajectory  must  have  been  previously 
determined;  this  supposes  that  the  problem  with  which  we 
are  occupied  has  been  resolved,  as  far  as  concerns  the  point 
m*  The  variation  of  living  force  produced  by  this  unknown 
force,  will  be  no  longer  independent  of  the  track  which  this 
point  pursues  in  going  from  one  position  to  another ;  and  the 
principle  of  living  forces,  such  as  it  has  been  announced  above, 
will  not  have  place ;  indeed  its  demonstration  implies^  that  the 
equation  l  =:  0  does  not  contain  the  time  explicitly. 

568.  Neither  will  this  principle  have  place,  although  the 
surfiice,  of  which  l  =  0  is  the  equation,  may  be  immoveable, 
when  the  friction  of  the  point  m  against  this  surface  is  taken 
into  account ;  as  the  variation  of  the  living  force  produced  by 
the  friction,  depends  on  the  pressure,  which  is  equal  and  con- 
trary to  the  unknown  force  n,  we  cannot  calculate  d  priori 
the  magnitude  of  this  variation ;  however  it  is  easy  to  prove 
that  the  effect  of  the  friction  will  be  always  to  produce  a  dimi- 
nution of  living  force. 

In  fact,  as  the  friction  is  proportional  to  the  pressure,  that 
of  the  point  m  against  the  surface,  the  equation  of  which  is 
l  =  0,  may  be  represented  by^N,  in  whichy denotes  a  given 
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fraction,  whicli,  ns  well  as  the  nnknoim  n,  will  br  a  p«M 
quantity.  Moreover,  as  the  frictiati  acts  in  tlw  dirvctia  i 
tangent  to  the  trajecloiy  of  the  moveable,  aiwl  m*  tkM  ittntf 
13  contrary  to  that  of  its  velocity,  if  lh«  ore  (k'4cribeJ  y/ 1 
point  m  during  the  time  I  be  denoted  by  m,  tho  eoapoa^ 
the  force /n  poriillel  to  the  axe*  of  x,  p,  m,  will  be 


-/» 


-An 


eoitft(>quciitly,  d«  dx*  +  dg*  ■(-  d^  —  Jm*,  the  term  of  the 
nemhor  of  equation  (a),  irhicfa  nn»c*  froin  this  force,  «ffll 
reduced  to  ~/vel^{r),  find,  there  will  occur  in  the  m 
member  of  wiuntton  (1>),  a  term  -  i^Kds,  in  which  th*i 
gnti  should  be  taken  in  such  a  mantter,  that  it  may  n 
with  *,  and  thi^  evidently  indicates  a  dimtnotino  ot  E 
force. 

This  result  will  equally  agree  to  the  caac,  in  which  ■ 
body  of  a  system  slides  on  another;  by  aasamiiig  (br  Jr  J 
clement  of  (he  cune  dc«cribrd  by  their  point  of 
virtue  of  this  sliding,  for  n  the  redproeal 
two  bodies,  and  for/a  coefficient  depending  on  the 
tkeir  sur^e,  tlie  quantity  -  2^fsd»  will  »till  ezpnasffc*! 
minuiion  of  living  force,  which  ari*c«  from  ibis  Inetioii. 

In  the  same  manner  it  may  be  shown  that  the  ranlai 
a  medium  produceA  constantly  a  dimtnutioR  of  Bving 
which  will  depend  on  the  vdoeily  of  the  mowabk*. 
the  frictlona  of  the  parts  ofas)-sien  agaiait 
against  fixed  obftacles,  and  the  reatslanccs  of  thci 
the  moveables  traverse,  diminish  cootinuaOy  th» 
living  forces  of  all  these  bodies ;  and  it  is  hi  tUs 
these  forces  eventually  reduce  the  entire  system  la  a  an 
rest,  if  it  has  been  put  in  moti4>n,  and  then  ahandofird  la 
without  bdng  subjetrted  to  the  action  of  other  raoliv* 
wUch  may  repmduce  eonllnuall}'  the  living  (twees 
by  thoK  rentanccs.     This  i«  what,  fur  euinplr.  ibe 
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tiie  spring  effects  in  common  time-pieces  ;  its  action  restores, 
to  the  vibrating  body,  the  living  force,  which,  without  this,  it 
would  have  lost  at  each  return  to  the  vertical,  and  thus  causes 
ft  to  reascend  constantly  to  the  same  height,  notwithstanding 
the  effect  of  friction  and  of  the  resistance  of  the  air.  In  time- 
pieces moved  by  weights,  the  living  force  lost  is  restored  to 
the  pendulum  by  a  weight  which  descends  a  very  small  space 
daring  each  oscillation. 

069.  If  the  coordinates  of  the  centre  of  gravity  of  a  system 
«,  m\  mf'y  &c.  of  material  points,  be  denoted,  at  any  instant 
whatever,  by  Xi^  y^,  z^  and,  if  we  make 

ar  =  ari  +  a?,,    y=:y, +  y,,     r=zzi+r,, 

so  that  x,yy,y  z,y  may  be  the  coordinates  of  m  any  point 
whatever,  referred  to  this  centre  as  the  origin,  we  shall  have 


and  because 


there  will  result(/) 

or,  what  comes  to  the  same  thing, 

in  which  Vx  denotes  the  velocity  of  the  centre  of  gravity,  and 
V,  the  velocity  of  the  point  ira,  in  its  motion  about  this  centre. 
Consequently,  the  sum  of  the  absolute  living  forces  of  all  the 
points  of  the  system,  will  be  obtained  by  adding  the  product 
of  the  square  of  the  velocity  of  their  centre  of  gravity  and  of 
the  sum  of  their  masses,  to  the  sum  of  the  living  forces  of  all 
these  same  points  in  their  relative  motion  about  this  centre. 
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It  appears  from  this  theorem^  that  if  fn  denotes  the  bhi^ 
one  of  the  heavenly  bodies,  u  the  sum  of  the  iiriiii;  §attm  d 
all  its  points  in  its  motion  of  rotation  about  its  centre  of  g» 
vity,  and  u  the  velocity  of  this  centre  in  space,  r  +  Mar*  viH  k 
the  sum  of  the  absolute  living  forces  of  «•  Conseqimtir,  i 
equation  (b)  be  applied  to  the  solar  system,  we  shall  havt 

Su  +  Sotm»  =  d  +  2  ^  ( j,  y,  z,  x',  &c.)  ; 

in  which  the  sums  S  comprehend  the  sun,  planets, 
and  even  the  comets,  if  their  masses  were  known ;  d  b  aa 
trary  constant,  depending  on  the  velocities  and  positions  if  il 
these  bodies  at  a  given  instant,  and  ^  denotes  a  functioo  icb- 
tive  to  their  mutual  attractions.  We  shall  likewi<ie  InvVf  is 
virtue  of  the  same  theorem^ 


Sum' 


in  which  v  denotes  the  velocity  of  the  centre  of  gravity  of  tW 

solar  system  in  space,  and  x,,y„r|  the  cooniinatesof  thoc«nt*r 
of  figure  of  w,  referred  to  this  centre  of  gravity  as  tlieir  ori^- 
Consequently,  the  equation  of  living  foret*s  uill  l>oc()me 

In  order  to  obtain  the  expression  of  tlio  function  9.  it  nui 
be  observed,  that  in  consecjuence  of  the  nearly  •*phenral  l«»rTii 
of  the  heavenly  bodies,  and  the  ^mallneHS  ot' their  dimcn^iur.^ 
compared  with  their  distances  from  each  other,  v%e  m.i\  o*"- 
sider  them  as  masses  contleiiM'd  into  their  ivntre^  «»t"  t;rd%::\ 
(No. '2-12).  'I'lierefore,  if  the  intensity  ot' univrrvil  aiinictitv 
at  the  unit  ot*  djstamv,  aiul  refernvl  to  maHSi*^  taken  to  rxptiv 
MMit  unity,  l>e  denotetl  Ity  /,'  the  inaHMH»  iif  t\io  ot'  thiM*  Uh'.u^ 

•  •    • 

by  wi  and  tn\  and  the  distance  nt"  their  centn**  ot"  irra^ilx  b\  ... 
their  inntu.il  attraction   will  !h»  e\pre«»<cti  liv  *  .   .i? ,!    ?*  . 
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value  of  the  corresponding  term  of  the  function  ^  will  be 
*^     —  ;  hence  we  shall  obtain  for  its  complete  ralue, 

^  {xj  y»  «>  x\  &c.)  =  — /2 ; 

in  which  the  sum  2  extends  to  all  the  heavenly  bodies,  taken 
two  by  two. 

Let  it  now  be  observed,  in  order  to  simplify  equation  (c), 
that  if  the  action  of  the  stars  on  the  bodies  of  the  solar  sys- 
tem is  not  taken  into  account,  the  motion  of  its  centre  of 
giavity  is  uniform  and  rectilinear,  and  the  velocity  v  is  a  con- 
stant quantity.  Moreover,  if  the  perturbations  of  the  motion 
of  rotation  of  each  of  the  celestial  bodies,  which  arise  from 
the  attractions  of  all  the  others  on  that  part  of  the  one  in 
question,  by  which  it  differs  from  a  sphere,  be  not  taken  into 
account,  the  quantity  u  is  likewise  constant  for  each  body  in 
particular  (No.  419) ;  hence,  if  the  variable  part  of  2u  be  ne- 
glected, equation  (c)  will  become,  by  substituting  another  con- 
stant c  in  place  of  d  —  2mu  —  v^Sm, 

If  the  origin  of  the  coordinates  be  transferred  to  the  centre 
of  the  figure  of  the  sun,  and  if  x,  ^,  2:  be  the  coordinates  of 
the  centre  of  m  referred  to  this  centre,  and  ^,  A,  k  the  coordi- 
nates of  this  centre  referred  to  the  centre  of  gravity  of  the 
solar  system,  then  we  must  have 

for  the  coordinates  of  the  centre  of  m,  whose  origin  is  at  the 
centre  of  gravity  of  the  system ;  there  will  result  from  these 
equations, 

ilg  dx      dh  dy      dk  dz 

dt^=^"'H'   Tt^='^'"dr   Tt^"'='^Ti' 

VOL.  II.  3    K 


394  PRINCIPLE  OF  LIVING  FORCE. 

and  because 

equation  (U)  will  be  changed,  by  eliminating  the  q 
^'  dt'  di'  '"*"  ^^  following(y)  : 

The  sums  2,  with  the  exception  of  Sm  and  S ,  will 

contain  the  mass  of  the  sum.     However  we  can  also 


from  these  two  sums,  the  terms  relati\'c  to  thi*  star,  namel*. 

m;/i      m/ij'      mm"     - 
r  r  r' 

by  denoting  the  mass  of  the  sun  by  M,  and  tht*di<tanct-«  t^':b« 
centres  of  wi,  m\  w",  &c.,  from  m  by  r,  r\  r'\  iwe.  By  ihi* 
means  the  e<|uation  of  livint^  forces  applied  to  the  <^lar  M^tra. 
will  finally  l»ecome 

\  di'  J        M  +  ^m  L-\        (it/  ^  \        dt 

in  which  the  sum<i  ^  extent!  only  to  the  planet^,  the^il^liitr^. 
aii<U  if  it  in  |>os*»iblc  to  estimate  their  ma.HM*^,  to  the  ci'ni«-*« 
aUo  ;  the  (»rii^in  of  their  ctM»nlinatc^  lH*in^  in  this  expr\->^i»r.  x\ 
the  eentie  of  the  Min. 
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We  may  remark  on  this  occasion,  that  the  most  direct 
lof  determining  whether  the  combined  action  of  the  comets 
bas  any  sensible  influence  on  the  system  of  the  world,  would 
be  to  calculate  at  epochs  separated  by  considerable  intervals 
from  each  other,  the  value  of  the  quantity  c,  deduced  from 
this  equation,  by  means  of  the  relative  velocities,  the  mutual 
distances,  and  the  masses  of  the  other  celestial  bodies,  at 
these  different  epochs ;  if  the  values  of  c  are  found  to  be 
sensibly  unequal,  their  variations  must  be  ascribed  to  the 
action  of  the  comets,  as  we  suppose  that  the  action  of  the 
stars  is  always  neglected,  and  that  no  impact  or  explosion 
takes  place  in  this  interval ;  for  we  shall  see  immediately, 
that  sudden  changes  of  velocity  alter  the  sum  of  the  living 
forces  of  the  system,  and,  consequently,  produces  a  change 
in  the  value  of  the  quantity  c. 

570.  It  is  evident  from  No.  346,  that  the  function  denoted 
by  ^  in  equation  (b),  is  a  maximum  or  a  minimum  for  the 
values  of  the  coordinates  :r,  y,  z,  oif^  &c.,  which  belong  to  a 
position  of  equilibrium  of  the  system ;  it  follows,  therefore, 
that  the  sum  of  the  living  forces  of  all  its  points  ceases  to  in- 
crease or  decrease  as  often  as  the  system,  during  its  motion, 
passes  into  a  position  in  which  it  would  remain  in  equilibrio, 
if  its  points  were  not  actuated  by  any  acquired  velocities ;  and 
as  these  functions  of  the  time  must  be  alternately  maxima 
and  minima^  it  results  also,  that  the  positions  of  equilibrium 
through  which  the  system  passes  will  be  alternately  stable 
and  instable  ;  the  latter  corresponding  to  the  minima  of  the 
function  ^,  and  the  former  to  its  maxima. 

Nevertheless,  as  the  distinctive  character  of  the  two  states 
of  equilibrium  has  been  merely  stated  in  No.  347,  it  remains 
for  us  to  prove,  that,  in  fact,  the  stability  of  equilibrium  ob- 
tains when  the  function  ^  is  a  maximum,  which  we  proceed 
to  do  by  means  of  equation  (b). 

For  this  purpose,  let  a,  A,  c,  a\  f,  c',  &c.,  be  the  coordi- 
nates of  the  points  ;/?,  m\  m'\  &c.,  in  a  state  of  equilibrium  of 
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the  system,  then  let  them  be  made  to  deviate  by  ercr  fo 
quantities  from  their  positions,  by  impresain^  on  thtm 
small  velocities  A,  k\  k'\  &c.,  so  that  at  the  end  of  the  tmtL 
the  coordinates  of  the  same  points  may  be 

xzza+p,  yzzb  +  g^  z  zi  c  +  r^ 
x'-a!Jtp.  V^b'Arqf,  z'^nc'^r^. 
&c. 

It  is  proposed  to  show  that  the  variables  /»,  q^  r,  f\  fcr^ 
will  always  remain  very  small,  if  the  quantity  ^  (a,  b^Cy^^k^ 
is  a  maximum. 

In  &ct,  if  ^  (j,  yy  Zy  x\  &c.)  be  developed  acoorfia|r  * 
the  powers  and  products  of  p,  9,r,p',  Sec,  then  by  the  com- 
mon  property  of  maxima  and  minima^  the  sum  of  the  ttfWB 
depending  on  the  first  powers  of  these  variables  will  be  alvin 
cipher,  whatever  the  number  of  independent  variables,  wtiick 
occur  in  the  question,  may  be.  It  is  also  demonstimted  a 
the  diflferential  calculu!*,  that  the  sum  of  the  terms  depeodinc 
on  the  Hquares  and  products  of  />,  //,  r,  p\  &c.,  that  i«  to  w 
the  sum  of  the  terms  of  the  «H?cond  order,  uiih  reaped  %^ 
these  quantities,  may,  in  the  case  of  a  muximwn^  U*  divocB- 
pose<l  into  as  many  squares  as  there  are  inde|K'n«lent  iir^ 
ablcs,  each  of  wliicli  is  affecte<l  with  the  >i|fn  -.  Ilencv.  :: 
the  remainder  of  the  series  which  includes  the  term*  i*f  rS* 
third  and  higher  orders  he  n*pre*ented  by  k,  we  ^hall  have 

^  (.r,  y,  Zyx',  &c.)  =  ^  //,  b,  r,  a\  &c.)  — \,*'+a'-  +  «  '  +  Xc.  '-*-» 

ftyM\M''y  &c.,  heinir  linear  functions  of /»,  y.  r./»,  \e..  «hxoii 
will  vaninh  at  the  same  time  a**  these  variahUs^.  li  thi*  \x\^ 
of  ip  he  suhHtitute<l  in  iH}uation  (a>,  we  obtain 

No\%,  imntediately  at  the  commencement  ot  the  nn'tit^r. 
the  variables  /i,  7,  r,  /* ,  &c.,  are  very  ^mall ;  ami,  ,ih  Ion*:  a* 
tliis  i^  the  liiM',  the  quantities*  ^.  *  ,  *  ,  \e.,  are  i^|u.i..v  *•■ 
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and,  conversely,  when  the  values  of  «,  8\  s^'y  &e.,  are  very 
•mall,  those  of  p,  ;,  r,  p\  &c.  must  be  so  likewise.  More- 
orer,  for  such  values,  each  term  of  the  second  order  is  greater, 
without  reference  to  the  sign,  than  r,  which  only  contains 
terms  of  an  order  superior  to  the  second ;  consequently,  how- 
ever small  the  squares  «',  «'*,  ^^,  &c.,  may  be,  each  of  them 
surpasses  the  value  of  r. 

This  being  established,  we  are  justified  in  concluding  that 
all  the  quantities  «,  ^,  ^^  &c.,  will  continue  very  small,  and 
that  none  of  them  will  ever  surpass  v^^  2mA'^ ;  for  as  these 
quantities  vary  by  continuous  degrees,  this  cannot  take  place 
before  that «,  the  greatest  of  them,  for  example,  becomes  equal 
to  v/^  ^Smk^ ;  and  as  this  value  of  s  will  continue  very  small, 
since  by  hypothesis  all  the  quantities  A,  k\  A'^,  &c.,  are  very 
small,  we  should  have  at  the  same  time, 

«*=iSA«,     ^>R,     «"«>R,&C., 

iSmr«  =  -  (s'^+s"^  +  &c.)  -|-  r  ; 

which,  as  ^  Smv^  is  essentially  positive,  would  be  absurd. 
Consequently  the  variables  p,  9,  r,  p\  &c.,  will  continue 
always  very  small,  and  the  system  will  only  oscillate  about 
its  position  of  equilibrium,  which  will  be  therefore  a  stable 
equilibrium,  as  we  proposed  to  demonstrate. 

When  the  quantity  ^  (a,  A,  c,  a\  &c.)  is  a  minimum,  the 
sum  of  the  terms  of  the  second  order  in  the  development  of 
^  (x,  y,  Zj  x\  &c.),  is  a  positive  quantity ;  the  equation  of 
living  forces  may  then  subsist,  though  the  variables/),  9,  r^j/, 
&c.,  be  not  always  very  small ;  but  this  is  not  sufficient  to 
justify  us,  in  concluding  that  they  will  in  fact  cease  to  be  so, 
at  the  end  of  a  certain  time,  however  small  they  and  the  initial 
velocities  A,  A',  V\  &c.,  may  be  supposed  to  be  at  the  com- 
mencement of  the  motion ;  and  it  is  only  by  determining,  in 
each  problem,  their  values  in  functions  of  ^,  that  we  can  be 
certain  that  they  are  not  restricted  to  narrow  limits. 
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57 1.  As  the  initial  velocities  by  which  the  point*  «,  m\  m\ 
&c.,  are  actuated  at  the  commencement  of  the  *^H^ri^m|  wsdd 
which  the  components  have  been  represented  by  a,  6»  r,  ^^b\€^ 
&c.y  in  No.  535,  satisfy  necessarily  the  given  comlitioQtwUd 
connect  the  moveables  with  each  other  and  with  the  oiW 
points  of  space ;  and  since  by  hypothesis  these  conditioas  wt 
expressed  by  equations,  namely,  by  equations  (2)  of  Nou  JSl* 
it  follows  that  if  an  infinitely  small  portion  of  time  be  dcnoiei 
by  If  and  if  we  assume 

the  displacements  of  the  points  m,  m\  m'\  &c.,  which  con««- 
pond  to  these  increments  of  their  coordinates,  and  mho  tk 
contrary  displacements,  will  satisfy  the  given  conditions,  thai 
is  to  say,  equations  (3),  which  have  been  deduced  from  cqoi* 
tions  (2)  in  No.  531.  We  may  therefore  employ  these  valaa 
of  Sx,  St/y  &c.,  in  equation  (5)  of  No.  535 ;  so  that  if  at  tk 
commencement  of  the  motion,  the  factor  c  common  to  ail  the 
terms  be  supprossoil,  we  shall  obtain  the  e(|uation 

:Lm  [(a  -  a)  (I  +  (n  —  h)  b  +  (i  —  r)  r]  =  0,  i 

between  a,  n,  i,  a',  \c.,  the  eoni|M>neiits  of  the  veIocxtj«'<«  i*.* 
which  the  points  m,  m\  m\  &e.,  would  bo  aotuatixl  il  thv> 
were  free  and  detached,  and  tluKc  of  the  velooitio*  bv  whwii 
they  are  actually  actuated. 

It  is  ea^y  to  verify  this  e<}uation  in  the  initial  motion  w 
rotation  of  a  solid  ImhIv  about  a  fixed  |x»iiit.  In  f«ict,  it' 'n  t^ 
changed  into  dm^  and  il  into  J,  and  if  we  make 

M>  that  h  may  n'prcMMit  the  sum  of  the  living  torci-^  t»l  ai.  \^< 
|N)int«i  of  the  l>ody,  the  preciHiini^  etpuiiou  will  lH*eome>^) 

\  (  v^i  ^  II//  -4- 1  o  dhi  =  h.  r 

HrHJdeH,  %V4'  shall  h:i\e  (  No.  H»**) 
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^/9  Vn  ^n  being  the  three  coordinates  of  dm  referred  to  the 
principal  axes  of  the  body  which  intersect  at  the  fixed  point, 
<uid  p,  9,  r  denoting  the  components  of  the  velocity  of  rotation 
mboat  these  same  axes.  Moreover,  if  the  principal  moment, 
lelative  to  the  fixed  point,  of  the  quantities  of  motion  impressed 
on  all  the  points  of  the  body,  be  denoted  by  A,  and  the  angles 
which  the  axis  of  this  moment  makes  with  the  axes  of  x,j  y,j  z, 
by  a,  /3,  y,  we  shall  have 

8  (bx,  —  Ay^)  dm  =  k  cos  7, 
s  (az,  —  ex,)  dm  =  k  cos/3, 
8 (cy,  —  Bz,)  dm  =  k cos  a; 

for  it  is  evident  that  the  first  members  of  these  equations  are 

the  moments,  with  respect  to  the  axes  of  r„  y„  x,y  of  the 

quantities  of  motion,  of  which  k  is  the  principal  moment ; 

so  that  the  values  of  these  integrals  might  be  deduced  from 

the  value  of  A,  by  multiplying  it  by  cosy,  cos/3,  cos  a  (No. 

281).     Now,  if  the  values  of  a,  6,  c  be  substituted  in  equation 

(f),  there  results,  by  taking  into  account  these  last  equa- 

tions(t), 

A:  (p  cos  a  +  ^  cos  /3  +  ^  cos  y)zzh; 

consequently,  if  the  component  of  the  angular  velocity  of  ro- 
tation about  the  axis  of  the  principal  moment  be  denoted  by  oi, 
so  that  we  may  have 

a>  =  p  cos  o  +  y  cos  ^  +  r  cos  7, 

there  will  result 

k(o  =  h; 

which  agrees  with  the  theorem  of  419,  according  to  which 
this  component  of  the  velocity  of  rotation  is  equal  to  the  sum 
of  the  living  forces,  divided  by  the  principal  moment  of  the 
quantities  of  motion. 

572.  Now,  if  a  sudden  change  should  take  place,  during 
the  motion,  in  the  velocities  of  the  moveables,  we  may  assume 
for  So?,  Sy,  &c.,  in  equations  (5)  of  No.  535,  the  infinitely 
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ixt,  to  the  eamv  tliiiig,  as  if  the  fluid  ws*  rcfrmnio)  m  «  a 
thaoas  maaa,  whose  density  i«  constuit,  or  varn)>l«  I9I 
stniiikic  dt?grcca. 

5'5.  Fluids  UK  divided  into  two  rlmim,  namdyt  im 
md  aeriform  fluids. 

lAquiiU  are  alw  Ivrmcd  incomfntniUe  flindt«  kak 
point  of  fnct.  tlicy  arc  substancca  which  can  be  eoama 
tcnsibly,  only  when  ihey  ore  suhjedcd  lu  very  t^rvk  m 
mnx.  If,  for  i-xamjilc,  n  verticat  cylinder  i*  filled  with  n 
M  a  certain  height,  anil  if  wc  siippMc  thai  the  oaly  pi^m 
m  its  upper  surface,  is  that  of  a  wiiight  equal  to  dM  tfi 
ipherical  pressure,  it  appears.*  from  obsemtion.  tkmt  ja  ll 
;:ase,  if  the  c)-linder  retains  the  same  diametrr,  «ad  if  k 
iidcs  do  not  yield  to  the  preasun:  tnutfoutted  la  them  tkn 
'lie  licjuid,  the  primitire  height  of  thu' water  is  Aimmi 
-inly  by  46  imllioneth».  If  the  preasare  on  tiM  appar  «■ 
K>  increased  until  it  becomes  fqaal  to  afwral  liiailirf 
ttinospherical  prcesurvs,  the  coodcoutioD  of  the  walo', 
fivcn  by  exiK-rimcnl,  incriMam  proportiaiiably  to  tkh  f 
mre.  Mercury  t!i  viiil  ieM  comprvMhle  Uiaii  water,  aad 
have  not  succcedoil  by  auy  effort  hitherto  ■ 
its  volume  in  an  appreciable  tnannur. 

Aerifonn  fluids,  under  whicb  dcnoninatiiia  the  a 
iir,  and  the  different  f^ases  arc  suppoaecl  In  be  Jiii  lialaj.  • 
(nmpn'wible,  and  endowed  with  perfect  ofantioty ;  so  thatlhi; 
can  at  once  chanf^  the  fom  and  ralune  by  c 
exactly  revert  to  their  original  fonn,  « 
«iaac«.  They  have  b«en,  in  conaoqt 
^■<<«. 

Vaptmrt  are  alao  etactic  fluids ;  bat  far  1 
alnre,  a  gimi  space  can  only  contain  a  I 
of  vapour ;  >n  that  if,  when  the  vapnor  haaaitahiaJl  ll 
either  the  space  or  teDi]Mnalafe  be  di 
portion  nf  the  vapour  litjufv&M.     It  appears  frwB  aiptf 
(hut  ihJs  maximum  of  vapour  It  always  the  aaaw  at 
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^.^against  each  other,  or  against  fixed  obstacles,  there  is  a  loss 

, .  of  living  force ;  this  has  been  already  observed  in  the  case  of 
jdie  impact  of  two  spherical  and  homogeneous  bodies,  whose 
eentres  move  in  the  same  right  line  (No.  361). 

2ndly.  When  the  sudden  change  is  produced  by  internal 

,  eaqploeions,  which  break  in  pieces  one  or  more  bodies  of  the 
•ystem,  the  condition  of  No.  536  will  then  be  satisfied  by 
Af  B,  C|  a',  &c.,  the  components  of  the  velocities  at  the  com- 

,  mencement  of  the  phenomenon,  and  not  by  a,  6,  c,  a',  &c., 
the  components  of  the  final  velocities ;  so  that  in  this  case,  we 
can  no  longer  employ  the  preceding  values  of  &r,  Sy,  &c.,  in 
equation  (5)  of  No.  535.  But  if  the  infinitely  small  portion 
of  time  be  denoted  as  before  by  c,  we  may  assume 

by  means  of  which  equation  (5)  will  be  changed  in  the  fol- 
lowing: 

Sw  [(a  —  a)  A  +  (b  —  ft)  B  +  (c  —  c)  c]  z=  0 ; 

hence  we  obtain 

Saii(a«+ft«+  c«)  -  Sm(A'»+  B«+  c') 
=  Sm  [(a  -  A)«+  (6  -  B)«+  (c  -  c)«]  ; 

from  which  it  appears,  that  the  sum  of  the  living  forces  of  all 
the  points  of  the  parts  of  moveables,  after  the  explosion,  is 
always  greater  than  the  sum  of  their  living  forces  before  the 
explosion.  It  is  evident,  in  fact,  that  if  the  moveables  be  at 
rest  before  the  separation  of  their  parts,  this  separation  will 
be  always  followed  by  an  increase  of  living  force;  but  in 
virtue  of  the  theorem  that  has  been  just  stated,  whatever  may 
be  the  motions  of  translation  and  rotation  of  a  body,  the  sud- 
den change  produced  by  an  internal  explosion  will  always 
produce  an  increase  of  living  force,  and  not  a  diminution,  as 
in  the  case  of  the  impact  of  bodies  destitute  of  elasticity. 

Without  it  being  necessary  to  add  anything  to  what  has 
been  stated  in  No.  469}  respecting  the  impact  of  elastic  bodies, 
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it  ti  eviilrnt  ihil  ihc  Gnt  part  of  thh  phcm 


a  the  tcrminktinn  of  tke  greats  e 
IB  aiul'igoiu  to  tbc  first  of  tb*  l«o  prcoeding-  cma 
sccopd  part,  i.  ■■.,  from  this  iiMtant  to  tb«  i 
moveables,  to  the  second  ot  tbcM  two  omm  ;  then,  il,  t 
quontly,  a  low  of  Uving  force  expericnoed  ilvrinf  it*  I 
part,  nnd  an  jncrraso  ilnring  the  seooml.      Morcv 
morrablcs  urc  perfectly  elnlie,  so  ihu  tbry  rem 
they  «e|tarate,    the  saiiM  form   winch  ihey  bad  1 
im|iairt.  and  if  ibe  two  parts  of  the  phnMMnnton  at*  p 
similar,  the  increase  of  living  force,  during  the  lacnaj 
will  l>e  equal  to  the  diminution  which  takes  placw  i 
the  first;  coaseqaently,  the  sum  of  the  liriitg  fat 
svHtcm  will  be  tbc  some  before  oad  after  the  impacted 
to  what  ba«  been  observed   in    No.  565.      Thi%  i 
implies,  that  no  account  is  takeii  of  the  Iww  of  I] 
which  will  always  lake  place  id  thr  case  of  the  C 
the  sliding  of  the  bodies,  tbe  one  against  the  i 
the  continuance  of  their  contact. 

5T3.  The  principle  of  the  teatt  attiom,  whiiJi  ii  i 
for  us  to  consider,  consbts  in  this,  that  if  ta  Uw  n 
system  of  bodies,  for  which  the  principle  of  liring  form  k 
pUce,  the  product  of  tbc  velocity  of  «a«b  natvrial  poaC-l 
tbc  syateai,  of  its  mass,  and  of  the  deawnt  of  iHI 
be  takeOi  ud  if  the  sum  of  siaiilar  pradaets  GtraSl 
•bl4»  be  taken  and  then  intcf^ratnl,  bvm  a  gfvea  j 
the  system  to  another  poetlioo  IlfccwW  givvn.  tbe  t 
this  inlegml  will  be  generally  a  mimmmm. 

This  tbeorein  is  an  axtensioo  of  that  of  No.  160^  a 
be  demonitraleil  in  the  same  manner,  on  that  i 
shall,  for  the  sake  of  conciseDfas,  sopprMs  the  A 
it  ben.    I f  tbe  clrntriit  of  the  trajerkiTy  of  ■  bv  4 
and  iu  vdociiy  by  r,  it  will  be  (ht;  btegia)  of  ] 
value  will,  in  general,  beaiwiaiMaM;  I 
in  ibat  of  the  motion  of  ■  ayiierial  point  tm  a  • 
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leturns  into  itself,  the  mimmum  may  be  replaced  by  maximum ; 
and  all  that  can  be  demonstrated  on  the  subject  is,  that  the 
infinitely  small  variation  of  ^Yimvds  is  always  equal  to  cipher. 
Because  ds  =  vdty  if  we  make  v  =  Smv^,  the  integral  in 
question  is  the  same  thing  as  ^vdt.  Therefore,  the  principle 
of  the  least  action  implies,  that  the  integral  of  the  product  of 
the  living  force  of  the  system,  and  of  the  element  of  the  time, 
IB  generally  a  minimum  ;  so  that,  in  nature,  when  a  system 
of  bodies  is  transferred  from  one  position  to  another,  the  least 
quantity  possible  of  living  force  is  expended.  When  the  move- 
ables are  not  subject  to  the  action  of  any  motive  force,  the 
quantity  ▼  is  constant  (No.  565),  and  it  is  then  the  time  of 
the  transit  which  is  a  minimum.  If  the  principle  of  least  ac- 
tion be  compared  with  the  principles  of  living  forces,  of  the 
conservation  of  the  motion  of  the  centre  of  gravity,  and  of  the 
conservation  of  areas,  it  is  evident  that  the  first  is  merely  a 
rule  to  enable  us  to  form  the  differential  equations  of  motion, 
which  is  now  useless,  since  these  equations  may  be  obtained 
in  a  more  direct  and  general  manner,  by  means  of  formula  (1) 
of  No.  531 ;  whereas  the  other  principles,  at  the  same  time  that 
they  indicate  important  properties  of  motion,  have  also  the 
advantage  of  furnishing  the  integrals  of  these  differential 
equations,  which,  in  the  greater  number  of  problems,  is  the 
only  thing  that  can  be  known  respecting  them. 

The  principle  of  the  conservation  of  the  motion  of  the 
centre  of  gravity  furnishes  three  integrals  in  finite  quantities, 
namely(i7i), 

^mx  =  aSm  +  a/, 

Smz  =  cSm  +  ct ; 

a,  6,  c,  A,  B,  c,  being  six  arbitrary  constants,  the  three  first 
of  which  represent  the  coordinates  of  the  centre  of  gravity  of 
the  system  at  the  commencement  of  the  motion,  and  tlic  three 
others  are  the  sums  of  the  quantities  of  motion  impressed,  at 
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tlus  epoch,  on  all  the  points  of  the  syilcm  p^^nlH  to  the 
of  the  coordinates. 

The  int^pals  which  result  from  the  principle  of  ihc 
aervation  of  areas  are  three  integrab  of  the  first  iMder, 

Ssi  (jE^f  ~  JKir)  =  edSr, 
Ssi  {zdx  —  zdz)  =  c^A, 
2si(ydr-zd|y)  =  cfdlr: 

Cy  &y  €f  being  three  arbitrary  constants  which  ezpras  ik 
moments  of  the  initial  quantities  of  motioii  of  all  the  poisii  d 
the  system,  with  respect  to  the  aies  of  jr,  y,  jr,  or  doohlesf  ikr 
areas  described,  in  the  unit  of  time^  about  these  aame  aack 

Finally,  the  principle  of  living  fixroes  fumishfis  osly  ssi 
intqpral,  which  is  equation  (b)  of  No.  564,  ami  which  BSf 
be  written  as  follows, 

iS*l(^±^±^)  =  D+t  (*,».«,«'.  fa.)  J 

D  being  an  arbitrary  constant. 
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HYDROSTATICS. 


CHAPTER  I. 


PRELIMINARY  NOTIONS. 


574.  Hydrostatics  is  the  part  of  statics  which  treats  of 
be  equilibrium  of  fluids.  A  fluid  is  a  collection  of  material 
ointSy  which  yield  to  the  least  effort  that  is  made  to  separate 
hem  firom  one  another.  The  fluids  which  we  meet  with  ii 
lature  approach,  in  different  degrees,  to  a  state  of  perfect 
luidity ;  the  adherence  which  exists  between  the  molecules  ot 
everal  of  these  substances,  and  which  is  termed  their  viscidity, 
prevents  the  separation  of  their  parts ;  but  in  the  theory  which 
re  now  proceed  to  explain,  we  shall  only  consider  the  case  of 
«rfect  fluids,  and,  with  the  exception  of  certain  liquids  whose 
iscidity  is  considerable,  we  shall  find  that  the  laws  of  equilw 
irium  at  which  we  shall  arrive,  may,  without  sensible  erro*, 
»e  applied  to  all  other  fluids. 

These  substances  are,  like  solid  bodies,  composed  of  de- 
ached  molecules,  and  separated  by  empty  spaces ;  but  if  a 
luid  be  divided  into  parts  of  an  insensible  extent,  each  of 
rhich,  nevertheless,  contains  an  immense  number  of  molc- 
ules,  we  may  admit  that  the  conditions  of  the  equilibrium  of 
ach  part  arc  the  same  as  if  it  was  infinitely  small,  that  it 
Iways  retains  its  fluidity,  and  that  its  density  is  that  of  the 
ody,  such  as  it  has  been  defined  in  No.  98.     This  comes,  in 
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Generally,  if  the  form  of  the  vessel  is  that  of  any  poly- 
liedron  whatsoever,  of  which  figure  34  represents  a  section, 
and  if  this  vessel  is  exactly  filled  with  a  liquid  devoid  of  gra- 
vity, and  then  exactly  closed ;  when  one  of  the  faces  of  this 
vessel  is  removed,  and  replaced  by  a  piston,  to  which  a  given 
force  p  is  applied  perpendicular  to  the  surface  of  the  adjacent 
liquid,  the  vessel  and  the  fluid  will  remain  at  rest,  and  by  the 
principle  just  explained,  the  pressure  which  the  force  p  exerts 
on  the  adjacent  surface,  will  be  transmitted,  by  the  intervention 
of  the  liquid,  on  all  the  faces  of  the  polyhedron.    All  the  points 
of  the  vessel,  and  also  the  points  of  the  base  of  the  piston,  will 
be  equally  pressed  firom  within  outwards,  in  directions  perpen- 
dicular to  the  sides ;  and,  relatively  to  an  area  a,  taken  on  one 
of  these  sides,  or  on  the  surface  of  the  piston,  the  pressure  will 
be  a  force  perpendicular  to  its  plane,  applied  to  its  centre  of 

gpravity,  and  equal  to  — ,  a  being  the  entire  area  of  the  base 

of  the  piston,  in  contact  with  the  liquid. 

This  transmitted  pressure  acts  in  the  same  manner  in  the 

interior  of  the  liquid ;  so  that  if  we  conceive  a  portion  of  the 

liquid  to  be  terminated  by  plane  fieices,  or  if  a  solid  polyhedron 

be  plunged  into  it,  any  part  such  as  a  of  one  of  its  faces  will 

Pa 
likewise  experience  a  normal  pressure  equal  to  — ,  and  acting 

firom  without  inwards. 

These  results  may,  without  difficulty,  be  extended  to  the 
case  in  which  the  pressed  surface  is  no  longer  plane;  it  is 
only  sufficient  to  decompose  it  into  infinitely  small  elements, 
which  may  then  be  regarded  as  the  plane  feces  of  an  infini- 
tesimal polyhedron  ;  and  if  cu  denotes  the  area  of  one  of  these 

elements,  —  will  be  the  normal  pressure  which  it  will  expe- 

rience ;  a  being  always  the  area  of  the  piston,  and  p  the  per- 
pendicular force  applied  to  it.  If  the  constant  pressure  which 
a  plane  area  equal  to  unity  experiences  be  denoted  by  />,  then 
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w«  shall  bavo  -  =  p,  and  the  products  />m  mad  pm  will  c 
the  pmsuros  on  the  element  w  and  op  tbc  plane  tlm^ 
to  a. 

If  till*  liquid  fans  a  twrtain  ilrgmr  nf  vWtdii y,  the 
urprcsMiif^  equally  tn  every  ilinvlion  has  still  [>Un>, 
this  eate,  the  pressure  m  not  InrnNmittvd  Utrrmlly  wiik  ^ 
ftame  rapidity  aa  in  the  direction  of  thf  force  r  itM-lf:  bK 
afier  the  lapse  of  a  definite  time,  the  lateral  premifv  biiam' 
equal  to  the  direct  prewure;  and,  it  is  at  this  fnrtaiti.  d* 
the  equilibrium  of  the  fluid  is  coniideiml. 

576.  \S'hcn  tlio  liquid  contained  in  a  rmwl  b  harj.  '" 
Iraiismils  the  prestture  exerted  on  its  inrfitce  in  thm  M«r  ■» 
ner  as  when  it  ia  devoid  of  weight,  but  it  exerts  boiilcs,  m  Ik 
tiideft  of  (he  vessel,  a  preasare  which  arises  tram  its  wfic^ 
and  is  variable  from  one  point  lo  onotber:  the  saBe  »  iW 
case  when  the  points  composing  the  liquid  Hie  solicitiiJ  y 
the  iiciion  of  gravity  and  by  other  given  forces,  wad  it  m 
in  equilibrio  in  the  vessel.  If  (he  ude«  of  the  v«h 
necessary,  in  order  to  secure  the  equilibrium,  so  thai  W  > 
opening  lie  made,  rhe  liquid  would  unmediately  escape ;  iti 
cessarity  follows  that  the  sides  cxpcriiincc  in  each 
ticular  prcsxure  directed  from  within  outwaitls,  aloag  tWi 
mal  to  the  surface  of  the  vcMel;  for  it  is  only  ib 
r«clion  that  a  tiurbcc  can  prevent  a  material  point  [■ 
with  it  from  moving,  and  thus  destroy,  by  it 
motive  force  of  this  moveable. 

The  same  thing  has  place  in  the  interior  of  tbe  I 
with  respect  to  portions  of  the  liijuiil  it»elf,  and  als 
to  bodies  plunged  id  il,  Rs  has  been  staled  in  the 
number.    The  pressore  on  any  point  whatever  is  aa 
quantity,  which  we  shall  <)etcnninr  in  the  sequel,  aw 
will  depend  un  the  {MHilion  of  this  point  and  on  the 
fiiroes  which  act  un  the  fluid.     As  in  general,  it  chan^n 
ooe  |>oint  to  another,  il  can  only  be  supposed  rigurnoUy 
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•tant  for  an  area  of  an  infinitely  small  extent ;  now,  in  order  to 
measure  the  pressure  on  a  determinate  element  of  a  surface,  we 
suppose  a  plane  area  which  is  assumed  to  represent  unity,  and 
which  experiences,  through  its  entire  extent,  the  same  pressure 
as  this  element,  then  i(p  be  the  total  pressure  which  this  area 
sustains,  and  to  the  infinitely  small  extent  of  this  element,  the 
product  pw  will  be  the  pressure  corresponding  to  this  element, 
and  normal  to  the  surface  of  which  it  constitutes  a  part.  The 
coefficient  p  will  be  a  function  of  the  coordinates  of  this  same 
element,  which  we  shall  term  the  pressure  referred  to  the  unit 
qf  surface. 

This  being  established,  if  a  plane  portion  of  the  surface  of 
the  vessel  be  taken  away,  and  if  it  be  replaced  by  a  piston  of 
the  same  extent,  it  is  evident  that  when  a  force  equal  and  con- 
trary to  that  which  this  portion  of  the  vessel  experiences,  is 
applied  to  this  piston,  the  equilibrium  will  subsist  as  before. 
Moreover,  if  the  vessel  is  closed  on  all  sides,  and  b  every 
where  in  contact  with  the  liquid,  and  firmly  secured,  the 
equilibrium  will  not  be  disturbed,  by  increasing  this  first 
force  by  the  addition  of  any  other  force  such  as  p  ;  for  since 
the  forces  applied  to  the  points  of  the  fluid  are  in  equilibrio, 
every  thing  takes  place  relatively  to  this  force  p,  as  if  these 
forces  had  no  existence,  in  like  manner  as  in  the  preceding 
number.  Consequently,  the  pressure  exerted  by  this  force  p 
on  the  surface  of  the  liquid  in  contact  with  the  piston,  will  be 
transmitted  equally  in  every  direction,  by  the  intervention  of 
the  fluid,  and  the  pressure  p  referred  to  the  unit  of  surface, 
will  be  increased  in  each  point  by  a  constant  quantity  equal  to 

- ;  in  which  a  always  denotes  the  area  of  the  piston  which  is 

in  contact  with  the  liquid. 

It  is  important  to  distinguish,  as  has  been  done  here,  the 
two  descriptions  of  pressures  which  are  exerted  against  the 
sides  of  a  vessel  that  contains  a  liquid  in  equilibrio,  or  which 
the  parts  themselves  of  this  liquid  sustain  ;  one  of  these  pres- 
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sures,  namely,  tbiit  which  arises  from  the  weight  and  ntW^ 
(it-e  forces  tliat  act  on  tbc  fluiil  m&w,  rariis  frtinj  oiw  ?■■>« 
another ;  tb«  other,  which  -Annfn  frwin  tbv  fnrtx*  apptieJ  mII 
sorracc,  and  is  trunsinillcd  Uiruugb  it*  inlemmtinR,  i 
the  same  throughout  the  vntirecxtcnt  of  tbc  fluiil,  Tht  a 
bined  effect  of  thcsi;  two  pressures  at  e*cb  point  conKilute* iS 
total  pressure. 

679.  In  consequetice  of  tliia  proprrtj-  wbich  fiuub  pov 
of  transmitting  equally  in  every  iHrretJon  theprewurv*  exBU 
on  their  surface,  an  iiicumpTe«iibh»  fluid  couljutied  io  a  t^ 
firmly  secured,  must  be  conudcred  u  «  real  machiiw :  far  ' 
machine  is  in  general  an  apiiaralus  by  means  of  wlucli  >  Wit 
acts  on  points  tliat  are  beyond  its  direetiaa,  and  cxufe  ■ 
these  points  efforts  which  are  greater  ortusa  than  ifit  waftlf 
mediately  applied  to  it,  and  this  is  eridently  tbe  nae  of  ■ 
force  r,  which  bos  been  connidered  io  the  preei-ding  n« 

Tbc  principle  of  virtual  veloctlieA  baa  place  in  tk  c 
librtum  of  thi«  machine,  as  in  tluii  of  all  other  known  ■ 
In  onler  to  prove  it,  let  us  consider  an  immovoible  tvndl 
any  form  whatever,  whidi  may  have  aa  nany  openinp  aa  m 
please,  let  a  cylinder  wbicb  extends  indefinitely  witboot  I 
vesuH-l  be  applied  to  each  of  these  openio^  then  let  thb  r 
be  filled  with  any  liquid,  such  as  water,  the  given  i 
which  wc  shall  not  take  into  account ;  and  let  ua  • 
the  water  rises  in  all  the  eylinden  to  a  certain  d 
their  orifices,  and  that  it  is  terminated  by  plane  « 
pendiculur  to  the  lengths  of  the  cylinders.  Finally.  let  p 
be  introduced  into  tbc  cylinders  which  fit  ihiia  exactly,  t 
which  at  the  same  time  are  at  liberty  to  tUde  without  f 
In  the  ilireciion  of  their  length.  Let  a,  a,  a",  Jtc  b*  4 
bases  of  ihew  |nstoo«,  which  are  likewise  iho^e  of  tike  ejM 
ders ;  and  Ul  the  fnrces  i*.  r.  p",  &e.,  I*e  applied  to  I 
bodies,  in  a  direction  jierpendicular  to  their  Iwsea,  and  a 
from  wiihoni  inward*,  and  finally,  let  the  given  fur 
act  wi  one  amither  ihrough  the  tntemnlion  of  the  wal«. 
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in  equilibrio.  In  this  state,  the  pressure  referred  to  the  unit 
of  surface  must  be  the  same  on  all  the  sides  of  the  vessel  and 
on  the  bases  of  the  pistons  (No.  577).  If  therefore  it  be  de- 
noted by  pt  the  total  pressures  which  the  bases  of  the  pistons 
sustain  from  within  outwards,  will  be  pa,  p'a,  p"a,  &c«  In 
order  that  there  may  be  an  equilibrium,  these  pressures  must 
be  respectively  equal  to  the  forces  p,  p^  p'',  &c.  ;  consequently 
we  shall  have 

p  =  op,     p'  =  a'p,     v^'  =  ci'p,  &c.  (a) 

By  means  of  one  of  these  equations,  the  value  oip  can  be 
determined ;  and  by  substituting  it  in  the  others,  the  equa- 
tions of  the  equilibrium  of  the  system  will  be  obtained,  the 
number  of  which  will  be  less  by  one  than  that  of  the  pistons. 
Now  if  we  conceive,  agreeably  to  the  definition  of  the  prin- 
ciple of  virtual  velocities,  that  the  parts  of  the  system  are 
displaced  in  such  a  manner  that  the  pistons  actually  correspond 
to  the  sections  cd,  c'd',  c"d",  &c.,  of  the  cylinders.  One 
set  of  these  bodies  will  have  advanced,  and  another  set 
must  have  receded ;  let  these  displacements  be  denoted  by 
A,  A',  h!\  &c.,  and  let  them  be  considered  as  positive  or  nega- 
tive, according  as  the  pistons  have  advanced  or  receded ;  then, 
in  the  figure,  the  distance  A  comprised  between  the  sections 
BF  and  CD  is  positive,  and  the  distance  h!  comprised  between 
the  sections  e'f'  and  c'd'  is  negative.  The  volumes  of  water 
which  issue  from  the  cylinders,  and  flow  into  the  vessel,  cor- 
respond to  the  positive  values  of  A,  A',  h",  &c.,  and  those  which 
issue  from  the  vessel  to  flow  into  the  cylinders,  correspond  to 
their  negative  values.  Both  the  one  and  the  other  will  be 
expressed  by  the  products  aA,  a'h\  a"h!\  &c.,  no  reference 
being  made  to  the  signs.  Consequently,  water  being  con- 
sidered as  incompressible,  and  the  figure  of  the  vessel  as  in- 
variable, the  sum  of  these  positive  or  negative  products  must 
be  cipher,  and  we  shall  have 

ah  -f-a'A'  +  n'li"  -|-  &c.  =  0.  (b) 
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If  this  equation  bo  multiplicfl  hyp,  then 
qucncc  of  cqujitions  (a), 

I'A  +  i-'A'  +  P"A'  +  &«.  = 
which  is  the  equation  resulting  from  the  |^ 
vplocitiea,  ap|>Ui'd  to  the  forces  p,  i-',  p",  . 
A",  &c.,  the  ili!!placein('nt8  of  tht-ir  jmin 
The  condition  of  tho  system,  whii-h  in  the  | 
inrariahility  of  the  volume  of  the  liquid, 
equation  (h).  Not  only  lio  the  displori'mc 
satisfy  this  comlition,  but  also  the  oppo»i 
—  A,  —  A',  —  A",  Sic,  as  is  required  by  tb 
tual  velocities  (No.  331).  The  inu^nitu 
titles  A,  A',  A",  &c.,  may  be  finite,  pntvided 
pistons  enters  into  the  vessel,  or  moves  bv 
in  which  it  ouj^ht  always  to  be  conidned. 

580.  The  principle  of  the  equality  of  th< 
direction,  belon;rs  to  elastic  fluidn  as  well 
in  the  ease  of  the  first,  in  onier  that  they 
tlu-  Miles  of  ill.-  v.'.mIs  whi^h  contain  lli.in. 
that  any  mutive  f.irw  hlundd  ait  on  tbi-ir  i 
any  prc-.uri-  -hoiil.l  !■.-  cxorti-d  on  t).iir  -nrf. 
oflh.-M-  rtiii.U,  hi  virlii.--if  Mhicb  ili.yoiji 
tooi'ciqiy  a  ijriaiir  vuliinii-.  i-  -iilliiiiiii  t" 
sure,  lii-nci.  if  «!■ -niiim-i-  a  ina*^  nf  jiir, 
vap.air  t..  !■.■  c..ui:,l.;i-.liiia  vr-.,.M,..:..l.. 
th.'  wrl^'iil  r.r  ill.-  Iliii-l  i-  n..t  o.;i-i!.iv.i.  li:.- 
«ill  MMai,,  ..q>.;.l  |.r.-^.u-  ir.  .r.l  iWn  y.-i 


rll..  tl..' 


t)..-  . 
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express  the  required  pressure,  which  will  be  always  the  same 
quantity  in  whatever  part  of  the  vessel  the  opening  is  made. 
If,  for  example,  the  vessel  represented  by  figure  35,  is  filled 
with  an  elastic  fluid,  the  forces  p,  p^,  v"y  &c.,  that  should  be 
applied  to  the  pistons,  which  close  the  cylinders,  in  order  to 
hinder  them  from  sliding,  will  be  proportional  to  the  bases 
a,  fl/,  a'\  &c. ;  the  ratio  of  each  force  to  the  corresponding 
base  will  be  the  same  for  all  the  pistons ;  and  equations  (c) 
will  still  have  place,  but  only  for  the  motions  of  the  system  in 
which  the  total  volume  of  the  fluid  undergoes  no  change. 

This  constant  pressure,  which  an  elastic  fluid  exerts  on  the 
sides  of  the  vessel  that  contains  it,  depends  on  its  matter,  its 
density,  and  its  temperature.  It  has  been  also  termed  the 
elastic  force  of  the  fluid.  It  appears  from  experiment,  that 
for  the  same  fluid,  when  the  temperature  is  not  changed,  the 
elastic  force  is  proportional  to  the  density ;  so  that  if  p  denote 
the  measure  of  the  elastic  force,  that  is  to  say,  the  pressure  re- 
ferred to  the  unit  of  surface,  and  p  the  density,  we  have  in  each 

fluid 

P^hp\ 

k  being  a  coefficient  which  depends  only  on  the  matter  and 
temperature  of  the  fluid.  When  the  gravity  of  the  fluid  is 
taken  into  account,  or  more  generally,  when  its  molecules  are 
solicited  by  given  forces,  the  pressure  p  varies  from  one  point 
to  another  of  the  vessel,  according  to  a  law  which  depends  on 
these  forces,  and  which  we  shall  determine  in  the  sequel. 


CHAPTER  II. 
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581.  In  order  to  discuss  the  question  in  the  most 
manner,  let  us  consider  a  fluid  mass  abcd  (fig.  36),  whicli  mat; 
be  either  homogeneous  or  heterogeneous,  compressible  or  »- 
compressible,  all  whose  material  points  are  solicited  by  gmi 
forces,  and  let  it  be  proposed  to  express  the  conditions  of  in 
equilibrium  by  equations. 

Let  X,  y,  2r  be  the  coordinates  of  m  any  point  whaievcr  «C 
this  mass,  parallel  to  the  rectangular  axes  ox,  oy,  or :  wv  sImII 
suppose  for  greater  clearness,  that  the  plane  of  the  axes  of  t 
and  y  is  horizontal,  that  the  axis  or  is  drawn  in  the  directioa 
of  gravity,  and  that  the  mans  adcd  is  comprised  below  the 
piano  of  the  axes  of  .r  and  //,  in  the  solid  anj^K*,  oimtair-m:  Sj 
the  threo  j)laiies  of  the  positive  coordiiiatci.  Lot  ihf  4u>: 
mass  he  distrihuted  into  parts,  which,  ai^nvably  lo  what  > 
statc<l  above  (No.  />74),  we  shall  conMflor  as  infinitvlv  *ma-I 
elements ;  and  lot  those  elomonts  bo  suppos^^d  to  ho  ct»mpi>^ 
between  pianos  intinitoly  near  to  oaoh  other,  and  |ui.ra]lel  u> 
those  of  the  coonlinatos  :  so  that  tlioso  oh*mt*nt*»  mav  U*  «cb 
of  thoni  rootan^iilar  paralU^lopipcds,  I  ho  adjaooTit  M«irt  i*f 
which  are  parallel  to  tho  axes,  an«l  t^pial  t<i  the  dit!'rr«>ritiAU  '"^i 
the  coonlinati*s,  tho  two  horizontal  Imm***  nf  that  uhirh  oorro*- 
poiifU  to  any  |M»int  *»uoh  as  M,  and  which  i**  rcpn'M'iittii  in  iK 
figure,  will  l»o  <'<|Ual  to  </x'/y,  its  vertical  hcitjht  mm  m.  .  '*• 
e<pial  to  f/ •,  and  iti  volunu*  will  Ik*  tinfifiiz. 

If  the  ilt'iisity  of  the  fluid  in  thi»»  p«»int.  hui^Ji  .i^  it  h.i*  ■•^  " 
dofincd  in  No.  \i^,  h«*  denoted  l»v  p,  anil  the  tlitffni'tijl  .  lrn-«  •  • 
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of  the  mass  corresponding  to  this  same  point  by  dm^  we  shall 

have 

dmzz  pdxdy  dz. 

In  homogeneous  liquids,  if  the  small  compressions  that  they 
experience,  and  which  may  be  unequal  in  different  points,  be 
not  taken  into  account,  the  factor  p  will  be  a  constant  quan- 
tity ;  and  it  will  be  a  known  or  unknown  function  of  the  co- 
oidinates  or,  y,  Zy  in  heterogeneous  liquids,  and  also  in  elastic 
fluids^  which  are  not  equally  compressed  in  every  direction. 

LetX£/in,Tdm,zJmdenote  the  components  of  the  motive  force 
which  acts  on  the  element  dm  resolved  parallel  to  the  axes  of 
^  y>  ^>  ^  that  x,T,  z  may  be  the  components  of  this  force  re- 
fieixed  to  the  unit  of  mass,  or  of  the  accelerating  force  relative 
to  the  point  m.  Each  of  these  three  quantities  will  be  a  func- 
tion ofXiffy  z,  the  values  of  which  shall  be  regarded  as  posi- 
tive or  negative,  according  as  the  force  which  it  represents 
tends  to  increase  or  diminish  the  coordinate  to  which  it  is  pa- 
rallel Moreover,  the  element  dm  will  be  pressed  from  with- 
out inwards,  on  its  six  faces,  by  the  surrounding  fluid,  and,  in 
order  that  it  may  remain  in  repose,  these  exterior  pressures 
must  be  in  equilibrio  with  the  interior  forces  xc/m,  Y(/m,  zdm. 

This  being  the  case,  if  the  vertical  pressure  which  is  exerted 
on  the  upper  base  dxdy^  in  the  direction  of  gpravity,  be  de- 
noted by  pdxdy y  p  being  the  pressure  which  correspomls  to 
the  unit  of  surCetce  on  this  infinitely  small  base  (No.  577) ; 
this  quantity  p  will  be  an  unknown  function  of  x^  y,  z; 
and  at  the  point  m^,  the  coordinates  of  which  are  a*,  ^,  ^  +  dz, 

it  will  become  p  +  -^dz,  and  it  will  express  the  vertical 

pressure,  relative  to  the  unit  of  surface,  exerted  on  the  infe- 
rior base  of  dm.  Consequently,  this  second  base  will  ex- 
perience, in   the  direction  of  gravity,   a  pressure  equal   to 

if  +'^dz)dxdy;  the  resistance  of  the  fluid  on  which  the 

VOL*  II.  3  H 
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element  dm  presses,  is  a  force  equal  and  contrary  lo  tbift  pifr 
sure ;  so  that  this  element  dm  is  urged  in  a  vertical  direcuoata 

the  two  opposite  forces  pdxdy  and  (p  +  ^d^)  dxdy^  or  bj  t 

force  equal  to  their  difference  -j^dxdydZy  and  dirpctcd  o^ 

wards.  Now,  in  order  that  thb  element  dm  may  bo  Miik? 
moved  in  the  direction  of  gpravity,  nor  in  the  contrary  (Urectkc 
this  force  must  be  equal  to  zc/iit,  the  vertical  componefit  d 
the  motive  force  which  acts  downwards,  consequently,  v? 
shall  have, 

-J-  dxdydz  =:  zdm  ; 
dz 

in  like  manner,  if  q  and  r  denote  the  pressures,  referrMl  10  tk 
unit  of  surface,  which  correspond  to  the  fiicos  of  dm  paraUci 
to  the  planes  of  the  axes  of  x  and  r,  and  of  y  and  ;•  tbcfu 
in  order  that  the  element  dm  may  not  move  either  in  tk 
direction  of  the  axis  of  y,  nor  in  that  of  the  axis  of  r,  we  should 
have 

-Jilvdifdz  =  V</;«,       ,-  dtdifdz  =  \dm. 
dy        •'  dx 

Now  if  in  tlioso  throe  equation^,  the  proc^^linkj  valvK-  ••: 
dm  he  sul>stitutO(l,  they  become,  by  suppn^ssin^  the  oommtv 
factor  dxdydzy 

dp  dii  dr 

5k2.  If  tlio  elements  into  wliich  the  ma^«*  wn  n  i*  liiu*:*^' 
be  HolitI,  M>  th.'it  thi^  mans  may  Ik»  ri't^anKnl  a**  a  folli-kV-  :  ^ 
si}\'u\  rretaiii^nlar  paralU'Ilopipcils  in  ju\ta-|Hi*iiii»ri  uirrj  *jk.- 
otluT,  it  is  lint  lU'i'rssirv  that  anv  ri'lation  HhiiuM  *ii^-:*!  ^•••^ 
tW4M*ii  tb«'  prrH*«tir('s  which  raili  of  tbt'M*  panilli-Iinpij^  ■>  i  \- 
pi'rirnri's  on  thuM*  tait's  uliieh  are  not  |>;inilli'I  ;  thi-  i!»[air: 
dm  may,   tor  lAamplr,   rx|HTii*iu*o  a  i'on*»iiirr.iltK-  j'"!-*-  ."f 
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its  horizontal  bases,  and  none  at  all  on  its  vertical  faces ;  but 
as  this  infinitely  small  element  must  be  considered  as  fluid,  as 
well  as  all  the  parts  of  the  entire  mass,  which  should  have  a 
finite  magnitude  (No.  574),  it  follows  from  the  fundamental 
property  of  fluids,  that  the  three  quantities  p,  ^,  r,  must  be 
equal  to  each  other,  or  at  least,  if  they  differ,  the  difference 
can  be  only  an  infinitely  small  quantity,  which  may  be 
neglected  in  equations  (1). 

In  fact,  the  pressure  which  the  surroimding  fluid  exerts  on 
each  of  the  faces  of  the  parallellopiped  dxdydz^  is  transmitted 
on  the  other  faces,  by  the  intervention  of  the  fluid,  of  which 
the  element  dm  consists ;  this  transmission  is  made  in  the 
manner  already  explained,  from  which  it  follows,  that  if  the 
pressure  which  has  place  from  without  inwards,  on  the  upper 
horizontal  base,  be  denoted  hy  pdxdy,  the  pressures  trans- 
mitted on  the  lateral  faces,  and  which  act  from  within  out- 
wards, will  be  represented  hy  pdxdz  and  pdydz;  moreover, 
we  should  add  to  these  transmitted  pressures,  those  which 
result  from  the  motive  force  of  the  fluid  dm^  consequently,  if 
the  pressure  due  to  this  force,  and  exerted,  for  example,  on 
the  fsLce  dydzy  be  denoted  by  y,  the  entire  pressure  which  has 
place  from  within,  outwards,  or  from  right  to  left,  on  this  fece 
rfy  dzj  will  be  expressed  hy  pdydz +  y.  On  the  other  hand,  the 
pressure  arising  from  the  surrounding  fluid,  and  exerted  from 
without  inwards,  or  from  left  to  right,  on  this  face  dydzy  has 
been  represented  hy  rdydz  i  this  force  is  the  resistance  which 
the  surrounding  fluid  opposes  to  the  interior  prcssMTe pdydz  +  y ; 
consequently,  we  must  have 

rdydz  z:  pdydz  +  y* 

Now,  although  the  value  of  y  may  be  unknown,  we  are 
nevertheless  certain,  that  this  quantity  can  only  be  an  infi- 
nitely small  one  of  the  third  order,  like  the  motive  force  of 
dm{a)j  from  which  it  arises ;  hence  if  y  be  neglected  relatively 
to  pdydz  y  we  shall  have  r  =:  pi  in  the  same  way  it  may  bo 
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nlso  shown,  thnt  vn  inu»t  have  q  —  p-    The  e 

be  still  the  same,  if  liie  clement  dm,  Jnttwri  of  I 

tangular  ]>iLrallellapt|)ed,  was  any  polyedron  wbi 

who^  sides  were  always  infinitely  small ;  aaA  h  i 

monstraled  In  the  same  itiAnncit  that  the  rztciur  p 

erted  in  a  direction  which  ts  poTpcndicalar  to  all  tb«  f 

the  surrounding  Buid,  is  propoitionol  to  tbcir  mpectm 

and  independent  of  the  molirc  furee  of  the  piilj  i Jim    ] 

fbllowii,  therefore,  tliat  all  the  elenwnti  of  tbe  ■ 

pass  through  tlie  point  M,  expefieoce  the  i 

ferrcd  to  the  unit  of  surface,  and  that  if  w  be  Um  aica  «f  * 

of  them,   the  normal  preaaure  whtdi  it  i 

other  of  its  two  sides,  is  equal  to  p^  whatever  mKj  bed 

directioD  of  the  plane  to  which  it  bclcmgs. 

In  consequence  of  the  condition  r  =  9  =  p,  eqqtfioai  (fl 
become 

''P. 


;  =  "='■  s;  =  ''*'   ;7;  =  p*' 


and  they  arc  the  generalequntionsof  th«>«]iulibritimaf  A 
which  it  wa«  proposed  to  6nd. 

583,  The  conditions  of  equilibrium  which  thay  < 
arc  reduced  in  each  particular  case,  to  ottr  bdag  tible  •»  I 
for  p  a  function  of  z,  jr, ;,  wluch  aatitfiet  at  the  • 
these  three  et|uation».     Now,  if  tbey  be  rcapi 
pUed  by  di,  djf,  ds,  and  then  adided  together,  then  ■ 

thervfbre,  in  order  that  the  value  of  p  may  ba  | 
product  of  p,  and  of  the  furrauU  xd*  •}•  ^djf  +  1 
be  an  exact  difTercntial  of  n  function  of  three  j 
vuiahlea  x,  y,  z.  Converselr,  when  this  cooctilioall 
p  will  he  the  integral  of  tlua  product,  and  in  t 
equaliont  (3)  will  be  ntiafied. 

if  tbc  coordlnalcs  of  any  pofait  wbatmr  of  the  • 
A«co  be  sub«t]luled  In  phoe  of  z,  y,  £.  in  thia  value  wt  ^i 
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pressure  at  this  point  on  the  side  of  the  vessel  in  which  this 
flmd  mass  is  contained,  will  be  had ;  this  pressure  will  be 
always  destroyed,  provided  that  this  side  is  fixed  and  suscep- 
tible of  indefinite  resistance ;  but  in  those  parts,  where  the 
▼essel  is  open,  and  where  the  fluid  is  entirely  free,  there  is 
nothing  to  destroy  the  pressure  p,  consequently,  its  value 
must  be  cipher,  for  all  the  points  of  the  free  surface  of  a  fluid 
mass  in  equilibrio ;  this  gives  for  the  difierential  equation  of 

this  surjbce 

xdx  +  Yrfy  +  zdz  =  0.  (4) 

This  equation  also  obtains,  when  there  is  a  constant  pres- 
sure made  on  the  free  surface  of  the  fluid ;  for  then  we  must 
have  dp  =  0,  for  all  its  points,  and  as  p  the  density  is  not 
cipher,  equation  (4)  results  at  once  from  formula  (3).  If  by 
any  means  whatsoever,  a  pressure  be  made  on  the  free  surface 
of  a  fluid,  which  is  variable  from  one  point  to  another,  and  if 
this  pressure,  referred  to  the  unit  of  surface,  be  represented  by 
^{x,  yt  2)i  the  value  of  p  deduced  from  equation  (4),  should 
coincide,  for  all  the  points  of  the  free  surface,  with  the  given 
function  of  x^y^z  \  and,  in  this  case,  the  differential  equation 
of  this  surface  would  be 

p  (xdx  +  Ydy  +  zdz)  =  df(x,  y, »). 

In  the  subsequent  part  of  this  treatise  we  shall  always 
suppose  that  the  exterior  pressure  is  either  cipher,  or  con- 
stant throughout  the  entire  extent  of  the  free  surface  of  a 
fluid  in  equilibrio. 

As  the  pressure  p  is  proportional  to  the  density  in  elastic 
fluids  (No.  580),  it  follows  that  this  pressure  can  never  be 
dpher  in  a  fluid  of  this  nature,  as  long  as  the  density  does  not 
vanish,  that  is  to  say,  as  long  as  the  fluid  exists,  and  has  not 
lost  its  entire  elastic  force  by  the  effect  of  cold.  Hence  an 
elastic  fluid  cannot  be  in  equilibrio,  except  when  it  is  con- 
tained in  a  vessel  which  is  closed  on  all  sides,  or,  which  is  the 
same  thing,  when  a  pressure  is  made  on  its  surface  directed 
from  without,  inwards. 
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SS4.  It  follows  from  cquarioa  (4),   thmi  tbc 
the  accplcrating  forces  x,  t,  z,  which  act  on  each  puint 
fn?c  surface  of  a  li<)U)il  in  cquilibrw,  is  perpenditfoW  mI 
surfiice,  both  iu  tlic  case  where  then:  i>  no  exterior  ' 
and  alno  when  llipr«)  ia  cxcned  ou  this  •nrbcc,  a 
which  ia  cotiHtanl  from  one  fxunt  toaaother.     In  &Kt.  ifw' 
curve  whatever  be  traced  on  this  free  sui&ce,  and  if  4^  b  * 
(liffi;rential  element  of  this  curre  correspoiulit^  to  th«  fmm 

whose  coonlinates  are  x,  y,  z,  m  that  -r-i  -—,  -r-~,  bmt  be  fc 

cosines  of  the  angles  which  the  tangent  to  thi«  cnrw,  ■!  lb 
same  point,  makes  with  lines  dmwn  pamllel  to  (be  axn  ti^ 
coordtnittm,  and  ifu  be  the  resultant  of  the  forces  x,t,i,«£> 
the  cosines  of  the  angles  which  its  direction  makes  «itk  tfcn 


from  wliicb  it  appears,  (hat  the  directioa  of  the  font  l«  1* 
Uie  tangent  to  the  curve  ttaeed  arbitiarily  an  (h«  mr&st,  «t 
pcqtendicular,  (he  one  to  the  other,  and  conaMjacntlr,  tki>^ 
rection  must  coincide  with  the  normal  to  the  point  whicfc  k 
considered.  In  general,  this  prason  will  act  from  ■ 
inwards  ;  but  when  the  exterior  preuan  n  not  cipher,  it  ■ 
on  the  contrary,  W  ilirected  from  withm  outwatds. 

If  equation  (4)  be  integ^Ied,  sod  if  then  bt  ■■ 
the  orbitmry  con»tant,  inlroductd  by  the  int^gntioa,  « 
of  particular  values,  the  di-terminate  equations  «lu 
suit  will  belong  to  at  many  different  turfaom,  and  • 
will  be  the  differential  equation  of  each  of  thoe,  : 
queotly,  enchoftbem  will  pow>e««  the  property  of  U 
presMKl  in  i-very  itlrectiun  thruu^^hiiut  its  entiic  tao^ 
iulersecting  at  a  right  angle,  in  all  its  points,  ihvl 


EQUILIBRIUM  OF  FLUIDS.  423 

of  the  resultant  of  the  forces  Xy  t,  z.  Such  of  these  surfaces 
BBf  from  the  value  of  the  arbitrary  constant,  must,  when 
produced,  lie  in  the  interior  of  the  fluid,  are  termed  surfaces 
qf  level.  If  this  arbitrary  constant  be  made  to  increase  by 
infinitely  small  degrees,  the  fluid  mass  will  be  divided  into  an 
infinite  number  of  infinitely  slender  strata,  and  comprised  be- 
tween two  consecutive  surfaces  of  level,  which,  on  this  ac* 
ooont,  have  been  termed  strata  ofleveL 

The  value  of  the  constant  which  belongs  to  the  exterior 
turfisure  will  be  determined  in  each  case,  by  means  of  the  given 
Tolume  of  the  liquid ;  so  that  the  exterior  pressure  will  have  no 
influence,  either  on  the  figure  of  equilibrium,  or  on  the  dimen- 
sions of  this  fluid  considered  as  incompressible.  If  the  liquid 
should  be  reduced  to  a  state  of  solidity,  the  equilibrium  would 
not  be  deranged;  hence  it  follows  that  a  constant  normal  pres- 
sure acting  firom  without,  inwards,  on  all  the  elements  of  the 
surfiu^e  of  a  liquid  or  solid  body,  is  destroyed  of  itself,  and  can- 
not impress  on  this  body  any  motion  either  of  translation  or  ro- 
tation. For  a  liquid,  this  equilibrium  of  exterior  pressures  results 
firom  the  characteristic  property  of  fluids,  of  transmitting  equally 
in  every  direction,  the  pressures  exerted  on  their  surface  (No. 
577) ;  in  the  sequel  it  will  be  shown  that  this  is  true,  inde- 
pendently of  this  property,  and  that  it  equally  obtains  for  a 
solid  body  of  any  form  whatever. 

585.  Let  us  now  suppose  that  the  fluid  in  equilibrio  is 
composed  of  homogeneous  matter,  and  that  it  has  every  where 
the  same  density  and  temperature.  As  the  quantity  p  is 
constant,  it  follows  from  equation  (3),  that  the  formula 
Tidx  +  Ydy  +  zdz  must  be  an  exact  differential  of  a  function 
of  three  independent  variables.  If  this  is  not  the  case(  the 
equilibrium  is  impossible  in  the  fluid  mass,  whatever  form  may 
be  given  to  it,  even  if  it  be  contained  in  a  vessel  closed  on 
every  side. 

But  the  condition  of  the  integrability  is  always  satisfied, 
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with  respect  to  forces  which  ar«  either  attmctira  or 
and  whoso  iiitcngitics  vary  in  funetioits  or  the 
the  centres  from  which  they  emanate  fNo.  IM).  C«>t 
qnentir,  the  equillhrium  of  a  homogeneoos  Bqu3d,  lutyiw  • 
the  atttion  of  umilar  forcet,  will  be  potsibtc  ;  and  ia  M^tf  c- 
it  may  actually  have  place,  there  ahoulit  be  audi  a  Awn  (t^ 
to  the  fluid,  as,  that  its  fre«  NUr&ce  may  mtencct  at  ttc 
angles,  throughout  its  cnlini  extent,  the  rvaoltuit  mC  tfcf- 
forces,  whollier  they  be  attnctivo  or  t«pnUTe(fr). 

If,  for  example,  the  fluid  inati  be  fappoaed  to  be 
free,  and  that  a  constant  preuure  b  exeflcd  on  iu 
then  when  the  only  force  which  aca  on  its  pnrticta  b  < 
to  a  fixed  centre,  the  fi^ura  of  the  man  abcd  in 
about  this  point,  will  be  that  of  a  spbero  whoae  ooi 
point,  and  radiu»,  a  line  dependinff  an  the  |pi 
this  mam.     If  the  force  directed  (owinb  the  fixed 
supposed  to  be  attractive,  and  to  vary  In  tbe  nven*  i 
the  tquare  of  the  distance,  and  if  the  IntcDttty  of  lUi 
radng  force  at  the  sur&ce  of  the  UquM  be  deootad  by  ^  b  ' 
radius  by  a,  and  the  exterior  pretcore  by  n,  ^^  will  b»  lb 
attraction  at  the  distance  r,  and  U  followa  from  equtiH  (41. 
thatp  the  pressure  at  the  ante  distance  is  ei|tial(r), 

p  =  n  +  ^-ffpa. 


This  will  also  have  place,  if  the  fixed  centtc  be  iijilifd  ^ 
•olid  sphere,  all  whose  points  attract  those  of  tbe  ^<M  b  ^ 
inretse  ratio  of  the  square  of  the  dbtance :  bat  Id  tUs  e 
the  radius  of  thb  sphere  be  r.  the  nJoe  of  /» b  fi 
the  preccdinjf  equation  only  for  value*  ofr  o 
r  =  c  and  r  :r  o.     Wlran  tbc  attractloa  b  c 
palaive  furce,  it  b  only  ntummy  lo  change  the •%«■ 
that  we  shall  have 
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The  least  value  ofp  belongs  to  r  =  c,  and  will  be 

C 

It  must  be  positive,  in  order  that  the  liquid  stratum  may  not 
detach  itself  from  the  solid  body  and  be  dispersed  in  space;  con- 
sequently, the  external  pressure  11  must  surpass  the  quantity 

?2-i \d).     In  general,  it  is  necessary  in  the  equilibrium 

c» 

of  a  fluid,  that  the  value  ofp  the  pressure,  should  be  positive 
throughout  the  entire  extent  of  its  mass,  in  order  that  the 
contiguous  parts  may  press  against  one  another,  and  the  fluid 
be  not  separated. 

When  the  radius  c  is  very  great,  the  attractive  forces  di- 
rected towards  the  centre  of  the  sphere  are  sensibly  parallel, 
and  the  sur&ce  of  the  liquid  is,  for  an  inconsiderable  extent, 
sensibly  plane  and  perpendicular  to  the  direction  of  this  force. 
This  is  the  case  of  a  heavy  liquid,  which  will  be  particularly 
discussed  in  the  following  chapter. 

586.  If,  whatever  be  the  forces  of  attraction  or  repulsion 
directed  towards  fixed  centres,  which  act  on  all  the  points  of 
any  fluid  mass  abcd,  we  make 

xdx  +  Ydy  +  zdz  =  c/^ ; 

in  which  ^  denotes  a  function  of  the  coordinates  ar,  y,  z,  de- 
pending on  the  laws  of  these  forces  in  functions  of  the  dis- 
tances, equation  (3)  will  then  become 

dp  =  pd<^. 

In  order  that  it  may  subsist  when  the  density  p  is  variable, 
this  density  should  be  a  function  of  the  quantity  0 ;  and  con- 
versely, when  this  condition  is  fulfilled,  there  is  always  a  value 
ofp  which  satisfies  this  equation  of  equilibrium.  Now,  by 
equation  (4),  the  quantity  ^  is  constant  throughout  the  entire 
extent  of  each  stratum  of  level ;  therefore  in  a  heterogeneous 
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fluid  nnil  in  a  compreauble  Auid  in  oquililirio,  it  b  e 
tlint  the  liensity  should  bo  constant  tbroughoat  tltc  c 
tonl  of  the  satntt  strutuin ;  Bnd  ax  tbd  au|>er6cial  Ttmmr.  ^ 
jcct«d  to  a  given  constant  pressuK,  i%  a   Btrmtuta  ot  ind. 
it  is  likewise  necessary  that  it  should  have  tbe  t 
throughout  its  entire  extent(«). 

If  the  fluid  is  incomprcsuble,  ibe  denuty  p  ■■■y  bv  z 
fuuetion  whatever,  either  continaoiu  or  di»oontinaoos,  af  ik 
quantity  f ;  when  it  is  given,  the  iraJue  of /i  in  afaDctiaatrf^ 
may  be  obt&incd  by  integmtiog  the  fbnmUa  pcf^  mad  ioa- 
mining  the  arbitrary  constant,  by  mcana  of  the  coostaal  ic- 
giren  raagnitude  of  the  extental  prvMure. 

In  the  cuac  of  a  hetcrogeneoui  Liquid,  subjected  la  tb  i' 
tioii  of  a  central  force,  it  is  necessary,  in  order  tbat  thne  ■■ 
be  an  equilibrium,  that  its  maM  should  hv  compoacd  otee.- 
centriciil  spherical  strata,  whose  density  must  be  the  ^v 
throughout  the  entire  extent  of  each  of  lliem,  tlkoOgltU^ 
rary  arbitrarily  from  one  stratum  to  vioHiet^/).  lo  Hke  mm- 
niT,  if  ik'rcrul  heavy  linitrinnri-  rrnttiinrrl  in  n  in  niil.jl  ji  miii 
sary,  in  order  to  an  itguitibrium,  that  each  bortaoatal  mad  ia£- 
nttely  slender  strntum  hhuuld  consist  of  otjy  one  liqvd;  tin 
condition  will  be  satisfied,  if  the  upper  sur&cc  whicfc  is  «^ 
posed  to  be  subjected  to  the  action  of  a  coostaot  [in  smmi,  W 
the  surfaces  which  separate  two  consecutive  Uqaidi,  as*  ail 
plane  and  horizontal.  Moreover,  tn  order  tlut  tlie  i  niiiBhiiia 
may  be  stable,  it  is  necessary  that  the  dcnaittct  of  iW  a^a*- 
imposed  liquids  should  decrouv  from  the  lowest  lo  cl 
Btnitum,  in  onler  that  the  contra  of  gravity  of  lUa  % 
bo<Ucs  should  be  the  low  est  poanble  ( No.  348). 

fiST.  In  an  elastic  fluid,  the  denaily  is  c 
praasura  (No.fi8<)),  and  ronnnt  b«  arbitrarily  ■ 
the  case  of  an  tncompmsibla  ami  lirl 
divi<ilng  equations  dp  ~  pdf,  and  p  =  lf»,  iIm  omu  h 
ibote  rc«ul(« 
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If  the  temperature  be  every  where  the  same,  k  will  be  a 
constant  quantity,  and,  by  integrating,  we  shall  have 

t        n  ^ 

p  =  ne*,    p-^e^f  (6) 

*which  expresses  the  laws  of  the  density  and  pressure  in  the 
state  of  equilibrium  of  the  fluid ;  e  denoting  the  base  of  the 
Naperian  system  of  logarithms,  and  n  an  arbitrary  constant, 
which  expresses  a  certain  pressure,  that  may  be  determined 
from  knowing  the  pressure  in  a  given  point(g).  If  the  tem- 
perature varies  from  one  point  to  another,  k  will  likewise 
vary ;  but  in  order  that  equation  (5)  may  subsist,  it  is  neces- 
sary that  this  quantity  should  be  a  function  of  ^,  which  may 
be  arbitrarily  assigned.  Consequently,  the  temperature  must 
be  also  a  function  of  0,  and  therefore  it  is  constant  throughout 
the  entire  extent  of  each  stratum  of  level  of  an  elastic  fluid  in 
equilibrio.  This  condition  being  satisfied,  equations  (6)  should 
be  replaced  by  the  following, 

„  St         n  S^ 

When  the  centrifugal  force  and  want  of  sphericity  of  the 
earth  are  not  taken  into  account,  the  direction  of  the  weight 
of  the  molecules  of  the  air  is  towards  the  centre  of  the  earth, 
and  the  strata  of  level  are  spherical  and  concentrical.  There- 
fore,  in  order  that  the  atmosphere  may  remain  in  equilibrio, 
it  is  necessary  that  the  temperature  should  be  every  where  the 
same  at  the  same  height  above  the  surface  of  the  earth,  and 
that  it  should  only  vary  with  the  elevation  of  the  concentrical 
strata.  Now,  this  is  never  the  case ;  for  the  heat  of  the  sun 
acts  unequally  on  the  different  points  of  the  surface  of  the 
earth  and  of  each  atmospherical  stratum.  As  the  temperature 
depends  on  the  latitude,  it  is  not  possible  that  an  equilibrium 
could  have  place,  and  this  is  the  cause  of  those  permanent 
winds   which  are,  in  &ct,  observed  near   to   the  equator. 
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Moroorcr,  the  cooditiooaftbeeqaUibriinnoftHe: 
strata  can  throw  no  light  on  the  rariutioa  of 
the  vertical  direction ;  for  equation  (5)  obtuiu  w] 
be  th«  value  of  A  in  n  function  of  ^,  awl  conseqtiaitK, 
ever  may  be  the  law  of  this  rariation. 

When  the  man  \acD  h  composed  of  several  gaiwrf  JB 
rent  natures,  the  conilitioiM  of  eqailihritun  nsy  be  ■ 
in  two  diflt-reiil  wayn ;  when  thew  gasea  am  coniplftatj 
together,  so  as  to  constitute  a  periKlIf  boiDoge— ■ 
and  when  they  are,  on  the  coatnuy,  dbposet)  in  cbata, 
the  one  on  the  other,  so  that  tlkdr  aurfiKe*  of 
feces  of  level.  The  firet  case  obtaim  in  ma  mti 
which  the  com|)o«iitioii  hi  th(>  mmc  at  all  heists.  TUi 
of  perfect  mixture  i«  that  of  the  mott  stable  eqniUbrna ;  ■ 
when  two  different  ^ca  ore  placed  the  one  orer  thm 
&  vciittel  closed  on  all  sides,  they  will  hrnimii  i  iiiH— Mj  ■ 
feclly  mixed  tog^ether,  unless  we  take  care  to  aeem  Am  Ml 
which  contains  them,  from  the  slightest  aj^tatiom. 

588.  The  centres  of  the  allractive  or  Tvpal«j*«  fanM 
which  uct  oil  each  point  socfa  as  m  of  the  SomI  n^  a] 
may  he  all  the  other  mntcrtal  points  of  this  nu».  [■ 
case,  X,  Y,  z,  the  componenu  of  the  total  aceelerati^  I 
acting  on  the  point  h,  will  comittl  ofan  inlnutr  naafai 
terms,  and  if  we  suppoie  that  the  nalnral  law  of 
and  contraTy  to  reaction,  obtains  in  ibeir  mutoal 
and  repuUions,  and  that  besidet,  all  tbeae  pointa  an' 
to  the  action  of  the  »ame  extnueom  Gareea,  tbis  will  lal 
vent  them  from  being  eertidn  ftat»etioiM  of  v,  p,  x. 

In  the  case  of  nature,  these  mutual  aclioiH  are  of  twe 
ferciit  kinds ;  the  one  varies  in  tbc  inverse  n^  of  tW 
the  distance,  and  ibe  intensities  of  the  Dthet*  are  es] 
functions  wliich  decrvaaa  with  extreme  rapidity,  ao 
nliiea  are  only  tboi  acnaible,  when  the  JirtaDect  as 
t,  r,  I,  tbo  total  compoarnta  of  tbe  Ibma  of  Um 
ire  eompuicd  by  dlatribaiing  ibe  raaat  *bcd  ta 
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•mall  elements  (No.  98),  and  then  determining  by  the  integral 
cmlcolus,  the  sums  of  the  attractions  or  repulsions  of  all  these 
points,  along  each  direction.  With  respect  to  the  actions  of 
the  second  species,  which  are  properly  termed  molecular  forces, 
mud  which  are  attractive  or  repulsive,  according  as  the  attrac- 
tion of  the  ponderable  matter  is  greater  or  less  than  the  calo- 
rific repulsion,  they  ought  not  to  be  taken  into  account  in  the 
cmlculation  of  the  forces  x,  t,  z,  relative  to  an  interior  point 
M ;  for  it  is  precisely  these  molecular  forces,  which  produce 
the  pressure  /),  that  is  equal  in  every  direction  about  m,  and 
which  was  already  considered  in  forming  the  equations  oi 
equilibrium. 

It  results  from  this  last  consideration,  that  equations  (2)  of 
No.  582  are  the  necessary  and  sufficient  conditions  of  equili- 
brium of  all  the  forces,  the  molecular  actions  among  the  rest, 
which  act  on  dm  any  element  of  the  fluid  mass ;  so  that  the 
equilibrium  has  certainly  place,  when  there  is  such  a  value  of 
p  as  satisfies  these  equations  for  all  the  points  of  the  fluid, 
which  coincides  with  the  value  of  the  pressure  at  the  free  sur- 
fiu;e,  that  is  given  directly,  and  which  should  not  become 
negative  in  any  point,  in  order  that  the  parts  of  the  fluid  may 
xemain  contiguous. 

If  the  law  of  the  molecular  forces,  in  a  function  of  the  dis- 
tance, was  given,  and  if  we  could  deduce  from  these  forces  the 
expression  of  the  quantity  p  in  a  frmction  of  the  mean  interval 
of  the  molecules  (No.  98),  then  by  substituting  this  expression 
in  equations  (2),  one  of  them  would  determine  the  magnitude 
of  this  interval,  about  the  point  m,  in  the  state  of  equilibrium, 
and  the  two  others  would  express  the  conditions  of  this  equi- 
librium. The  numerical  value  of  p  would  then  result  from 
that  of  the  mean  interval,  or  from  the  corresponding  value  of 
the  density;  and  in  the  memoir  cited  above  (No. 576),  the 
author  has  explained  how  this  pressure  p  may  vary  in  a  very 
high  ratio,  for  the  very  small  variations  of  the  density  which 
are  observed  in  liquids.     But  as  the  direct  determination  of 
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the  pressure  p  U  impo««bl«,  tu  ralae  most  be  <iBJfJ  ^ 
the  conditions  themselves  of  uqalUhrimn,  or  E 
which  is  a  consequence  a{  them. 

When  the  point  m  is  situated  on  tlie  ntr&ec  of  (W  tut 
or  ii  less  distant  from  it  thui  tho  nuUm  of  actiritv«f  c. 
molecular  fom^s,  these  forccSi  iihI  the  rapid  raiiaiiaa  ti  . 
superficial  density,  should  be  Inkeii  into  ftccooDt  in  dM  air 
lation  of  the  components  x,  T,  t,  ind,  coowqnemly,  W  '. 
valuo  of  p  deduced  from  foTmula  (3).  There  resalB  t^ 
this,  an  influence  of  molecular  forces  on  tlie  6gm  tt  ti' 
6uid  in  cquillbrio,  which,  in  general,  b  Dot  wHwUe,  m- 
which  only  becomes  so  in  capilUry  ipocea.  In  thn  inM^ 
these  Arc  not  taken  into  acconnt ;  and  for  every  tKinf  se- 
cerning the  phenomena  of  capillary  forces,  Uie  ivmIk  it  tt- 
ferreil  to  the  new  theory  of  capillary  action  Utdy  p«U^ 
by  the  author. 

589.     If  8  homogeneous,  or  hctCTOgenao—  Ykpii  OH* 
uniformly  about  n  fixed  axis,  w«  can  by  neun  of  tW  | 
ccdinf^  formulte  determine  the  conditiuns  which  ne  i 
and  sufficient  to  be  satisfied,  in  order  thai  it  mayn 
maneiit  figure,  and  move  like  a  solid  body.     For  ll 
it  will  suffice  to  join  to  the  compouenU  x,  T,  B,  t 
centrifuf^l  force  which  result*  from  this  rotattDo. 

Let  tlien  the  axis  of  rotation  be  that  of  the  c 
r,  r  the  distance  of  nny  point  M  from  thit  Qne,  ao  tl 
hare 

let  a  denote  the  constant  anj^Ltr  velocity,  wUek  b  e 
(o  all  the  points  of  the  fluid,  rn  will  be  the  aboolute  i 
of  the  pmnt  M,  and  Mncv  it  descrilics  •  circle  whoae  raSs  i>l| 
the  value  of  the  centrifugal  force  will  be  rB*(No.  IT4>. 
this  force  acu  in  the  direction  of  the  prodoctian  uf  r,  iia  e 
ponenis  parallel  (o  the  axes  o!x  and  y  will  be  obtained  hy  ■ 

tiplying  U  by  -  and  ' ;  thb  givai,  for  their  n 


in 
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xn?  and  yaS  which  should  be  added  to  the  forces  x  and  Y ; 
and  as  the  force  z  is  not  changed,  formula  (3)  will  become 

rf/i  =  p  (x£fe  +  Yrfy  +  zdz  +  a^xdx  +  ah/dy).         (a) 

The  quantity  comprised  between  the  parentheses  will  be 
still  an  exact  diflFerential,  namely,  the  differential  of  the  func- 
tion ^  of  No.  586,  increased  by  ia'(a:*  +  y')  or  by  JaV. 
Consequently,  the  permanent  form  will  be  possible ;  and  if 
the  free  surface  of  the  liquid  experiences  a  constant  pressure 
tluroughout  its  entire  extent,  the  equation  common  to  this  sur* 
facej  and  to  all  the  surfaces  of  level,  will  be 

xdx  +  Ydy  +  zdz  +  o^  (xdx  +  ydy)  =  0.  (b) 

In  the  case  of  a  homogeneous  liquid,  it  will  be  sufficient 
to  determine  the  free  surface  by  the  integral  of  this  differential 
equation,  and  its  arbitrary  constant  can  be  determined  by 
knowing  the  entire  volume  of  the  liquid,  as  we  shall  see  im- 
mediately by  an  example.  In  the  case  of  an  heterogeneous  li- 
quid, it  is  moreover  necessary  that  it  should  be  composed  of 
homogeneous  strata,  whose  figures  may  likewise  be  deter- 
mined by  the  integral  of  this  same  equation,  and  which  will 
only  differ  from  the  exterior  figure  in  the  values  of  the  arbitrary 
constant. 

590.  Let  equation  (b)  be  applied  to  the  case  of  a  heavy 
homogeneous  liquid,  subject  to  the  action  of  g^vity  ;  let  it 
be  supposed  to  turn  about  a  vertical  axis,  and  to  be  contained 
in  an  open  vessel.  If  the  gravity  be  denoted  by  ^,  and  if  the 
coordinates  of  the  positive  zs  be  estimated  in  the  contrary  di- 
rection to  this  force,  we  shall  have 

X  =  0,     Y  =  0,     z  =  —  ^, 

consequently,  equation  (b)  will  become 

gdz  =  c?  {xdx  +  ydy) ; 

hence,  by  integrating  and  denoting  the  arbitrary  constant  by 
c,  there  results 
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+  /)  +  r. 


from  wlikh  it  appears,  that  ihe  free  fipire  of  itte  Uqad  ■ 
of  a  paraboloid  of  revolution,  whose  axis  will  be  ifaal  d 
rotation. 

In  order  to  determine  the  constant  ft  let  us  sappoM  iti 
Teasel  i«  a  vprttcal  cylinder  with  a  circular  base,  and  l«i  Ubk 
figure  be  that  of  the  coordlnato  :,  or  of  rotaUoa ;  let  iti  n 
be  a,  atiil  /i  ihu  lit-ifrlit  ttirou|;h  which  a  body  ibooU  b 
order  to  acquire  the  abwlute  velocity  of  th«  turfiwe.  m 
On,  no  that  we  may  have  a*a*~  2yJ^t  and,  i 
«  =  — Y  +  f ;  likewise,  let  b  be  the  bright  of  ibe  » 
the  commencement  «f  the  tnotioo,  *a*b  will  be  th*  i 
of  the  liquid,  which  remains  the  nine  durin)^  the  ■ 
now,  if  the  paraboloid  be  divided  into  infiuitcly  i 
lindrical  strata,  whofte  common  axb  is  that  of  the  uai  | 
z,  then  Sn-rr/r  will  he  the  base,  and  'iwznl^  the  « 
the  Ktnitum  of  which  the  radiuH  in  r,  and  the  i 
therefore,  the  entire  volume  will  be  obtained  by  intc 
ixsrdr  from  r  =  0  to  r  =  ct ;  hence  it  follows  that 


a'b 


='S 


zrdr. 


By  substituting  for  z  its  value,  and  perfbnatog  tba  i 
w«  obtain  for  the  value  of  e(A), 

.  =  4-1*. 

llie  equation  of  the  upper  surfiuv  will  tberdbn  b« 


Tbe  leut  and  prefttMt  values  of  x  which  belong  to  r  s  0^  fl 
r=ifl,  will  bel.—  JA,  indA-f  )A,  so  that  tlie  d 
tbe  liquid  almut  the  axia,  and  luelovotkia  at  tb*  d 
which  arc  produceil  by  th«  rotation,  will  b«lbeMMet  nrfd 
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▼alue  will  be  half  the  height  through  which  a  body  should  fall 
to  acquire  the  velocity  of  the  circumference. 

591.  When  the  forces  of  which  x,  y,  z  are  the  components, 
arise  from  the  attractions  of  all  the  points  of  the  liquid,  in 
the  inverse  ratio  of  the  squares  of  the  distances,  or  according 
to  any  other  laws,  the  total  values  of  x,  t,  z,  depend,  in  ge- 
neral, on  the  form  of  the  liquid  and  on  its  strata  of  level,  and, 
conversely,  this  form  depends  on  the  values  of  these  compo- 
nents. This  mutual  dependence  of  the  attractions  of  the 
fluid  and  of  its  figure,  renders  the  determination  of  the  latter, 
by  means  of  equation  (b),  extremely  difficult.  Even  in  the 
case,  when  the  fluid  is  homogeneous,  the  problem  cannot  be 
resolved  in  the  ordinary  case  of  the  attraction  varying  in  the 
inverse  ratio  of  the  square  of  the  distance,  except  on  the  sup- 
position, that  the  centrifugal  force  is  so  inconsiderable,  that 
the  fluid  differs  very  little  from  the  spherical  form,  which  it 
would  assume  if  this  force  was  cipher,  that  is  to  say,  if  the 
fluid  was  at  rest.  It  might,  in  this  case,  be  demonstrated  by 
an  analysis  founded  on  the  consideration  of  series,  but  which 
cannot  be  introduced  here,  that  the  figure  of  the  fluid  is  ne- 
cessarily that  of  an  ellipsoid  of  revolution,  whose  compression 
may  be  determined  by  means  of  the  magnitude  of  the  centri- 
fvLgti  force  at  the  equator,  compared  with  the  attraction  of 
the  fluid  at  this  same  point. 

But  it  is  easy  to  verify  the  above  statement,  namely,  that 
the  elliptic  figure  always  satisfies  equation  (b),  when  the 
velocity  a  does  not  pass  a  certain  limit,  and  that  then  there 
are  two  ellipsoids  of  revolution,  which  correspond  to  the  same 
value  of  this  velocity  of  rotation.  In  fact,  if  the  equation  of 
the  surface  of  the  fluid,  in  its  permanent  state,  is 

which  is  that  of  an  ellipsoid  of  revolution,  whose  axis  of  figure 
and  equatorial  diameter  are  respectively  2c  and  2c  / 1  +7*, 
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and  if  x,  y,  z  arc  the  components  of  the  accelcntiae  imtt 
arising  from  the  total  attraction  of  this  body  on  the  poisi « 
its  suriiatce  whose  coordinates  are  x,  y»  r,  estimated  alon;  *^ 
productions  of  these  coordinates,  that  is  to  say,  in  a  diivctM 
opposite  to  that  of  the  components,  the  ezpressioiis  of  mhi 
were  given  in  No.  106  ;  then,  by  changing  the  signs  of 
expressions,  and  observing  that  the  mass  of  the  ellipasM 
expressed  by  ^irpc^(l  -h  y^t  we  shall  have(t) 

X  =  ^  [r -(»  +  >')  arc  (tang  =  Y)]. 
Y  =  H3^  [y  -  (I  +y'')arc  (tang  =  y^l, 

y 

,  =  i5^(l+l!)i  [arc  (tang  =  ^)-,:; 
7 

in  which/cxpresscs,  as  in  the  numlier  just  cited,  the  ia 
sity  of  attraction  at  the  unit  of  distance,  and  between 
respectively  equal  to  unity.  It  will  l>e,  therefore, 
to  prove,  that  the*4c  values,  joiiuil  with  liquation  (o).  ^::<} 
e(|uation  (I)).  Now,  it' tlu*y  he  sul'^iitutotl  in  liii*  cti'.vj--" 
and  if  all  its  toriiT^  I»o  multiplied  l»y  7  •  which  iinp.it^  iha:  • 
is  n(»t  ciplicr,  l>y  inakinu^,  fur  concisi-iu'^'i. 

there  rebull> 

j  J7—  I  (I  +  7') arc  (taiiir  =  7  )  +  j-s '    (  /#/f  -f.  j/.*,, 
+  ( I  +  7* )  i»rc  ( lAUir  =  ^  )  —  7     :,fz  =  ti  . 

l»y  (litTorciitiatiiii^  (M|uation  (d,  uc  <»l»taiii 

r</,r  -♦-  ijfiif  +  M  -*-  7-)  :t/:  =  n  : 

and,  in  firdii  that  tlii'^  ditri-ii'iitial  KjiLitidii  i]ia\   (•;-..:   .    * 
till' |»''0cnliii:i,   ii  i'*  iii'tv^Hary,   and  it  ^iitlici**.    fl;.i'  u.    -...-. 
Iiavo 

\y  ^    I  (  I  ••■  7' )  :iii-  Many  —  -,  i    -  .  •■  "  =  ar^  f  !.it  ^  =  ^  »  —  ^ 
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or  by  reducing(A) 

3  +  /  -arc(taDg  =  7)  =  0;  (d) 

80  that  it  only  remains  to  ascertain  whether  this  equation  has 
real  roots,  and  to  determine  their  number. 

For  this  purpose,  let  its  first  member  be  represented  by  /3, 
and  let  a  curve  be  supposed  to  be  traced,  of  which  the  corres- 
ponding values  of  7  and  j3  are  the  abscissa  and  ordinate ;  this 
carve  will  cut  the  axis  of  the  abscissa  at  the  origin ;  however, 
the  root  7  =  0,  does  not  belong  to  the  question,  as  long  as 
the  velocity  a,  and  consequently  c,  is  not  cipher.  The  other 
roots  of  equation  (d)  are  equal  two  by  two,  and  of  contrary 
ngns;  but  it  will  be  sufficient  to  consider  its  positive  roots, 
since  equation  (c)  only  contains  the  square  of  y.  This  being 
nOf  if  the  differential  of  j3  be  put  equal  to  cipher,  we  obtain(/) 

€7*+  2  (6€  —  1) 7»+  9e  =  0,  (e) 

by  means  of  which  the  abscissae  corresponding  to  the  maxima^ 
or  futntma,  of  this  ordinate,  may  be  determined.  Now,  as 
this  equation  is  of  the  second  dcgpree  with  respect  to  7^,  it  fol- 
lows that  there  can  be  only  one  nmximum,  or  minimum^  on 
each  side  of  the  origin  of  the  abscissae,  hence  it  is  evident,  that 
the  curve  can  only  cut  the  axis  of  the  positive  abscissae,  beyond 
this  origin,  in  two  points,  so  that,  at  most,  there  will  be  only 
two  positive  and  real  roots  of  equation  (d).  Moreover,  we 
may  observe,  that  if  equations  (d)  and  (e)  have  place  for  the 
same  value  of  7,  the  curve  will(m)  touch  the  axis  of  the  ab- 
scissae in  a  point  which  corresponds  to  a  double  root  of  equation 
(d).     Now,  from  equation  (e)  we  can  deduce 

/2 


T' 


and  if  this  value  be  substituted  in  equation  (d),  there  results(ri) 


( 


1  +;^^)V+'y:t(r+V) = "'  ^"^"^ = '^ '' 
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aa  cqnatioD  wliicli  can  bare  only  one  positive  rml,  ho^ 
7  =  0.  l*bis  root  really  exittt,  and  its  ftpprosxaste  nW 
found  by  tria]  to  be 

y  =  3^393. 

"Die  correspotuiiiig  value  of  i  ta 

■  =  0,1)23; 

fromwluch  itfollows  UiBtferTilaetorilMillian  tU»A 
there  are  two  distinct  int4rrBect»oBi  oftlw  axes  of  tfcap 
abscissa*,  anit  two  unequal  roots  of  njualioii  (d) ;  i 
Tsloe  of  (,  these  intt^raectioiis  cottlcsce  into  a  e 
two  roots  become  equal ;  and  that  finally,  fat  | 
of  (,  equation  (d)  has  no  real  roots,  and  tbe  int«neet>aa»  fca*i 
not  place.  Il  is  certain  that  these  rooti  correapoDd  lo  tk  ^ 
values  of  c,  and  not  to  the  greater ;  for  when  t  =  x,  eqi— ias 
(d)  has  no  value  different  bom  dpber ;  and  on  tht  c 
when  ( is  a  very  small  fraction,  the  two  real  roots  of  lUi  a 
Uon  may  be  easily  dcterminn)  (o). 

niien  by  means  of  eqtmUon  (d),  the  two  I 
values,  which  answor  to  a  giwn  raloe  of  t 
ceding  fraction,  shall  have  been  dctrrnuDed,  tlie  i 
values  of  x,  v,  z  will  make  known  the  atiraetiaii  « 
in  any  point  whatever  of  its  interior  or  of  its  i 
I   tiie  values  of  c  can  be  deduced  ftom  the  rotnaM  a 
which  is  also  givirn.     When  the  value  oft 
lion,  wc  are  not  justified  in  concluding  that  i 
figxire  of  the  liquid  is  impossible,  but  only  that 
an  ellipsoid  of  revolution ;  for,  with  the  exreptioa  of  tW  b 
in  which  tliis  figure  is  supposed  to  diffor  little  fi 
sphere,  it  has  not  been  yet  demonslrau-d  thai  ttw  ci 
of  revolution  is  the  only  one  which  suits  the  cquUitKioi 
B— tiiftigal  fonn  and  of  the  mutual  aetiiMS  ot  tl 
h  has  not  been  even  proved  tliat  the  spbarc  b  the  owly  %ms 
wUdi  •  laid  nuua  at  rest  oaa  Mnaw*  wlwa  its  i 
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mutually  attract  each  other,  however  natural  it  may  appear 
to  be. 

592.  If  the  quantity  €  is  a  very  small  fraction,  equation 
(d)  may  be  satisfied  by  making  7  a  very  small  quantity.  We 
then  have 

arc(tang  =  7)  =  y  —  ^y^  -h  &c. ; 


1 


y 


1 


and  if  these  values  be  substituted  in  equation  (d),  we  obtain 
by  suppressing  the  &ctor  y,  which  is  common  to  all  the  terms, 
and  then  neglecting  powers  of  y  superior  to  the  first(p), 

15c 


7'  = 


which  corresponds  to  an  ellipsoid  very  little  compressed. 

As  the  two  semiaxes  are  c  and  c\^l  +  y^j  the  compression 
most  be  very  nearly  equal  to  ^  y' ;  a^c  may  be  taken  to  ex- 
press the  centrifugal  force  at  the  equator,  and  iir/pc  the  at- 
traction in  a  point  of  the  surface ;  which  would  be  the  exact 
values  of  these  two  forces,  if  the  body  was  exactly  spherical. 
The  ratio  of  the  first  to  the  second  is  3c ;  consequently  when 
a  homogeneous  fluid  turns  about  a  fixed  axis,  and  differs  very 
little  firom  the  spherical  fig^re^  its  compression  is  equal  to  five 
times  the  centrifugal  force  at  the  equator  divided  by  four  times 
the  attraction  at  the  surface(7).  It  may  be  also  demonstrated 
that  if  the  fluid  is  composed  of  strata  that  are  very  little 
compressed,  whose  densities  decrease  from  the  centre  to  the 
sorfiau^  the  compression  will  be  always  less  than  in  the  case  of 
homogeneity,  but  still  greater  than  the  two-fifths  of  that 
which  answers  to  this  ca8e(r). 

In  the  motion  of  rotation  of  the  earth,  the  ratio  of  the 
centrifugal  force  to  the  gravity,  or  to  the  terrestrial  attraction, 
is  about  9^  (No.  177)  at  the  equator.  Therefore  if  the  earth 
was  a  homogeneous  fluid  mass,  its  compression  would  be  ^^^, 
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the  two-fifths  of  ^hich  is  j^^;  ^^^  the  Tmloe  vhidi 
from  observation,  is  comprised  between  these  two  limits  ^  > 
the  case  of  a  fluid  mass,  whose  density  deereaflcs  friNB  dr 
centre  to  the  surface. 
By  making 

in  the  values  of  z  and  \^x*+  t',  and  then  developini; 
ing  to  the  powers  of  y,  we  find(«) 


—^(•  +  T? +  »«■). 


for  the  attractions  which  Iiave  place  at  the  poles  and  at  ik 
equator.  By  adding  to  the  second  the  centrifugal  forcv  aV. 
whose  value  is,  by  what  precedes,  4/irpctf  or  the  prwiucc  «' 

^7r//>r  and  -rj  ,  there  results 

for  the  weiy^lit  at  the  e<iuat<)r.  If  z  llie  ut-iirhl  at  iho  pile  St 
taken  from  this  exprc^«»ion,  ami  if  it  l>e  then  dividctl  hv  2.  «t 
obtain  (/) 

v/x-4-Y-  +  «-V  -  /       ,    J      ^ 

so  that  if  the  square  of  y-  l»e  neii leete<i,  ihi'i  ratin  i-*  ch]ili1  l*y 
the  conii»ri*>si«>n  \y'\  ami  eiui^eqiii'iitl),  fhi*  sum  i»r' ihi^***  i«-» 
f|uaiititi('<  in  eiiual  to  tivr  liiius  the  ei-iitrihi^Ml  forc^-  liivj^St^ 
by  t\\ioe  the  wrii^ht  at  iht*  i"|u.itnr,  eniifi'rma)»lv  lit  the  thi\'rv9 
tiled  in  Ni».  \%Un), 

III  this  sanu'  caM-  of  a  Vitv  •»mall  \aliii'  «»r  1,  i'i:ii.iri..:i  1. 

■  « 

may  br  alv)  ••ali'^tUMl  hv  nu'ai!>  oi  a  \i'rv  \:r\\n  *.i!uc  o:  ■* 
For  Huch  a  valtic  ol  >«  wc  h.iw  tlu'  iiUiitieai  i.qu.iti«i!i 
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arc(tang  =  'y)  z=  ^tt  —  arc  f  tang  =  -J  ; 

therefore  we  shall  have  in  a  converging  series 

arc(tang  =  y)  =  jTr-  -  +  J^  -.  J--  +  &c. ; 

7         7  7 

in  like  manner  we  have 


7*+3"7'   y 

and  if  these  developments  be  substituted  in  equation  (d),  a 
value  of  7  may  then  be  obtained,  arranged  according  to  the 
increasing  powers  of  €,  namely, 

7=7 +  &C., 

which  will  be  the  second  real  root  of  this  equation(t7). 

For  more  details  on  this  important  theory,  and  on  its  ap- 
plication to  the  figure  of  the  earth,  the  reader  is  referred  to  the 
second  and  fifth  volumes  of  the  Mechanique  Celeste. 

593.  There  is  an  essential  difference  between  the  surfaces 
of  level  traced  in  the  interior  of  a  liquid,  subject  to  the  mutual 
action  of  all  its  points,  and  those  described  in  a  fluid  the  points 
of  which  are  only  solicited  by  extraneous  forces,  that  is  to  say, 
by  attractions  or  repulsions,  which  emanate  from  fixed  centres, 
and  are  functions  of  the  distances  from  these  centres.  Let 
ABCD  (fig.  37)  be  the  free  surface  of  a  liquid  at  rest,  or  for 
greater  generality,  turning  about  a  fixed  axis.  Let  efgu  be  a 
voLiiAce  of  level  traced  in  its  interior,  and  let  r  be  the  resultant 
of  all  the  forces  which  act  on  m  any  point  whatever  of  this 
surface.  In  the  two  cases  adverted  to  above,  this  force  will  act 
in  the  direction  of  nmp  the  normal  at  this  poiirt ;  now,  since, 
in  the  second  case,  its  magnitude  and  direction  do  not  at  all 
depend  on  any  action  of  the  points  of  the  fluid,  it  will  continue 
to  be  perpendicular  to  the  surface  efgu,  though  the  stratum 
of  liquid  comprised  between  efgh  and  abcd  should  be  taken 
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away,  80  tliot  oTur  tliu  abstraction,  the  nquid 
BFOii  will  still  remain  Ui  njuUibrio;  bol  in  the  eiM«f# 
mutual  actions  of  thv  pointa  of  ibr  system,  thu  force  t  «iZ  * 
pend  on  the  action  of  this  inlrrior  liquid,  unci  on  tk^  3i  9 
exterior  stratum  ;  in  ^vneral,  iu  ma^iudc  and  drnni^  *i 
be  changed,  when  the  stratum  complied  betimn  ab^  *■ 
BFGU  is  suppressed,  and  the  ctguilibrium  of  the  flmd  ttr^m^ 
by  srr.H  will  no  longer  have  place.  In  order  Uat  il  Am 
be  reestablished,  the  form  of  the  surfiaoc  Kwcn  ahoaU 
changed,  so  as  to  become  perpendicular  in  eadt  poist  t»  U- 
part  of  the  force  R  which  reoulM. 

The  action  of  the  exterior  strmlun  comprised  bet^ewi «».  - 
and  EFGM,  will  be  nothing  on  all  tbo  points  of  the  ia^ar 
fluid  and  of  the  surface  efoh,  when  the  entire  nuns  of  Ike  1^ 
being  homogeneous,  it  deviates  very  little  from  thm 
figure,  and  itii  points  arc  only  solicited  by  tbcir  ■otaal 
tionain  the  inverse  ratio  of  the  t\ — T"fThTi  rfJitaiuM,  ad  •■ 
tlie  centrifugal  force.  In  fact,  all  the  wrfiues  of  lervl  an  ^> 
similar  ellipsoids,  and,  consequently,  the  stTanim  eoMpiw 
between  abco  and  r.rcH,  two  of  Utew  fnrfiwea,  doa  »» 
exercise  any  action  on  the  points  situated  in  tlie  ialoier^n 
(No.  105).  Ilul  tills  nullity  of  action  of  a  Mratnm  1 1 1  ■JMh  i 
by  two  sur&ces  of  level  on  the  interior  flnid,  is  mf  a  emtitim 
of  iheequilibrium  of  fluids;  for  if  the  forces  ba  ndi  m  hn« 
been  supposed  above,  it  bas  no  longer  pbee,  for  s  I  mbiiIi  slia 
the  liquid  is  heterogeneous ;  thts  neadeis  ihe  soriHas  «f  Itwri 
dissimilar,  though  they  are  still  elliptical,  and  sudi  ihM  tW 
ellipticity  of  any  surface  whalever  as  troB  itr|>saili  oa  At 
thickness  and  constitution  of  the  exterior  stntoB.  Sc« 
eAaniqvc  Celeste,  lom  ii.  p.  SA,  simI  fottowing  pages. 

In  the  case  of  bomogrneily,  the  elliplic 
between  Alien  and  BrnH,  may  be  takun  away 
plaaiore,  without  dmngiiif  the  squiltbriaBi  m 
form  of  the  Interior  fluid.  prorUad  that  the  ralodty  of  i 
nrndu  always  the  *amc.     But  then  an  aUo      ~ 


T  EQUILIBRIUM  OF  FLUIDS.  441 

^:  wluch  may  be  added  to  the  fluid  terminated  by  efgh,  without 
.J  deranging  its  equilibrium,  although  their  attraction  on  the 
.-  pmnts  of  this  liquid  may  not  be  cipher.  It  is  evident,  that  the 
•  exterior  sur&ce  of  the  additive  stratum  may  be  an  ellipsoid 
rimiilar  to  bfoh,  and  having  its  centre  in  a  point  of  the  axis 
,  of  rotation  different  from  the  point  o.  The  exterior  surfieu^ 
of  this  stratum  may  also  have  its  centre  in  this  point,  and  be 
an  dlipsoid  whose  compression  is  different  from  that  of  the 
interior  surfiu».  In  order  to  make  this  appear,  let  abcd  and 
^'B'cfD^  (fig.  38)  be  the  two  different  ellipsoids  which  satisfy  the 
condition  of  equilibrium  of  the  same  homogeneous  fluid,  turning 
about  a  fixed  axis  with  a  given  angular  velocity  (No.  591) ; 
likewise  let  bfgh  and  e^f^g'h^  be  two  surfaces  of  level  traced 
in  the  interior  of  these  ellipsoids,  respectively  similar  to  the 
exterior  sur&ces,  having  the  same  centre  o  as  these,  and  in- 
tersectiiig  at  the  point  m;  we  can,  without  deranging  the 
equilibrium  of  the  liquid  terminated  by  efgh,  add  to  it  the 
stratum  comprised  between  the  two  dissimilar  and  concentrical 
surfaces  efgh  and  k'b'c'd'.  It  should  be  observed,  that  not  only 
the  action  of  this  additive  stratum  on  the  points  of  the  interior 
liquid,  and  of  the  surface  efgh,  is  not  cipher,  but  that  this 
action  on  each  point  of  the  sur£ace  is  not  even  directed  along 
the  normal.  Thus,  at  the  point  m,  the  action  of  the  stratum 
comprised  between  the  surfaces  efgh  and  k'b'c't/  is  not  di- 
rected along  NMP  the  normal  to  the  first  surface;  for  the 
action  of  the  interior  liquid  terminated  by  this  surface,  is 
already  directed  along  nmp,  and  if  the  action  of  the  additive 
stratum  had  also  this  direction,  the  action  of  the  entire  mass, 
terminated  by  the  surface  k'b'c'd'^  would  be  still  directed  along 
this  normal,  while  we  know  it  should  be  directed  along  n'mV, 
the  normal  to  eVg'h^  the  other  surface  of  level. 

Whatever  may  be  the  nature  of  the  forces  which  act  on  a 
heterogeneous  or  homogeneous  fliud  mass  turning  about  a 
fixed  axis,  we  should  not  forget  that  the  sole  condition  of 
equilibrium  is  the  existence  of  a  quantity  p  which  satisfies 
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equation  (a),  am)  which  miut  be  cipher  or  comstsM  at  tkt  r^ 
auT&ce  of  the  liquid.  AU  other  condition*  wlueh  «»  x 
wish  to  add  to  thin,  arc  olrmd)'  rompiued  in  i^  ar  tf  Mt.  (' 
fquililirium  cannot  have  place. 

594.  Among  the  different  taws  of  atttactiaii,  iWw  ■  *- 
which  is  not  that  of  nature,  but  which  ponoae*  •aw  mart 
ablu  properties.  This  law  h  that  of  a  mutual  aeCiMi  b  u 
direct  ratio  of  the  distance,  and  one  of  the  [Hinwillw  M  wkv 
we  refer  is,  that  the  resultant  of  the  actions  of  all  the  poiM  * 
a  body  on  any  poiut  whatever,  in  independent  ei  the  &■■  »= 
constitution  of  this  body,  whether  hoino|[encott»  m  hwc- 
geneous,  and  is  the  same  as  if  the  entire  torn*  was  oomim*^- 
into  its  centre  of  gravity  (z). 

In  foct,  if  f ,  y,  z  be  the  coonlinatn  of  the  alinwtad  f^i- 
ae',  ff,  *',  thoM  of  an  attracting  point,  t*  (^  imirw  of  tUi  » 
cond  material  point,  ii  the  distance  of  the  two  fMints,  V*  ^ 
accelerating  force  directed  from  the  fiiM  pidot  towarda  th»  h- 
cond ;  k  being  a  constant  cocffidMit,  the  compoaeniB  of  ife 
force  in  the  direction  of  paralleli  to  the  axes  of  the  i  rMifiiaMr 

drawn  through  the Bttiaoted  point,  will  be  A^(j^—x),Afi(j'-l' 
A^(2'— -z),  for  the  co^e»  of  tb«  aaglea  which  its  d 
moke*  with  the«e  line*  are  the  diffcmtoea  ^—r,  ^—Jh  '''1 
divided  by  u,     Coiueqaently,  if  the  total  compooenb  «f  I 
accelerating  force  of  the  attracted  point  be  x,  T.  a,  w<  • 
have 

X  =  kSftz' -  kstfi, 

z  =  Al>^  -  JUS^  : 
in  which  the  Hmu  X  ezlctid  to  oU  th«  pouts  of  tJM  j 
body.     Now,  if  tlie  entire  maaa  of  this  body  be  iWaofc 
and  the  three  coordinates  of  iu  centre  of  gisnty  lyj*\tpttl 

we  ihall  ha^-e 
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consequently,  there  will  result, 

X  =  Am  (xi  —  x)f 
Y  =  Aw(yi-y), 
z  =  Am  (zi  —  z) ; 

equations  which  evidently  contain  the  proposition  to  be 
proved. 

If  these  values  of  x,  y,  z  be  substituted  in  equation  (b), 

a* 
and  if  we  make,  for  conciseness,  7—  =z  c,  there  results 

km 

(xi— a:)cfo  +  (yi-  y)dy  -f  (Zi>-^z)dz  +  t{xdx  +  ydy)  =  0 ; 

hence,  by  integprating  and  denoting  the  arbitrary  constant  by 
c,  we  obtain 

This  equation  will  be  that  of  the  sur&ces  of  level  in  a 
liquid  turning  about  the  axis  of  z,  and  whose  points  are  at- 
tracted in  the  direct  ratio  of  the  distance;  it  shows  that  all  these 
surfiEices  are  concentrical,  and  of  the  second  degree.  More- 
over, if  the  origin  of  the  coordinates  be  transferred  to  their 
common  centre,  that  is  to  say,  to  the  centre  of  g^vity  of  the 
fluid,  the  first  powers  of  the  corresponding  coordinates  must 
disappear,  which  cannot  be  the  case  unless  Xi  =  0,  y,  =  0, 
^1  =  0(y).  The  preceding  equation  will  be  therefore  reduced  to 

^'+(l-€)(;r«  +  y»)  =  c;  (f) 

consequently,  the  surfaces  of  level  are  ellipsoids,  or  hyper- 
boloids  of  revolution,  according  as  c  Z  1 ,  or  c  >  1 ;  and,  in 
each  case,  they  have  the  same  axis  of  figure,  which  is  the 
axis  of  rotation.  When  the  volume  of  the  liquid  is  given,  the 
hypcrboloid  is  not  possible,  except  when  the  fluid  is  contained 
in  a  vessel,  and  then  equation  (f)  is  solely  applicable  to  the 
free  part  of  its  surface.  Therefore,  when  €>  1,  the  perma- 
nent figure  of  a  licjuid  which  is  free  on  all  sides  is  impossible, 
in  the  case  of  such  forces  as  wc  have  just  considered.     If 


It  is  remarkable,  that  in  this  example,  tbe  Uw 
sities  of  tbe  Btrata  bas  no  inflaence  on  its  exterk 
on  that  of  its  strata  of  lerel(z}. 


CHAPTER  III. 

OP  THB  EQUILIBRIUM  OF  FLUIDS  ACTED  ON  BY  GRAVITY. 

595.  If  in  a  vessel  abcd  open  at  its  upper  sur&ce,  and  of 
which  the  horizontal  base  ab  rests  on  a  fixed  plane,  a  heavy 
homogeneous  liquid  be  poured  to  the  height  a'b',  then,  in 
order  that  this  liquid  should  be  in  equilibrio,  it  is  necessary 
that  the  free  surface  a'b'  should  be  horizontal  or  perpen- 
dicular to  the  direction  of  gravity,  and  this  equilibrium  will 
not  be  deranged  if  a  constant  pressure  of  any  magnitude  what- 
ever be  made  on  this  surface. 

The  pressure  referred  to  the  unit  of  sur£eu;e,  will  be  the 

same  throughout  the  entire  extent  of  each  horizontal  section 

of  the  liquid.     If  it  be  denoted  by  p  at  the  depth  z  below 

a'b^  and  if  the  constant  density  of  the  liquid  be  denoted  by 

p,  and  the  gravity  by  ^,  then  by  equation  (3)  of  No.  583, 

we  shall  have  dp  zz  pgdz.     Hence,  by  integrating,  we  shall 

obtain 

p  =  pgz  +  n; 

n  being  the  exterior  pressure,  which  will  be  generally  the 
atmospherical  pressure  corresponding  to  2;  =:  0.  This  con- 
stant pressure  will  be  transmitted,  without  alteration,  on  all 
the  elements  of  the  sides  of  the  vessel,  and  of  the  bodies 
plunged  in  the  liquid ;  and  it  should  be  added,  in  each  point, 
to  the  variable  pressure  due  to  the  gravity  of  the  liquid.  It 
will  be  therefore  always  easy  to  take  it  into  account ;  and,  for 
greater  simplicity,  we  can  suppose  it  equal  to  cipher,  and 
thus  reduce  the  preceding  equation  to 

p  =  pgz. 
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Let  b  denote  the  area  of  the  base  ab  of  the  nil,  t  * 
catira  pre««ure  exerted  cm  this  Ihisp,  k  llie  tfistanoe  of  x'lf  %m 
thifi  »une  base,  or  the  height  of  the  liquid,  elm  wr  nbA  ^ 
at  the  »iune  dme 

JsA,     T~bp=pgb^; 

from  which  it  appears,  iliat  ihc  presHire  exertetl  oo  tb  hv<- 
zontal  base  of  a  ve«t^■],  \*  cqaal  to  th«  weiglit  of  a  cjaafc 
filltMl  with  the  liquid,  whose  ba«e  is  equal  (o  that  nf  tbr  r 
and  height  that  of  t}ie  liquid,  to  that  the  i 
will  be  consequently  pfth  and  M. 

Tills  pressure  !■  is  therefore  iDdepcndoni  of  tb«£acad'|i 
vessel ;  so  that  if  three  vessels  represented  by  fif .  40,  I 
c«}ual  bases,  and  placed  on  the  aame  boriamttBl  < 
filled  with  the  »ame  liquid  to  an  eqoal  hcigfat,  the  f 
eserted  on  their  bases  are  equal,  altfaoogb  one  of  tbr  * 
may  be  a  right  cylinder,  another  a  tcsmI  of  the  (arm  ^  > 
truncated  cone  resting  on  its  leaacr  base 
cone  resting  on  its  grcakcr  hue.  The  e 
each  of  the  thn-c  bases,  is  the  weight  of  the  liquid  iwil^' 
in  the  cylindrical  vessel ;  this  remarkable  result  h  MIj  cm> 
finned  by  experiment. 

In  the  case  of  several  liquid*  pbecd  one  ont  the  ulhar  is 
a  vessel,  it  wiU  be  sufficient  and  ncccMary,  in  ord«  ta  iBi«« 
their  equilibrium,  that  the  surfiice  of  aepamtiaa  of  tww  *m- 
secutive  liquids  should  be  horitontal  (No.  386)  ;  aid  ia  kt 
if  tliis  i*  the  cose,  each  new  liquid  will  exm  on  >U  the  p 
of  iu  base  a  constant  pressure,  which  will  not 
e()uilibriura  of  the  inferior  liquid.  l*he  total  p 
on  the  Iwttnm  of  the  vt>fl»cl  nay  be  ddcnmncil  la  (!■  I 
lowing  manner. 

5iN>.   Let  a  new  liqtud,  Ihc  density  of  wU 
pouml  on  the  fluid  in  oqoilibrio  in  the   vmm-I   kscp  {% 
39),  and  then  If  its  ■nperior  sur&ee  s"  n"  W  hnriaowtal,  I 


that  (if  the  Snt,  thcac  two  flnitb  vtU  be  ii 


ninilibri 
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vessel,  and  if  A'  be  height  of  a^'b"  above  the  level  of  a'b',  and 
V  the  area  of  a'b^  which  is  the  base  of  the  second  fluid,  it  will 
exert  on  this  base  a  pressure  equal  to  p'gh'V.  This  pressure 
will  be  transmitted,  through  the  intervention  of  the  inferior 
liquid,  on  ab  the  bottom  of  the  vessel,  and  the  area  of  ab 
being  denoted  by  6,  there  results  from  it  a  pressure  on  this 
plane  sur&ce,  expressed  hy  p'gh'b  (No.  577);  consequently, 
the  entire  pressure  exerted  by  the  two  fluids  on  the  horizontal 
btse  of  the  vessel,  will  be  pghb  +  p'gh'b* 

If  a  third  liquid,  whose  sur&ce  a'^'b'^'  is  also  horizontal,  be 
poured  into  the  vessel,  the  equilibrium  will  not  be  deranged;  p*' 
being  its  density,  h"  the  height  of  its  level  a'^^b'^'  above  a^'b^^, 
the  upper  surbce  of  the  second  liquid,  and  V  the  area  of  this 
last  surfiu^,  this  third  liquid  will  exert  on  its  base  a'^b'^  a 
pressure  equal  to  p"gh"l/'j  which  will  be  transmitted  by  the 
second  liquid,  and  become  p"ghl'V^  on  a'b',  or  V^  the  upper 
sorfiBMse  of  the  inferior  liquid ;  this  pressure  will  be  transmitted 
in  like  manner,  by  the  intervention  of  the  inferior  liquid,  and 
become  pgh!'h  on  the  bottom  of  the  vessel ;  consequently,  the 
three  superimposed  liquids  will  exert  on  the  bottom  of  the 
vessel,  a  pressure  equal  to  pgUb  +  p'gKb  +  p'gK%  or  to 
{ph'k'9hfArp"h")gh. 

By  continuing  in  this  manner,  it  is  evident  that  when  any 
number  whatever  of  liquids  of  different  densities  are  super- 
imposed and  in  equilibrio  in  the  same  vessel,  the  pressure 
which  they  exert  on  the  horizontal  base  of  this  vessel,  depends 
only  on  the  extent  of  this  base,  on  the  thicknesses  of  the  dif- 
ferent fluids,  and  on  their  densities.  In  the  case  of  a  cylin- 
drical and  vertical  vessel,  it  will  be  equal  to  the  sum  of  the 
wdghts  of  all  the  fluids ;  and  it  will  not  change  with  the  form 
of  the  vessel,  provided  that  neither  the  extent  of  its  base,  nor  the 
thickness  or  density  of  each  liquid  undergoes  any  change. 

As  thb  result  is  independent  of  the  thickness  of  the  hori^ 
zontal  strata,  it  subsists  even  when  these  strata  are  infinitely 
slender,  that  is  to  say,  when  the  density  of  the  fluid  mass 
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Tories  by  continuous  ilegrccs  in  tlio  v««tieBl  < 
consequently  correaponds  to  the  ease  of  rnmim  amhia  i 
It  is  equally  true  wlien  the  ^vity  varies 
to  n»oth«r  with  tlte  dcnHity ;  tJtiti  is  the  ckm  whm  fW  I 
of  tW  liquid  cannot  lie  lu^lpcted  rrUtiwly  to  tlw  i 
tfae  earth.      This  also   may  be  infemd   from   the  i 
dp  =  pijd:,  which  oblnina  in  the  equilibrium  of  all  ftm 
ther  coinprea^hl«  or  not,  and  In  wbicfa  the  gfttty  f^  J 
tlie  density  p,  may  be  HUppowd  to  be  futtctioiia  of  ik  « 
ordinate  z. 

597 .  Let  i»  now  consider  the  equUibriiim  of  ItqaUi  ■ 
to  the  action  of  gravity  contuined  in  seren)  i 
may  flow  through  lateral  openings  from  the  one  to  tl*  M 
If  all  these  openings  arc  closed  nl  once,  the  eqntlibriiaa 
not  be  deranged  ;  it  is  therefore,  in  the  finl  pl^sttt  I 
that  the  liquids  shoulil  be  arnin|fi!d  in  each  rcmd,  te  || 
strata;  but  this  condition  is  nol  fuffident,  umI  it  mf 
sary  that  when  the  openings  are  not  eloaed,  a  c 
should  subsist  Vtvreen  the  eleraliontof  that  liquids  iallv^ 
rent  vessels,  which  will  deptMid  on  tlie  latin  of  their  A 
If  the  same  liquid  is  cuntain<^  in  the  different  c 
eating  vessels,  (he  level  of  this  liquitl  most  be  the  ta^  Im  » 
these  vessels.     For  if  a  bomogeneaus  liqoiil  n  mntiJiwi  J 
two  vessels  fur  example,  which  communicate  Utenliy  hf  4 
canal  BF  (tig.  41),  and  which  an-  ptoenl  on  fised  I 
planes;  and  if  this  liquid  risrt  to  ab  in  one  of  thaa 
and  to  CD  in  liie  other,  if  these  two  boci 
not  exist  in  the  same  plane:,  m  that  when  tk«  f 
the  section  of  one  of  the  TvsseU,  ts  prodoeMl,  it  na^fl 
the  other  reiwel  tn  a  section  afl,  situated  lowvr  thaa  al^  \ 
ibe  disinnee  S,  then  if  in  this  state  the  eqwUbriiUB  m 
will  not  be  dennged  by  subalitating  for  the  a|iai  ■ 
a  Axed  plane ;  the  fluid  contjuned  between  ab  miJ  a^  < 
exert  on  a0  a  prvssurv  equal  to  pfy^  i  deoodng  Im  i 
■ity,  and  y  the  arm  of  this  seotjon  m^ ;  this  | 
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£-  transmitteil  by  the  intervention  of  the  liquid  contained  in  the 

r  two  vessels  to  the  plane  cd  ;  and  there  will  result  from  it,  a 

1  pressure  on  this  horizontal  plane  directed  upwards,  and   ex- 

^  pressed  by  pgyc^  c  denoting  the  area  of  cd.     Consequently, 

:  if  the  plane  cd  be  removed,  the  equilibrium  will  not  have 

:  place,  unless  S  the  difference  of  level  of  the  liquid  in  the  two 

:   vessels  be  cipher ;  which  was  proposed  to  be  demonstrated. 

r  The  two  sections  ab  and  cd  being  comprised  in  the  same 

:   i^ane,  if  a  liquid  be  poured  on  ab  to  a  height  a'b',  and  if  its 

density  be  denoted  by  p\  it  will  exert  on  ab  a  pressure  equal 

to  p'gbh ;  b  being  the  area  of  ab,  and  A  the  distance  comprised 

between  the  horizontal  sections  ab  and  a'b'.     This  pressure 

will  be  transmitted  on  cd,  where  it  will  be  equal  top'gchy  and 

it  will  act  from  below  upwards ;  in  order  to  destroy  its  effect, 

the  vessel  should  be  closed  by  a  fixed  plane  at  cd,  or  a 

fluid  should  be  poured  on  cd,  the  pressure  of  which  on  cd 

should  be  equal  and  contrary  to  pgch.     In  this  last  case,  if  the 

fluid  rises  to  cV,  and  if  its  density  be  denoted  by  /t>y,  and  the 

distance  comprised  between  cd  and  c'd'  by  A,  the  pressure 

exerted  by  this  fluid  on  cd,  will  be  p^ghc ;  and  so  that  in  order 

to  an  equilibrium,  we  should  have  pjk  =  p'h. 

Therefore,  it  appears,  that  when  different  liquids  contained 
in  communicating  vessels,  are  in  equilibrio,  their  densities 
should  be  in  the  inverse  ratio  of  their  heights  above  the  sec- 
tions of  these  vessels  made  by  the  same  horizontal  plane.  If 
new  liquids  be  [K)ured  over  those  which  have  been  now  con- 
sidered, it  will  appear  in  the  same  manner,  that  denoting  the 
thicknesses  of  the  liquids  in  one  of  these  vessels  by  A,  A',  h'\ 
&c.,  and  their  densities  by  p',  p'\  p"\  &c.,  and  representing 
the  corresponding  quantities  in  the  other  vessel,  by  A,  A,,  A,,, 
&c.,  pi^  pffi  p„fi  &c.,  the  equation 

p'h  +  p''h'  +  p'^A"  +  &C.  =  pic  +  p,fi^  +  p,nK  +  &C., 

must  obtain  ;  hence  it  results,  that  the  pressures  referred  to 
the  unit   of  surfeuw,   will  be  equal  on  the  two   upper  sur- 
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ritci*s  AO  and  ci>,  of  the  hnmogvnpoua  liquid  wUrh  « 
L-al(4  betwnm  the  vm^clo,  ui<l  il  may  1>c  nthrr  il 
dtmraty  is  ^',  or  thut  of  which  thrdcnaity  in  ^,,  or  ■ 
rally,  any  other  liciui<l  wW^ovvi^r,  provided  ttnt  die  d 
&c«>  AB  anil  CD  whidi  tenniiialc  il,  eztM  in  ili«  « 
plane. 

It  may  obwrrvcd,  that  infinitely  tlun  strati 
cliiTervul  veaitels,  and  containerl  bctwrrn  llir  « 
plane*,  will  experience  the  same  prcviare  refr 
i>f  Rurfacc  ;  hut,  ahove  tito  plane  which  lemunatea  ■ 
liquid,  ihey  may  contain  different  li()u»d« ;  «o  tiul  Arl 
|)frtie«  of  Ktruta  of  level,  or  iImmo  nhicfa  ar«  r 
the  direction  of  gravity,  have  place  tu  to  cqvaUtp  tffpi 
but  not  as  to  the  himotjauity  o/ the  h'pn'd{So.5S6^,  «Aa 
lhe»e  strata  are  acparaUHl  hy  fixwl  planm. 

5dH.  The  lawK  nf  the  cquUihnum  of  heavy  floi^  la  c^ 
munimiiuji;  veft^elt,  are  n»«ceptihlr  of  a  ^resi  HttabcT«(» 
plications  we  Hhall  restrict  our»el»e*  to  the  c 
thow  that  aiT  most  common. 

That  which  fir«t  pre^enU  itself,  and  wkidi  we  aWI  ■ 
Mate,  is  the  theory  of  levellin|^  and  of  iiutn^KM 
have  been  termed  kveU. 

In  the  typhon,  the  two  brenehm  of  which  at«  opca  al 
upper  part,  and  which  conUumt  water,  or  any  atVm  I 
tlie  equililinum  ha-*  place  when  the  two  pxtrenkiM  af  d 
liquid  are  compri»e<l  in  the  •tame  plane,  wluiever  tWtt 
ludr  of  the  atmiMpherieal  prew«ure  at  tlu«e  two  p 
'I'he  rquilihrium  may  oImi  exi<t  In  the  inverted  « 
vided  tluit  then  the  pre«urv  of  the  atnavphoiv  h 
mag^tude. 

Lrt  ABC  (fi^.  4S)  be  ihb  nverted  l«be,  ■  ito  I 
I  and  r  the  points  at  which  the  liqidd  b  i 
two  hranche*,  and  which  air  sitoated  in   iIif  i 
plane.     If  />  denote  ihr  deiuity  tif  the  liquid,  wid  k  tfc*  k 
of  ihepulnl  a  abure  llii*  plane,  the  [iiimiih.  on  tli»  i 
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irface,  exercised  by  the  liquid  on  these  points  e  and  f  ivill  be 
^ual  to  pgh ;  and  if  11  be  the  pressure  with  which  the  at- 
lospheres  urges  each  of  these  points  upwards,  we  should 
ave  n  >p^A,  or  at  least  n  =  pgh^  in  order  that  this  pressure 
lay  prevent  the  liquid  from  flowing  out.  In  the  second  case, 
he  pressure  on  the  point  b  will  be  cipher ;  in  the  first,  it  will 
le  equal  to  n  —  pgh  ;  if  n  Z  pgh^  the  pressure  at  the  point  b 
n]l  be  negative,  the  liquid  will  be  separated  at  this  point,  and 
rill  flow  out  through  the  two  branches  of  the  syphon.  More- 
•ver,  in  the  inverted  syphon,  the  equilibrium  of  the  liquid 
I  but  instantaneous,  and  can  only  obtain  in  consequence  of 
he  adherence  of  its  molecules  among  one  another,  or  to  the 
Qterior  of  the  tube ;  from  the  instant  that  its  extremity  f  is 
ver  so  little  below  or  above  its  extremity  e,  the  excess  of 
he  atmospherical  pressure  above  that  of  the  liquid  is  greater 
T  less  at  the  point  e  than  at  the  point  f,  and  the  liquid  flows 
hrough  the  branch  bc  or  the  branch  ba  of  the  syphon.  In 
he  common  application  of  this  inverted  tube,  the  shortest 
»ranch  ba  is  plunged  in  a  vessel  h,  containing  the  liquid  that 
ises  to  the  [K)int  d  of  the  tube,  then  a  vacuum  is  made  by 
xhausting  the  air  contained  in  this  tube,  the  liquid  rises 
bove  its  primitive  level  until  it  reaches  b  the  summit  of  the 
ube,  and  it  then  descends  to  the  point  c,  and  thus  flows  out 
t  this  extremity  of  the  tube.  The  flowing  out  of  the  liquid 
tops  when  the  point  d  is  so  depressed  in  the  branch  ba  that  it 
•ecomes  lower  than  the  point  c  ;  this,  however,  never  can  be 
he  case,  since  ab  is  supposed  to  be  the  shorter  of  the  two 
ranches  of  the  tube  (a). 

The  hydraulic  press,  the  invention  of  which  is  attributed 
)  Pascal,  consists  of  a  prismatic  vertical  vessel  h  (fig.  43), 
pen  at  its  upper  part,  and  filled  with  water  to  ab.  A  lid 
9ver  placed  on  ab,  while  it  fits  the  vessel  accurately,  can 
ide  along  its  sides  ;  and  below  ab  there  is  an  opening  c,  to 
hich  a  bent  tube  ode  is  fitted,  whose  vertical  branch  db  is 
pen  at  its  upper  part  e.  The  water  in  the  vessel  flows  through 
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the  oriBce  c,  and,  on  nccount  of  ihe  wo^ht  of  the  e 
on  AB,  tilts  liquid  mes  in  ih<^  lube  db  to  a  puiot  ». 
aborc  tlic  production  of  this  homcoiiuJ  tectioa  hm. 
bcinj^  so,  if  an  additional  wriglit  x  be  atldvf)  to  Um  • 
the  cov«r,  the  liquid  will  dr»ocnd  to  a'b'  io  the  riMil  ■ 
me  to  F'tntW  tulw  DK.    By  ihtit  adJitiun  of  s.  thrn 
the  unit  of  Hurfticv  will  W  h^-kIittoo  a'b'  than  oa  Aa.  b 

quantity  j,  b  denoting  the  arc«  of  the  borixontsl  «c«tifa  rf^t 

at  the  same  timo,  tlii'  pr«»ur«  on  the  unit  nf  niifaiii  lai^ 
to  weight  of  wfitor  coDtained  in  the  renica)  tube  dk,  «3  ■ 
iiicKtued  by  the  quantity  pifx,  p  dcnotiufp  the  dnmiv  «f  ito 
liquiil,  and  Jt  tlu'  elevntion  of  the  point  r'  aborc  the  f«« ' 
ThcTofotv,  in  onlcr  that  thr  njmlibRuni  may  miIma,  * 
must  liavc 

tax  equation,  by  ineanH  of  which,  when  ^  is  i 

weight  X  will  he  known.     Care  fthould  be  taken  lo  i 

•uriiice  b  very  considerable,  in  which  cm 

water  in  the  vertical  tube  majr  oomspond  to  wrj-  \ 

on  the  movouhlc  cover,  and  thus  enaUe  as  to  mtm 

1'he  horizoiitul  KcctioD  of  the  tube  is  vefy  tmall  with  r 

ht  conMMjut-nlly.  the  dcprmdoiu  of  the  cover  in  iW  d 

arc  very  iinull  relatively  to  the  cleratiora  of  the  Ij 

tube  ;  for  if  y  be  the  tliktance  coin|trii«>d  between  k 

uid  c  the  horisonlal  MKtion  of  the  lube,  we  fehall  k 

becauM  the  entife  volume  of  the  water  moM  be  iavi 

fine,  it  b  not  neeeasary  that  the  tube  db  i 

irertical  or  cylbdiJml  t  and  by  the  pfcoedbK  I 

rolue  of  s  can  be  alwayn  obtained,  |WaTided  thai  «  ii  I 

distance  compriied  betWMTi  the  two  levela  of  the  h^^l 

r  and  f. 

A  baromtttj'  ia,  in  f|;em!ral,  a  tube  aoc,  (tg.  44),  «|| 
branches  ba  nml  uc  are  vrrtical,  ami  it  b  rlitinl  Mai 
extremity  of  n  4,  tind  u|>rn  at  c  the  rxtroiity  of  »c.     A  fi 
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feet  vacuum  is  made  in  this  tube,  and  then  mercury  is  poured 
into  it,  which  rises  to  d  in  the  branch  ab,  and  to  a  less  height 
Mf  in  the  open  branch  cb.  If  through  the  point  e  a  hori* 
sontai  plane  be  drawn  intersecting  the  branch  ab  in  f,  the 
mercury  situated  below  this  plane  will  be  in  equilibrio  of 
itself;  and  in  order  that  this  state  may  continue,  the  pressures 
on  the  unit  of  surfoce  which  are  exerted  at  f  by  the  mercury 
WD,  and  at  E  by  the  atmosphere,  must  be  equal  to  each  other. 
Hence,  if  IT  denote  the  pressure  of  the  atmosphere,  m  the 
density  of  the  mercury,  and  h  the  vertical  height  of  the  point 
D  above  the  point  f,  that  is  to  say,  the  difference  of  the 
levels  D  and  f  of  the  fluid  in  the  two  branches  of  the  barome- 
ter ;  mgh  will  be  the  value  of  the  pressure  of  the  mercury  at 
the  point  f,  and  consequently,  we  shall  have 

mgh  =z  n. 

If  the  branch  bc  be  supposed  to  be  prolonged  vertically  to 
the  extremity  of  the  atmosphere,  the  equilibrium  will  not  be 
deranged;  hence  then  the  atmospherical  pressure  which  is  in 
equilibrio  with  that  of  the  mercury,  is  in  &ct  the  weight  of 
the  air  contsdned  in  a  vertical  cylinder,  extending  indefinitely 
into  the  atmosphere,  and  having  for  its  base  the  unit  of  sur- 
£ace :  it  depends  on  the  decrease  of  the  gravity  according  as 
we  ascend  above  the  surface  of  the  earth,  on  the  density  and 
temperature  of  the  strata  of  the  air,  and  on  the  quantities  of 
aqueous  vapours  which  they  may  contain.  As  this  weight 
varies  in  the  same  part  of  the  earth,  h  the  height  of  the  baro- 
meter varies  also,  its  magnitude  changes  also  in  consequence 
of  the  action  of  the  parts  of  the  winds  whose  direction  is 
vertical,  and  which  render  the  pressure  of  the  atmosphere 
greater  or  less  than  it  would  be,  if  the  air  was  in  a  state 
of  repose ;  at  Paris  the  mean  value  of  A  is  0'*,76.  If  any 
other  liquid  be  substituted  in  the  barometer  in  place  of  mer- 
cury, the  height  h  would  change  in  the  inverse  ratio  of  the 
density  of  this  liquid,  compared  with  that  of  mercury,  it  being 
always  supposed  that  there  is  a  perfect  vacuum  above  the 
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f  bwtMDvicr.     Ill  ikifl 


Icvd  D,  in  the  dowd  branch  of  the 
of  water,  ibia  elevation  A  is  about  10~,  4,  aad  it  it 
greatest  hoight  to  which  water  cnn  be  raiftcd  in  a  p^ 
it«  exterior  level.  \S'heD  there  is  ■  slrBtmn  of  air 
the  Hurfiice  of  the  iiquii)  and  the  pbton,  this  m 
lated,  and  ii  exerts  a  leiw  prrmure  than  that  of  the 
phere  on  tlie  interior  lifjoid;  it  thrrefore  r\-ncWT«  the  ■■■ 
of  the  water  less  than  it  would  be  if  ihetv  wwi  a  >artnM  Ua 
the  piston;  the  actual  dimtnatioo  will  be  detcmnwd ■  ^ 
next  chapter. 

599.  We  now  proceed  to  calculau)  the  prriaiuii  cw 
by  heavy  liquids  on  the  inclined  nr  curved  ndes  of  ihe  («m 
which  contjiin  them,  and  on  tlte  surfacn  of  the  mM  h^ 
that  are  plunged  into  them. 

The  pressure  which  a  homogeneous  HquM  exeitt  m  o 
side  of  a  r^sel  that  is  inclined  lo  the  borisoo,  b  rami  Ml 
weight  of  a  priain  of  thL«  liquid,  whn«c  hasv  b  ttm  ml», 
whose  height  is  the  distance  of  its  i^entre  of  gtaTlty  fi<^ 
level  of  the  liquid.     In  fact,  if  w  be  an  Hrtnent  of  thit 
and  s  its  distance  from  the  level  of  the  Uqiiiit.  the 
on  this  clement  will  be  put,  at,  by  suhttiluting  fur  ji  ii« 
pgi,  given  in  No.  595,  pifzt* ;  and  as  the  pivaaore*  mi  afl  I 
elements  are  perpendicular  to  the  plane  side,  the  vatac  ill 
renultant  of  these  parallel  forces  will  be  the  pradncl  flfj 
and  of  the  intcgrsl  of  rw,  extended  to  the  entire  «hW  ; 
is  evident,  timt  if  £  be  the  area  of  this  side,  and  z,  tbt 
tonce  of  its  centre  n(  gravity  from  the  level  of  the  TiniMJ, 
integral  is  equal  to  :,b,  consequently,  the 
inclined  plane  will  Im-^^:,,  agreeably  to  'hr  iiiTiwi  rfl 
thmrem  given  alKive. 

In  the  case  of  severa]  liquids  ^uperinpoMil  i*  A* 
the  prcwure«  exerted  or  Iraiismiltml  by  each  of  ihe«e 
on  the  inclined  ude,  thould  be  determined  separatelv,  aal ' 
the  total  prvwurr  sustained  by  thu  sorfoce  will  b« 
their  sum.     I  n  etniMqiienec  of  the  pwmra  of  lb* . 
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^presented  above  by  11,  this  total  pressure  will  be  increased 
y  a  quantity  equal  to  bU. 

As  all  the  points  of  the  horizontal  base  of  the  vessel  expe- 
ience  equal  pressures,  the  resultant  of  these  parallel  forces 
asses  through  the  centre  of  gravity  of  this  base ;  but  in  the 
ase  of  an  inclined  side,  the  inferior  elements  experience  a 
^eater  pressure  than  those  which  are  nearer  to  the  surface ; 
nd  the  point  where  the  total  resultant  of  all  these  pressures 
leets  the  side,  and  which  may  be  denominated  the  centre  of 
^ressure^  will  be  always  lower  than  the  centre  of  gpravity  of 
his  same  surface.  When  a  plane  surfiace  plunged  in  a  homo- 
geneous liquid  turns  about  its  centre  of  gravity,  the  magnitude 
f  the  pressure  which  it  experiences  will  not  be  changed,  but 
he  point  of  application  of  this  constant  normal  force  will 
hange  its  position  on  this  surface(c). 

600.  For  an  example  of  the  determination  of  the  centre  of 
iressure,  let  the  plane  surface  be  a  trapezium  abcd  (fig.  46), 
vhose  two  bases  ab  and  cd  are  horizontal.  If  this  sur&ce 
»e  divided  into  elements  parallel  to  these  bases,  and  of  an  in- 
initely  small  height,  each  of  these  elements  will  experience 
he  same  pressure  throughout  its  entire  length,  and  its  centre 
\t  pressure  will  be  at  its  middle  point ;  now  if  ab  and  cd  the 
ides  of  the  trapezium  be  produced  until  they  meet  in  the 
K>int  K,  and  if  then  kh  be  drawn  from  this  point  to  h  the 
K>int  of  bisection  of  ab,  this  line  will  bisect  cd  in  o,  and  all 
he  elements  of  the  trapezium,  therefore,  the  required  centre 
»f  pressure  will  be  in  this  line,  and  it  is  only  necessary  to 
letermine  its  distance  from  ab.  Let  xf  be  this  distance,  x 
hat  of  any  element  whatever  from  the  same  base  ab,  u  the 
ength  MN  of  this  element,  z  its  distance  from  the  level  of  the 
luid^  h  the  height  of  the  trapezium,  udx  and  pgzudx  will 
espectively  denote  the  area  of  this  element,  and  the  pressure 
rhich  it  experiences  ;  the  value  of  the  total  pressure  will  be 

I    pgzudx ;  and  by  the  theory  of  the  moments  of  parallel 

orces,  we  shall  have 
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^  JO  ^^ *"*'''  =  Jo  '^- ■'^• 


In  like  manner,  if  c  denote  the  distance  of  ab  fnm 
level  of  the  liquid,  a  the  angle  comprised  between  tbe 
plane  drawn  from  this  line  to  the  level  of  the  liquid,  Mmi  4r 
production  of  the  plane  of  the  trapezium,  we  shall  hare 


ar  =  c  +  xcos 


and  if  this  value  of  z  be  substituted  in  the  preceditifp  cqi 
there  will  result,  by  suppressing  the  constant  fector  570,  «ka 
is  common  to  its  two  members. 


MJ'"^+«*"-SJ'-'^) 


=:c\    xudx  +  cosa\    i^iuLr. 
JO  JO 

Let  the  lengths  of  the  two  bases  ab  and  cn  he  donoCAi  ^* 
a  and  6,  and  the  perpendicular  from  the  point  k  on  co  hi  L 
then  the  perpendicular  from  the  same  point  on  \n  or  •:,  wl!.  « 
k  +  /i,  and  oil  MN  or  w,  it  will  bo  A  +  /*  —  r  ;  an  1  a'*  ihi-**.  1.  -^ 
a^  A,  //  are  parallel,  we  bhall  have 

a:h  ::  k  -f  /i :  A. 

If  the  value  of  A  bo  deduaMl  from  tho  soooiui  pri»'»» :"-  * 
and  substituted  in  tho  fir»t,  (horo  ro»ul(>(«  ) 

,         Mi  ah  —  (ri  —  /#)  J- 

k  = 7,     M  = , —    -     . 

(I  —  h  h 

\\\  snlfititutih^  thin  vahio  of  m  in  tlu'  prtvmlinij  cfj  a  i- '• 
and  tlion  intoijratinj^,  wo  obtain  J*\ 

(\>nM*(|U(*ntly,  if  1:1   be  drawn  at   dii^  di^taiKv  j  ,    j  .i:a  1  .  !' 
Ml,   fbo   |Miiiif   I'   ubrro   it  cnt«»  »hr  lino  i.ii    dr.iwn  fr.  n^   ■^' 
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middle  of  ab  to  that  of  cd,  will  be  the  centre  of  pressure  of 
the  trapezium. 

In  figure  45,  ab  the  upper  base  is  supposed  to  be  the 
greater,  but  if  the  contrary  was  the  case,  it  is  evident  that  it 
would  be  only  necessary  to  substitute  for  the  angle  a,  its 
supplement,  which  is  the  same  thing  as  if  the  sign  of  cos  a 
was  changed  in  the  formula.  When  a  ^  90^,  the  surface  is 
horizontal,  and  the  formula  becomes 

h(a  +  2b)^ 
"■   3(a+ft)  • 

which  in  fact  coincides  with  the  distance  of  the  centre  of  gra- 
vity of  the  trapezium  from  its  base  a. 

Whatever  be  the  value  of  the  angle  a,  if  this  base  is  on 
a  level  with  the  water,  c  iz  0,  and  the  general  value  of  x' 
becomes 

"^""2(0  +  26)* 

so  that  in  this  case  it  is  independent  of  the  inclination  of  the 
surfitce.  If  ft  =  a,  the  trapezium  becomes  a  parallellogram, 
and  we  have  then 

If  ft  or  a  is  cipher,  the  trapezium  becomes  a  triangle,  and 
we  shall  have  either 

j;'  =z  ^  A,  or  a?'  =  J  A. 

In  the  first  case,  the  base  of  the  triangle  is  on  a  level  with  the 
water,  and  of  is  the  distance  of  the  centre  of  pressure  firom 
this  base ;  in  the  second  case,  x*  is  the  distance  firom  the  sum- 
mit which  is  at  the  surface  of  the  liquid  (^). 

601.  The  pressures  on  a  portion  of  a  curved  surface,  may 
be  determined  by  resolving  the  normal  pressure  on  each  ele- 
ment, into  three  forces  parallel  to  the  axes  of  the  coordi- 
nates, and  then  calculating  by  double  integrals,  the  total  com- 
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ponenl"  in  llin^  tlin»  dirrctioitt,  which  oon 
way»  l>e  reducnl  to  two  forces,  that  for  the  B 
reducible  la  a  nin^lc  resultant  (No.  SG4).      Bui  ht  thr  a 
prvHum  exerted  on  ihe  entire  curtuw  of  a  bod;  is 
B  fluid,  the  reduction  to  a  single  foree  will  be  mIws^  f 
and  thtf  direction  of  this  uniqtie  resultani  will  be  v 
we  now  proceed  to  sliow. 

Let  AMB  (fig.  46)  be  tlie  body  in  qucstioa,  r.  jf,  t  the* 
ordinate^  of  m  any  point  whatever  of  it«  «urfiKe.  ami  lit  ^ 
level  of  the  Riiid  be  the  plane  of  the  axes  of  x  oikI  y,  th*  IV 
of  3  vertical,  and  drawn  tn  the  direction  of  the  giariiy. 
bi  be  the  diRerential  element  of  the  surface,  oikI  p  th«  | 
Hure  on  the  unit  of  Hurfacc  at  the  point  m,  so  tbat  ibv  f 
exerted  on  this  element,  and  aetit^  in  ike  dmctiaa  of  tk* 
terior  normal  mn,  may  be  equal  to/»w.  The  nd«e  cf  f  *i 
be  the  same  for  all  points,  which  are  at  the  rarar  Sttmtc  : 
from  the  level  of  the  liquid,  whether  this  i 
homogeneous,  or  only  composed  of  horixontal  i 
density  varieti  from  one  stratum  to  anutfairr.  LikewiM.  | 
a,  0,  Y  be  the  anf^les  which  the  normal  mn  make*  wigtb  | 
ntllolH  to  the  axes  of  j:,  y,  z,  drawn  through  the  | 
the  interior  of  the  body.  Finally,  let  m  br  projected  «•  i 
three  planes  of  the  cowdiiutes,  awl  let  its  pn)J«ctMO  «■  ll 
plnneoflhe  axes  of  y  and  s  he  denoted  by  s,  tm  thK^4 
axes  of  2  and  j;  by  b,  on  that  of  the  axea  of  y  ami  «  by  <v  1 
that  as  n,  ^,  'y  are  the  inclinations  of  the  langrnl  ptaMll 
on  th«ttc  three  phine*,  we  shall  have 

a  =  wcosa,     A  =  mcos/J,     c  =  stcoBY ; 
and  if  these  equations  be  midtiplied  by  p.  there  « 
fio^pweosa,    ;ffi=pwco*^    pe  =  pwfM 
fmm  which  it  appeart  that  the  prudocts  pa,  pKf 
components  of  the  normnl  presMire  pm  rrsolved  ji 
axes  nfr,]/,g;  so  ihai  the  romponent  f 
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plane  of  the  coordinates,  and,  generally,  to  any  plane  what- 
ever, may  be  deduced  from  pen,  by  substituting  for  the  ele- 
ment 01,  its  projection  on  this  plane. 

This  being  established,  as  the  body  amb  is  bounded  on 
all  sides,  there  is,  at  least,  a  second  element  of  its  surfisice, 
which  has  the  same  projection  on  each  given  plane,  as  the 
element  oi.  Thus,  if  from  the  point  m,  a  perpendicular  mp  is 
let  fall  on  the  plane  of  the  axes  of  ^  and  z,  this  perpendicular 
or  its  production  will  meet  the  surface  of  the  body  in  a  point 
M %  and  the  projection  of  the  element  io\  which  corresponds  to 
this  point  on  this  plane,  will  be  the  same  as  that  of  a;,  and 
equal  to  a.  As  the  two  elements  are  situated  at  the  same  dis- 
tance from  the  level  of  the  liquid,  pco  and  pci>^  the  normal 
pressures  which  they  sustain  will  be  to  each  other  as  the  areas 
w  and  c^,  of  which  the  ratio  may  be  any  magnitude  whatever. 
But  thdr  com[K)nents  parallel  to  the  axis  of  :r,  will  have  a 
common  value  pa,  and  as  the  forces  pw  and  ptj/  act  along  the 
interior  normals  mn,  m^n',  these  equal  components  will  evi- 
dently act  in  opposite  directions,  the  one  to  the  other,  that  is 
from  M  towards  m'  at  the  point  m,  and  from  m^  towards  m  at 
the  point  m'.  Consequently,  the  component  parallel  to  the 
axis  of  or,  of  the  pressure  exerted  on  oi,  will  be  destroyed  by 
the  com[K)nent  acting  in  the  same  direction,  of  the  pressure 
exerted  on  the  other  element  to*.  In  the  same  manner,  it  will 
appear,  that  the  component  of  poi  parallel  to  the  axis  of^, 
vdll  be  also  destroyed  by  the  component  in  this  direction,  of 
the  pressure  relative  to  a  third  element,  which  corresponds  to 
the  [K)int  where  the  perpendicular  let  fall  from  the  point  m  on 
the  plane  of  the  axes  of  x  and  Zy  meets  the  sur&ce  of  the  body 
a  second  time.  Therefore,  we  may  infer,  that  these  hori- 
zontal components  of  the  pressures  exerted  on  the  elements 
of  the  surface  of  the  immersed  body,  mutually  destroy  each 
other,  in  each  of  the  infinitely  slender  horizontal  sections,  and, 
consequently,  on  its  entire  surface.  Hence  it  follows  also, 
that  all  these  pressures  are  reducible  to  one  sole  force,  which 
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U  the  resultant  of  their  vortical  eomponenu,  bmI  i 
from  the  preponderance  of  the  raloe  a(  p  in  the  Is 
the  body. 

Up  results  from  ft  prewur*  exerted  at  Am  i 
liquid,  its  value  would  be  constant  throoj^hoal  tlw  e 
tent  of  the  surface  amb  ;  and  the  cotaponenta  of  tli*  p 
will  be  mutually  di-struycd  two  by  two,  in  tb«  vortical  w 
as  in  the  hurirontul  directioiu.     IhavSon   mbmtxwvr  b ^ 
form  of  a  fluid  or  solid  body,    a  t 
exerted  on  all  the  poiiitx  of  its  Kurfree,  i 
motion,  either  of  translation  or  rotadoo,  a»  has  beca  i 
state.!  (No.  584). 

fi02.   In  order  to  determine  the  resultant  of  the  ^ 
pressures  exerted  on  amb,  let  a  perpendieular  be  )«c  ^  i 
M  auy  point  whatever  on  the  hoiiumla)  ptaae  of  the  axsad 
and  y,  mcetini^  thiK  Murface  amb  in  M|.     TheelenMa 
u'  which  corruHpond  to  the  poinU  M  and  m„  will  I 
same  projection  c  on  this  plane;  but  the  ] 
unit  of  surbce  will  be  liiffereni,  and  if  th*y  be  c 
and  /)|,  the  filament  of  the  body  which  is  lenninaied  by  ll 
two  elements,  and  whose  length  is  ms,  wiU  be  orgnl  t 
cally.  from  below  upwarcb,  by  a  fbm  ft  ~  p^.     For  g 
simplicity,  the  liquid  in  wlucfa  the  bnly  ia  immenej  is  s 
posed  to  be  horoof^neons.     If  ila  «le«ity  be  dmcKed  by  g 
and  the  Icn^  of  mu,  by  /,  *•  >haU  bsve  p  —  p,^  fft,  « 
the  vcrtiad  pressure  pgk  wlU  be  the  wti^  of  Ac,  iha  m 
of  the  liquid,  that  is  to  say,  the  wei|thl  of  the  t 
liquid,  whose  place  is  occupied  by  this  UaBeat  «(4 
If  the  body  be  decomposnl  inlo  infaiilely  si 
ncnts,   each  nf  these  filaments   will  be  urged  apww^  hy  i 
siraitar  force ;  hence  it  follows,  that  the  resultant  of  all  tba  « 
(ioal  prsssnies  will  only  differ  from  theweighl  of  the  laid  t 
I  atatawUeb  are  replaced  by  those  of  the  taunensd  body,  tod 
«tionoftUarli<>n,  snthai  it  will  beequaltoibelMalw 
oftheTolomeoflhe  fluid,  which  this  snKd  body 4qtlMa»,a 
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to  the  centre  of  gravity  of  this  volume^  in  a  direction  opposite 
to  that  of  gpravity  ;  which  centre  of  gpravity  will  coincide  with 
that  of  the  body  itself,  when  this  last  is  homogeneous. 

If  the  body  is  not  entirely  immersed  in  the  liquid,  it  is  not 
necessary,  in  calculating  the  pressure  which  it  experiences,  to 
take  into  account  the  part  of  it  which  is  situated  above  the 
level  of  the  liquid ;  the  point  Mi  will  then  appertain  to  the 
section  of  the  body  made  by  the  production  of  the  plane  of  this 
level,  and  by  taking  pi  =  0,  this  case  will  come  under  the  pre- 
ceding. The  value  of  the  resultant  of  the  vertical  pressures, 
which  will  be  always  that  of  all  the  pressures,  will  be  then  the 
weight  of  the  volume  of  the  liquid  displaced  by  the  immersed 
part  of  iheftotUing  body,  and  its  point  of  application  will  be 
the  centre  of  gravity  of  this  same  volume. 

603.  These  results  likewise  have  place  when  the  liquid  is 
composed  of  horizontal  strata.  We  may  also  arrive  at  them  by 
an  indirect  consideration,  which  it  is  useful  to  point  out.  When 
the  equilibrium  is  established  in  this  liquid,  it  evidently  will  not 
be  deranged  if  any  part  whatever  of  this  liquid  was  to  becoipe 
•olid,  in  which  case,  this  part  becomes  a  floating  or  immersed 
body.  Now,  in  order  that  the  normal  pressures  exerted  by  the 
surrounding  liquid  on  the  surface  of  this  body,  may  be  in  equi- 
libiio  with  the  weight  of  this  solid  part,  they  should  be  reducible 
to  one  sole  force,  equal  and  directly  contrary  to  its  weight. 
Moreover,  if  the  part  of  the  liquid  which  was  supposed  to  be- 
come solid  was  replaced  by  another  body  which  had  exactly 
the  same  surfeu^e,  it  is  evident  that  the  pressures  of  the  sur- 
rounding fluid  are  not  altered ;  consequently  the  pressures  on 
the  sur&ce  of  a  body  entirely  or  partly  immersed  in  a  stagnant 
liquid,  whether  homogeneous  or  heterogeneous,  are  always 
reducible  to  an  unique  force,  equal  to  the  total  weight  of  the 
suoceasive  horizontal  strata  of  the  liquid,  of  which  this  body 
occupies  the  place,  and  applied  to  the  centre  of  gravity  of  these 
same  strata,  in  a  direction  opposite  to  that  of  gravity. 

It  follows  from  this,  that  in  order  that  a  body  entirely  im- 
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merwid  in  a  liquid  mny  be  in  rquilibrio,  it  i% 
inviui  dcDMty  ohoulil  lie  cqiial  to  that  of  ibe  liqnii,  ik  pto 
of  which  it  occupioA,  and  that  its  ccntiv  of  f^ravitT  ami  ih*4 
thiR  portion  of  the  liquid  should  exist  in  thv  finar  tcmA 
The  second  condition  is  alnays  •atiB6cd  wb«n  tbr  bd^  m 
also  the  liquid  an-  b»mog(>n«ou«.  With  rwatpeet  Ut  bifa 
which  are  only  jiiu-lly  inuncned,  and  which  float  oa  tfe  i» 
fiice  of  (he  liquid,  the  conditionii  iif  tfarir  eqmHbriaai  ad  ^ 
conaidereil  in  the  following  i-hapter. 

604.  The  hydros tatii-al  prinviplv  which  b^becnJMt* 
tnonstruted,  is  commonly  cxprrMml  by  statini^.  thai  m  itu 
immersed  in  a  liquid  loses  a  part  of  iu  weiffbi  cwjibI  »  fc 
w^ght  of  the  fliud  which  it  displacefl  (No.  I!>|).  Jt  Iffv 
from  this  that  in  order  to  obtain  the  tnu>  weight  of  a  ba^. 
should  be  weighed  in  a  vamo.  Two  badiea  wdnh«^  ia  -- 
air,  in  water,  or  in  any  otbn-  fluid,  and  which  are  ia  aqiSr' 
when  weighed  in  an  exnci  balance,  have  realiy  4Afw 
wi-ight«,  unlcN*  their  volunMM  are  vqtdTaleaU  Thai  W< 
whose  volume  in  (he  ^-au-r,  ha*  the  pester  weigbi,  m^ 
though  it  experii>nc(-H  a  greater  lo«  in  the  dtod,  it  b  mli  ■ 
cquitibrio  witli  tlic  other. 

If  the  umc  body  is  weighed  in  a  raruo  and  in  aalir.  «^ 
if  p  be  iUvtjghl  in  tlie  rnrtio,  and  p'  its  wej|^tin  waMf.t^' 
P  and  p  —  r'  will  Im>  the  alisolate  weight  of  thw  bodv  IM  - 
the  tame  volume  of  water :  they  are  therefore  to  each  eibrr  > 
the  denwiicft  of  the^c  two  subtUnci'*  ( No.  fi»).  If  the  liiwil^ 
of  water  be  taken  m  the  unit,  and  that  of  the  body  be 
by  D,  we  ahall  have 


It  is  by  tlit«  formula  tlial  tbc  deoniiea  of  bodiea. « 
wrighed  in  water  witfamit  bong  (ivaJrarf,  are  d 
neaiH  of  ibe  hydroMabc  baUacc. 

605.  Thedemomliatitmof No.601  iaeqaaUya 
tiMbtoll  Nrfiwevofarmwl,  whieh  coafaj—  ■  %iM(A)|j 
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it  follows  from  it,  that  the  horizontal  components  of  pressures 
exerted  from  within  outwards,  on  the  entire  interior  surface  of 
the  vessel,  mutually  destroy  each  other's  effect  two  by  two,  so 
that  if  the  bottom  of  the  vessel  is  placed  on  a  fixed  horizontal 
base,  the  action  of  the  fluids  which  it  contains  cannot  put  it 
in  motion ;  this  also  results  from  the  principle  of  the  conser- 
vation of  the  motion  of  the  centre  of  gravity  (No.  553).  But 
if  an  opening  be  made  in  one  of  the  lateral  sur&ces,  below  the 
level  of  this  liquid,  it  will  flow  out  through  this  orifice ;  and 
as  there  is  no  pressure  on  the  part  of  the  surfieu^  which  is 
taken  away,  that  which  is  exerted  on  the  opposite  part  of  the 
vessel  will  be  no  longer  destroyed ;  consequently  this  vessel 
will  be  put  in  motion  in  a  direction  opposite  to  that  in  which 
the  fluid  flows  out.  This  is  the  principle  on  which  several 
machines,  that  are  moved  by  the  reaction  of  a  fluid,  are  con- 
structed, and  on  which  is  founded  the  proposition  of  D.  Ber- 
noulli, to  move  vessels  without  the  aid  either  of  oars  or  wind(t). 
In  like  manner,  it  may  be  shown  by  the  same  reasoning  as 
in  No.  602,  that  the  entire  pressure  exerted  an  the  bottom  of 
the  vessel  and  on  its  lateral  surfacesy  is  always  equal  to  the 
weight  of  the  fluid  it  contains,  applied  at  the  centre  of  gra^ty 
of  this  fluid,  in  the  direction  of  gravity.  Each  vertical  fila- 
ment of  the  fluid,  which  may  be  continued  without  interruption, 
from  its  level  to  any  point  whatever  of  the  base,  exerts  on 
this  point  a  normal  pressure,  the  component  of  which  is  equal 
to  the  weight  of  this  same  filament.  That  which  meets  the 
interior  of  the  vessel  in  two  points,  namely,  in  the  bottom  and 
one  of  the  sides,  exerts  in  these  two  points  pressures  whose 
vertical  components  act  in  opposite  directions.  The  compo- 
nent which  corresponds  to  the  inferior  point,  acts  in  the  di- 
rection of  gravity,  and  exceeds  the  other  by  a  quantity  equal 
to  the  weight  of  this  filament ;  and,  in  this  manner  it  appears, 
that  the  resultant  of  the  vertical  pressures  of  all  these  fluid 
filaments,  is  the  same  thing  as  the  weight  itself  of  the  fluid  in 
question. 
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ThiB  preiBnre  ahonld  be  carafiilly  iliitin^niilnJ  tnm\ 
which  acts  solely  on  the  botton  of  thm  rnsul  (New  S 
and  which  is  equal  to  the  weight  of  thm  fluid  oalr  m 
the  vessel  is  a  right  cylinder  or  primi.  It  m  less  ^m  i 
wdght,  when  the  vessel  enlaiges  fiooa  tbe  bottoa  u 
top,  Uke  the  firustmn  of  a  cone  that  testa  oo  ita  Icvsr  h 
because  the  vertical  filaments  of  the  fluid  wincli  tantr  iiH 
levels  and  are  intercepted  by  the  latctal  smfarffa^  do  art  p 
on  the  bottom  of  the  vessel;  on  the  other  Ittod,  it  b  pm 
than  the  wdght  of  the  liquid  when  the  Traaiil  is  like  a  tai 
placed  on  its  greater  base,  since  the  vertieal  filaBcMto  wl 
issue  from  the  batiom  of  the  liquid,  and  are  inteicepSsd  hf 
lateral  sides,  exert,  nevertheless,  the  same  vertical 
the  bottom  of  the  vessel,  as  if  they  extended  to  tlw 
the  liquid,  as  the  deficiency  in  weight  of  cttdi  of 
plete  filaments  is  compensated  by  the  riaisiamc  of  the 
by  which  they  are  terminated(A). 


CHAPTER  IV. 

OP  THB  EQUILIBRIUM  AND  MOTION  OF  FLOATING  BODIES. 

606.  In  order  that  a  heavy  body  may  be  in  equilibrio  on 
the  sur£BU»  of  a  fluid  at  rest,  its  weight  should  be  less  than 
thai  of  an  equal  volume  of  this  fluid ;  nevertheless,  there  are 
cases  in  which  a  species  of  vacuum  of  small  extent  is  formed 
about  a  floating  body,  and  which,  as  it  should  be  added  to  its 
▼olume,  diminishes,  consequently,  its  mean  density,  so  that 
bodies  of  small  volume  may  float,  though  their  proper  density 
surpasses  that  of  the  liquid(a).  This  circumstance,  which  is 
connected  with  the  theory  of  capillary  phenomena,  will  not  be 
taken  into  account  in  this  treatise  (No.  588). 

The  density  of  the  solid  body,  if  it  is  homogeneous,  or  its 
mean  density,  if  it  is  not  so,  being  less  than  that  of  the  liquid, 
the  body  sinks  in  the  liquid,  until  the  weight  of  the  displaced 
fluid  becomes  equal  to  its  entire  weight ;  and  when  this 
equality  obtains,  the  body  remains  in  equilibrio,  provided  that 
its  centre  of  gravity  and  that  of  the  displaced  fluid  exist  in  the 
same  vertical,  for  the  pressure  of  the  liquid  which  should  be 
in  equilibrio  with  the  weight  of  the  body,  is  equal  to  the  weight 
of  the  displaced  liquid,  and  it  acts  at  its  centre  of  gravity  in 
an  opposite  direction  (No.  602). 

If  the  floating  body  is  homogeneous,  as  well  as  the  liquid, 
the  centre  of  gravity  of  the  displaced  liquid  coincides  with  that 
of  the  immersed  portion  of  the  body.  In  the  state  of  equili- 
brium, the  volume  of  this  part  of  the  body  is  to  that  of  the 
entire  body,  as  the  density  of  the  body  is  to  that  of  the  liquid, 
and  the  determination  of  the  positions  of  equilibrium  of  a 
floating  body  becomes  a  geometrical  problem,  which  may  be 
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Mat«il  in  the-  followiog  msnorr.    To  mt  a  body  hv  a  ^ 

such  a  mittinf  r  thai  the  volume  of  ibr  wgiiMair  mar  tm  fe 

oflhi?  \>oAy,  in  a  given  mtiti,  and  thmt  ihv  cntrraoif 

t\w  segment  and  of  the  body  may  rxiu  ui  tbr  t 

dicular  to  thr  cuttinf;  plane.     Li-t  ihrn  the  aectiaa  aftbl| 

which  satisfies  ihr*v  two  comStiotn,  be  placed  oa  tW  h 

the  liquid,  in  such  a  mtuinrr,  tlul  tb«  ■ 

hai  been  thut  detrrmincfl,  may  be  sttualed  i 

thcrcfon-  immiTx.il  In  the  fluid,  and  one  of  tlie  i 

eqtiilihrintn  uf  the  flnatinf^  body  will  be  obtnanL     bV 

particular  case,  theftii  two  conditJonH  wiU   be  < 

equations,  the  compltrto  iwlution  (»f  which  will  a 

all  the  po«itionit  of  t^uilibnuto  of  thift  body. 

number  will  bi>  infinibt,  a«  in  the  nae  of  aoUda  of  rrvo^aHft 

whose  axitt  in  horizontal ;  iu  other  ea>i 

and  determinate ;  but  it  would  be  difBrult  to  c 

priori,  that  whatever  be  the  form  of  thv  body,  Jt  ha»  W«^ ' 

position  of  equilibrium. 

(iO* .   Let  tlie  ease  of  a  triangular  pricm,  wboair  eign  v 
horizontal,  be  nclecled  for  an  example  uf  ibr  proUca  ifat  ha 
liecn  ju«t  ntatcd.     The  eutling  plane  will  br  rviieaiij  f^^ 
to  tliew  i-Hf;es ;  moreover,  it*  dirvclitm  will  be  indepaiiM  • 
llie  diklanci*  compri»c«l  lielnecn  the  tmi  baaea.      Iliaii   iWi 
we  need  not  take  into  nceount  the  length  of  titr  pn^ 
ttolcly  determine  the  intersection  of  the  cutting  plaaca 
one  of  tbe«e  Iviq  ba»e«,  *o  that  the  problem  hi  rmaaa  ai 
plane  geometry',  which  will  have  place  equally  in  tW  c 
pri*m  or  of  a  horiioutal  cylinder  with  uiy  b«« 
l.i-t  AUC  (fig.  47)  Ik-  one  of  the  baven  of  the  given  p 
may  happen  that  two  angle*  of  thi*  triangle  an  iai 
the  liquid,  or  only  one  of  ifaeni.     If  the  caae  «tf  aoly  • 
immerwd  angle  be  &M  cmmAenA,  we  «baU  th«  wm  Iwa  i 
other  rsM  i%  reducibU  to  tbii.      Let  therefbf*  c  bt  iksii 
mened  angle,  mn  iho  inlmcetion  of  tbc  cutting  pkae  ■'4 
tlubBM*  ABC,  which  il  b  propotml  t« deienatae,  ai^  wMiw 
nprewoit  ihp  level  oflhe  liquiii      l.el  n.  &,  r  be  ibe  | 
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ndes  of  this  triangle  abc,  which  are  respectively  opposite  to 
the  angles  a,  b,  c,  and  let  x  and  y  denote  the  unknown  sides 
CM  and  CN  of  the  triangle  mnc,  so  that  we  may  have 

BC  =  09      AC  =:  by      AB  =  c,      CM  =  X,      CN  =  y. 

The  area  of  any  triangle  is  equal  to  half  the  product  of  two  of 
its  sides  and  of  the  sine  of  the  included  angle ;  hence  we  shall 

have 

ABC  =  ^  oA  sin  c,     MNC  =  ^  a::y  sin  c. 

As  the  weight  of  the  entire  prism  is  equal  to  the  weight  of  a 

prism  of  the  fluid  equal  in  volume  to  the  part  immersed,  we 

shall  have 

MNC  :  ABC  :  r :  1 ; 

r  being  a  quantity  less  than  unity,  which  represents  the  ratio 
of  the  density  of  the  floating  body  to  that  of  the  liquid.  This 
proportion  gives,  by  substituting  for  abc  and  mnc  their  pre- 
ceding values, 

xyzzrab.  (1) 

Now,  if  CD  be  drawn  from  c  to  the  point  of  bisection  of  the 
base  AB,  and  if  on  this  line  dg  be  taken  =  ^  dc,  the  point  g 
will  be  the  centre  of  gravity  of  the  triangle  abc.  In  like 
manner,  e  being  the  middle  point  of  mn,  if  on  ce  a  part  ef  be 
taken  =z  ^  ce,  the  point  f  will  be  the  centre  of  gravity  of  mnc. 
Therefore  the  line  gf  must  be  perpendicular  to  mn(6):  but  as 
the  lines  cd  and  ce  are  cut  into  proportional  parts  in  the  points 
o  and  F,  the  lines  de  and  gf  are  parallel ;  consequently,  the 
line  db  which  joins  the  middle  points  of  the  two  bases  ab  and 
MN,  is  also  perpendicular  to  mn,  from  which  it  follows  that 
the  two  lines  dm  and  dn  are  equal.  Conversely,  if  dm  =  dn, 
the  line  db  will  be  perpendicular  to  mn,  as  is  also  its  parallel 
OF ;  therefore,  in  order  that  de  the  right  line  which  joins  the 
two  centres  of  g^ravity  g  and  f  may  be  perpendicular  to  the  in- 
tersection MN,  it  is  necessary  and  sufiicient  that  the  values  of 
dm  and  dn  should  be  equal. 

This  being  so,  if  we  make  en  =  /i,  and  denote  dcb  and 
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DCA,  the  two  ports  of  the  koi^Ic  acb,  by  0  and  ■  nuftdm 
we  thall  obtain,  by  coniuilBritiK  the  tnui^Ies  dcm  gaJ  m 

DM*  =  A*  +  X*  -  SA4- CO*  ■. 

dn'=  *»+/  —  SAycot^t 
3  by  potting  thrsc  two  vbIom  eqoal  to  cadi  aihm.  i 
1  resnlt 

ar'  —  SAjcfMa  =  y"  ~  2*yco»^ 

By  meait«  of  oquHtioim  ( I )  himI  (3),  x  and  f  r^t  W  ^ 
mined.     We  obtain  by  the  eliminatitin  ofjr{cy, 

z*-2Ax'coso  +  2Aniferoo.0  — r«aV=  0. 

The  value  of  x  can  be  deduced  from  tlii*  pquadon,  «!■) 
of  the  fourth  degree,  and  then  aa  y  b  — ,  the  iiiiiiiiwy 
viUue  of  this  quantity  can  be  dclemiinmi. 

A«  et{iint]on  (9)  in  of  even  diinennoDft,  and  baa  tl*  hM  ■ 
negntiv<-,  it  miMt  hnve  ut  U-asi  one  pcmtivc  and  oor  MgM 
root.  The  other  two  roots  may  be  ftih<^  n«l  tv  uiMiai 
If  they  are  real,  it  is  evicleni,  fron  Uu*  nil«-  of  Deaaattn^  d 
cqaation  (3)  will  have  three  poutivv  root*  and  atm  B*|M 
root.  For  if  ««  »uppoiMt  a  term  ^  ±  ox*  In  be  addad  to 
whether  this  eorflini-nt  ih  -)-  or  — ,  wv  bant  alwBya  ^mmi 
riatiaiu  and  one  roN/iaiwifioa.  As  th«  tmknawn  f^giJi 
zand  y,  which  arc  the  sides  of  ihe  IrianKl*  mk 
positive  qnaotiiieB  nntpectivi-ly  W«m  than  c*  and  ci 
of  the  triangle  abc,  we  sbiiahl  reject,  aa  being 
to  the  qaestion,  ibe  ncfrntive  nKM  of  equation  (A),  the 
off  wbi^  arc  i^rvater  tlian  a,  and  also  ihiHe  «bic4  | 
value  f^eatCT  than  y.  Thus,  there  ar»,  at  nwat,  imij 
postiiuDs  of  equilibrium  when  only  on*  inKW  c  la 
the  liquid. 

r>On.  If  llii*  ansle  he  wilhoui  the  8i^  and  tW  tw 
A  and  II  l>.-l<><v  the  level  MM,  the  proUeni  wiD  h«  tbn  ^m 
ill  the  pm-f<liiig  caM'.  with  ihl*  kula  difemwc.  iImI  I 
sbooltl  be  •uhuiiuied  in  place  of  r  in  eqaatfaw  (^W^I^K 
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In  feet,  as  the  centres  of  gravity  of  the  triangle  abc,  and  of 
its  two  parts  mnc  and  mnba  exist  on  the  same  line,  and  as 
the  centres  of  gravity  of  abc  and  of  the  second  part  must  be 
situated  on  a  perpendicular  to  mn,  the  centres  of  gravity  of  the 
triangles  abc  and  mnc  must  always  exist  on  this  perpendicu- 
lar ;  so  that  we  have  at  once,  without  any  change,  equation  (2), 
which  expresses  this  condition.     Moreover,  the  proportion 

mnba  :  ABC  : :  r  :  1, 

which  should  now  have  place,  may  be  changed  into  the  fol- 
lowing, 

MNC  :  ABC  : :  1  —  r :  1  ; 

in  consequence  of  which,  equation  (1)  is  changed  into 

ay  =  (1  —  r)ab. 

If  by  means  of  this,  y  be  eliminated  from  equation  (2),  we 
will  light  again  on  equation  (3),  in  which  the  ratio  r  will  be 
replaced  by  1  —  r,  that  is  to  say,  we  shall  have 

a?*-2Aar'coso  +  2A(l-r)aftxcos/3-(l-r)V6»  =  0.  (4) 

By  reasoning  in  the  same  manner  as  before,  it  appears  that 
there  are  at  most  but  three  positions  of  equilibrium,  when  the 
two  angles  a  and  b  are  immersed  in  the  fluid. 

If  the  three  angles  a,  b,  c  be  successively  considered,  and 
if  we  examine  the  case  for  each  angle,  in  which  it  is  solely 
immersed  in  the  fluid,  and  solely  without  the  fluid,  all  the 
horizontal  positions  of  equilibrium  of  the  given  prism  will  be 
determined ;  and  from  what  precedes,  it  results  that  this  num- 
ber can  never  exceed  eighteen(rf). 

609.  When  the  triangle  abc  is  isosceles,  we  may  dispense 
with  equation  (3)  or  (4),  and  resolve  the  equations  in  x  and  y 
directly.  If,  for  example,  b=:  Oy  the  triangles  cad  and  cbd 
will  be  equal  and  rectangular,  and  we  shall  have 

/3  =  a.    A*  =  rt'  —  i  cr*,     acosa  =  A ; 

and  equations  (1)  and  (2)  will  become 
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They  may  be  satisfied  at  once,  by  making 

X  =:y  =  a^r; 

which  values,  as  r  Z  1,  and  a)/r  Z  i^  are  evidntlT  afa»> 

sible.     There  results  from  it  a  poution  of  eqnilibrram.  ii 

which  the  triangle  mnc  is  isosceles,  and  in  wkidi  ab  the  hv 

of  the  triangle  abc  will  be  parallel  to  mn  or  horiaoBtaL    Bf 

changing  r  into  1  —  r,  a  second  position  will  be  nhfriwd,  is 

which  the  point  c  will  be  situated  without  the  licfoiil,  md  At 

base  AB  still  horizontal.     But  there^.  may  be  also  othrr  p* 

sitions  of  equilibrium,  for  which  this  base  will  be  inriined. 

In  fiict,  if  the  fiictor  y  —  x  of  the  second  eqaation  (5)  k 

suppressed,  there  arises 

4a«-c» 

As  this  and  the  first  equation  (5)  give  the  sum  and  pcoAai 
of  the  two  unknown  quantities  X  and  ^,  it  followH  thai  tbrw 
quantities  will  be  the  two  roots  of  the  same  equation  of  ife 
second  degree,  and  the  expressions  for  these  ruot^  vill  hei«» 

If  each  of  them  ho  tiiken  successively  for  t«  and  the  odKr 
for  y,  there  will  result,  when  they  are  rt*spectively  r\-al,  laii 
less  than  a,  two  new  positions  of  iM)iiilihrium,  in  which  ihf  ha< 
AU  is  situatixl  without  the  liquid.  By  sulKtitutini^  1  -  r  b 
place  of  r,  and  always  supposing  the  n*al  roots  U^s  than  n.  two 
other  positions  of  ecpiilibrium  will  Ih*  (»htauni*d  in  which  ihi* 
Imse  is  immersiMl.  When  the  two  pn*Ci*<iing  nnits  are  ii^uil. 
the  iKise  All  is  horizontal,  and  its  new  |M»Mtions  of  (H]uilihriuni 
must  i*oiuci(le  with  the  pnHi*ding,  and,  in  |Miint  of  tact,  «« 
have  then  4rt-  — r':^4«'^  V'r,  from  which  we  ubtaincy') 
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(>10.  In  the  case  of  an  equilateral  triangle,  e  becomes  equal 
to  a,  in  the  preceding  formulae.  The  equal  values  of  x  and  y 
will  not  be  changed ;  their  unequal  ones  will  become(^) 

I  (3  ±  V9- IGr), 

in  the  case  of  only  one  immersed  angle,  and 

5(3±  /I6r  -  7), 

in  the  case  of  only  one  angle  without  the  liquid.  It  will 
be  therefore  necessary  to  know  what  the  fraction  r  ought 
to  be,  in  order  that  its  values  may  be  real,  and  less  than 
a.  Now,  if  r  Z  -^^r  and  >  ^,  the  first  formula  will  be  real, 
and  its  two  values  will  be  less  than  a ;  without  these  limits, 
this  formula  will  be  either  imaginary,  or  one  of  its  values  will 
surpass  a ;  and,  in  the  same  manner,  in  order  that  the  values  of 
the  second  formula  may  be  real,  and  less  than  a,  it  is  necessary 
and  sufficient  that  we  should  have  r  Z  ^  and  >  •/^.  It  ap- 
pears, therefore,  that  from  r  zi  -^  to  r  =  J,  the  first  formula 
is  solely  admissible,  and  that,  on  the  contrary,  it  is  the  second 
that  is  solely  admissible  from  r  =:  ^  to  r  =  -j7^ ;  and  that  for 
r  >  -^^  or  r  <  y^y,  the  two  formulae  should  be  rejected. 

As  in  the  case  of  an  equilateral  triangle,  every  thing  rela- 
tively to  the  three  summits  is  similar,  the  number  of  positions 
of  equilibrium  will  be  always  a  multiple  of  three,  and  this 
number  may  be  six  or  eighteen  according  to  the  value  of  r(A). 

611.  Besides  their  horizontal  positions  of  equilibrium, 
homogeneous  prisms  and  cylinders  may  float  in  positions  of 
equilibrium,  in  which  their  edges  are  vertical,  and  their  bases 
parallel  to  the  level  of  the  liquid,  and  there  are  two  for  each 
body,  since  either  of  the  two  bases  may  be  immersed  in  the 
liquid.  The  centres  of  gravity  of  a  vertical  prism,  and  of  its 
immersed  part  exist  on  the  same  perpendicular  to  the  level ; 
the  ratio  of  their  volumes  is  the  same  as  that  of  their  heights  (t), 
uikU  consequently,  the  height  of  the  immersed  prism  is  to  that 
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fif  the  entire  prism  as  the  density  of  the  IkmIv  u  to  liut  «< 
liquiii.  which  is  sufficient  to  enable  us  to  deterxnine  the  arf 
to  which  the  body  sink«  in  its  state  of  equilibrium. 

Solids  of  revolution,  and  in  general,  all  builje»  i 
symmetrical  about  an  axis,  have  likewise  two  |iOiUt3oo»  4 
equilibrium,  in  which  this  line  is  vertical,  and  which  mgf  ti 
easily  determined.  Let  us  suppose,  for  example,  thai  ar 
body  was  a  homos^eneous  elli|)soid«  whose  three  semiaxn  «* 
a,  6.  r ;  lot  the  axis  2r  be  vertical,  and  let  m  be  the  dioBcvtf 
the  two  other  axes  from  the  section,  which  coineiiles  witk  ^ 
level  (»f  the  water,  m  is  an  unknown  quantity,  whiefa  is  ptmon 
or  negative,  aceonling  as  this  section  is  below  or  ahoiv  :k 
centre  of  the  elli|xoid.  Likewis4\  let  z  be  the  aiva  ci  tb 
horizontal  stnrtion  of  this  bodv  made  at  any  distance  ^iiA  J»r> 
from  its  centre;  then  as  the  volume  of  the  iiemi-^^UipMy  » 

---  flAr,  that  uf  the  immersetl  seifment  will   Ih»  obiainc^  H 

•J 

<iubtr,ic*tinir  fn>m  -— a/#r,  the  intei^nd  \,  z#/r.  which  eir 

.1  J" 

liu*  valiif  ••!*  tin*  *»i'irinoiit  cninpriM'd  lu'twtvii  tlu'  l«\i-.  •>  •• 
ujiltT  and   till'   hi»ri/«nit;d   Mrtioii,   ni;uli'   tlirnuiih    thr  .- "r 
tt(  thi'  ImmIv,  and  \ihii-h  lKi««  the  ^amx*  ^'lixu  as,  »/.       Th-rxr  '. 
in  tlu'  caM-  nt  t'4|iiiiil)riunu  wo  ^liall  hav(></l) 


a/H  —  \     /.iiz  —         nfH  r  : 


r  iM'in^"  al\ia\^  \\w  r.itiu  of  thi'  diii*»it\  «)t'  ihr  fliMlinj  ^»»-"- 
Jhaf  oMIu'  li«|uiil.      A^  ilii^  IhnIv  i'*  an  illip^ni,!.  ui-  ^iv.k.    :  .i 
(N.».  x!») 

/  =       .  <*'       z)  : 

anil  thr  (M|\iatinn  i>t*  (M|ui!i))riuni  uill  lnvomi* 

7    —  :W  ■'/       li'^r  ■     ill     :^  II. 

n   will  il.iW-  .t!^^.l^  <.  iiiic  timI  TiMir  i-ii|n|<;i«,  li  lii-rvii  <■!>  .     I 

If    will  Im"   |Mi*;ti\i'  or  nrijafivi-.  aiTi^rdinif  a«»  r  ^  \    !•:'-  — 
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.  In  the  extreme  cases  of  r  =  0  and  r  =  1,  this  root  will  be 

:  ti  =  e  and  ti  =  —  c. 

;         The  parts  immersed  in  different  liquids  of  the  same  body 

■.  symmetrically  arranged  about  a  vertical  axis,  are  in  the  inverse 
-n&o  of  the  densities  of  these  fluids.  This  is  the  principle  of 
tlie  construction  of  the  hydrometer,  by  means  of  which  the 
densities  of  different  fluids  can  be  compared  together. 

612.  Among  the  different  positions  of  equilibrium  of  the 
sune  body  floating  on  the  sur£EU»  of  a  liquid,  there  are  some 
whidi  are  stable,  and  others  which  are  not  so;  and  from 
No.  570,  it  appears  that  if  this  body  be  made  to  turn  about 
an  axis,  which,  for  gpreater  clearness,  we  shall  suppose  to 
be  horisontal,  its  successive  positions  of  equilibrium  will  be 
alternately  stable  and  instantaneous.  It  is  of  consequence  to 
distinguish  carefully  the  first  from  the  last,  which  would  not 
continue  sufficiently  long  to  be  observed,  but  for  the  slight 
adhesion  of  the  floating  body  to  the  liquid  with  which  it  is  in 
contact.  In  the  first  place,  let  the  floating  body  be  supposed  to 
be  perfectly  symmetrical,  as  to  the  form  and  density  of  its  parts, 
on  each  side  of  a  vertical  section  abcd  (fig.  48).  Let  g  be  its 
centre  of  gravity,  which  must  exist  in  this  section.  Likewise, 
let  AC  be  the  line  in  which  this  section  meets  the  level  of  the 
liquid  when  the  body  is  in  equilibrio  in  it,  and  let  h  be 
the  centre  of  gravity  of  the  volume  of  the  liquid  that  is 
displaced  by  the  body ;  this  point  will  likewise  exist  on  the 
section  abcd,  on  some  point  of  bok  drawn  from  the  point  g, 
perpendicular  to  ac.  When  the  body  is  homogeneous,  the 
point  H  will  be  beneath  g,  as  is  represented  in  the  figure ;  but 
when  the  floating  body  is  ballastedj  that  is  to  say,  when  the 
density  of  its  inferior  part  is  increased,  the  point  g  may  fiedl 
beneath  the  point  h.  This  being  so,  if  the  floating  body  is 
caused  to  deviate  a  littie  from  its  position  of  equilibrium,  by 
tnftlnng  it  to  tum  about  an  am  perpendicular  to  abcd  ;  and  if 
it  be  then  remitted  to  itself  without  impressing  on  it  any 
initial  velocity,  whatever  may  be  the  motion  which  the  body 
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will  assume,  tbr  section  uco  will  ftlwajc  n^iiB  *a 
utd  n,  the  oeotie  of  gravity,  wiU  coDStMittly  cziM  «■  k. 
In  tloB  new  pmitioa,  l«t  aV  (fig.  49)  be  tfa»  tiw  < 
indieatcs  the  leral  of  the  tEquid.  atid  that  tntMwclk  wt  li 
in  which  ens,  thv  fteffmrnt  of  the  boilr  whieb  hrlnmfi  ai 
»tU  be  inmenvdin  lh«  liquid,  mnd  that  wbidt  belMi§Bm 
will  b«  raised  out  of  it.  As  wr  hare  suppOMd  iImC  llw  fd 
of  these  two  »ogiiu-nls  w  equal,  tt  feUowft  iIhu  ihe  <ri 
sf  the  liquid  diHplaced  br  the  body  wiU  doc  be  cJMRfedi 
sequently,  the  weight  of  tlus  volume  of  tbe  flnld  wfll  hi 
[  equal  to  thai  of  the  body,  as  in  tltc  »tM»  of  eqeBhi 
■  'Mow,  aa  G  the  crntiT  of  fpvrity  of  the  *"Vfny  body  eigk 
BDOve  B»>  if  the  xaam  of  this  body  beinff  nwi  laiiaiiJ  ikl^l 
Weight  of  this  body  and  the  praMure  of  Uw  ft«U  w«v  ^1 
to  it  (Nil.  43(() !  aud  bh  th««e  two  vcftica)  faran  act  ii  ^ 
site  dirreridiiH,  and  lue,  by  hypothesis  equal,  it  wiU  Ml 
iiecewury  to  cofiMdiT  the  motioD  of  the  peitil  a. 

If  h'  be  the  centre  of  ^purity  of  the  rolmae  of  AftH 
liquid,  afUr  the  body  has  been  made  to  derhUr  imm  th*  m 
tion  of  equilibrium,  tlii*  point,  like  the  cvntrvnf^n*^ 
will  appertain  to  the  •eetton  abcd,  but  tbey  will  b^  *fH 
Tfd{{),  no  lunger  situated  tn  the  nme  eertieal ;  caoMMMd 
(he  prewure  of  the  fluid  will  eanse  die  body 
line  pacing  throuf^h  the  point  o,  and 
section  «bcd  :  and  ihe  quMtiun  will  be  to 
thi*  motion  tends  to  make  the  body  revert  ta  it* 
equilibrium,  or  to  cause  It  to  deeiale  nore  aad  M 
and  evenluully  ap<*rt  It. 

Now,  if  ihruuffh  ibe  point  ■*  the  vertical  ifM  be 
•eting  the  linr  rok  perpendjrular  to  AC,  ai  (ha  pate 
L  fc  evident  thai  llie  pmwure  of  the  fluid,  wkiah  ia  mmA 
I  Var^  In  the  direetioa  h'm,  will  lettd  %a  bri^  biril 
riOK  to  iu  vertieal  poaldon,  which  ia  (bat  af  tb* 
.  ar  lo  cause  it  tn  dertate  more  from  It,  afumilag  «. 
*  niiuaied  nhove  or  helow  the  point  a.      In  (be  bit 
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tke  equilibrium  will  be  stable,  in  the  second  ease  it  will  not  be 
ao»  When  the  point  m  coincides  with  the  point  o,  the  body 
will  still  continue  in  equilibrio,  in  any  position  near  to  the 
fint,  in  which  it  may  have  been  placed.  If  o  the  centre  of 
|;fairity  of  the  body  foils  below  that  of  the  volume  of  the  dis- 
I^aoed  Uquid»  which  was  h,  in  the  state  of  equilibrium,  that  is 
to  sajt  if  this  point  a  exists  between  the  pcnnts  b  and  h,  on 
the  line  bk,  the  point  m  will  be  above  o,  and  the  equilibrium 
will  be  necessarily  stable.  If,  on  the  contrary,  the  point  o  is 
above  u,  as  in  the  ease  of  a  homogeneous  body,  the  point  m 
may  be  above  or  below  o,  and  the  equilibrium  may  be  either 
•table  or  unstable.  The  point  m,  the  consideration  of  which 
onables  us  to  distinguish  the  two  states  of  equilibrium  of  a 
floating  body,  is  symmetrically  situated  with  respect  to  a  ver« 
tical  section,  and  is  termed  the  ttieiacentre.  We  now,  how- 
ever, propose  to  give  another  rule,  deduced  from  the  principle 
of  living  forces,  by  means  of  which  the  stability  of  the  equili- 
brium may,  in  all  cases,  be  ascertained. 

613.  For  this  purpose,  let  us  consider  a  body  of  any  form 
whatever,  homogeneous  or  heterogeneous,  in  equilibrio  in 
the  water.  Let  abcd  (fig.  60)  be  the  intersection  of  this 
body  with  the  level  of  the  water,  o  the  centre  of  gravity 
of  the  moveable,  h  that  of  the  volume  of  water  displaced 
by  the  part  immersed  of  this  body,  v  the  volume  of  this 
port,  and  m  the  mass  of  the  entire  body ;  since  it  is  supposed 
to  be  in  equilibrio,  the  line  oh  is  perpendicular  to  the  plane 
ABCD,  and  the  mass  of  displaced  water  is  equal  to  that  of  the 
body,  so  that  if  the  density  of  the  water  be  denoted  by  p,  we 
have 

M  =  Vp. 

Let  us  suppose  that  the  section  abco  is  elevated  above,  or 
depff^saed  below  the  level  of  the  water  (fig.  61),  by  a  very 
small  quantity,  and  that  at  the  same  time,  the  plane  of  this 
section  is  inclined  by  ever  so  small  an  angle ;  and  aliK>,  for 
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greater  genrnJUy,  ibat  *inUl  Yelocitie*  mre  imp 

pointfl  of  the  moveable.     The  cqttiltbritUD  will  be  4 

and  to  deUrnnioc  the  stability,  it  will  be  ■ 

whrlhpr,  in  consequence  of  ttie  motion  that  tb«  boifv  t 

the  seiTtion  aucd,  which  is  fixnl  in  the  intrnor  of  t^h 

(levintcft  inor«  and  mure  fi^nn  the  l«wl  of  the  wU«r,  w  «i*~1 

to  revert  to  it,  hy  owilbting  on  each  side  of  thi*  UrwL  1 

the  mution  which  ensuea,  tbe  mttuml  brrcJ  of  th«  w^ 

the  floating  body  in  a  nection  which  it  vaiialile  in  tn  tMMK 

and  which  is  termed  theplamtofjiottlatiom,     Lmt  aVcW 

this  section  at  any  iuotant  vhauoeTer,  ab'co*  m*" "rt  f  ^ 

riable  <iectioi)  of  tiiiit  bo<ly  made  liy  a  horixontal  Mi  turn  «Wi 

passes  through  the  centre  of  gravity  of  tbe  Mctitw  asc*;  i 

the  intersection  of  abco  and  *b"cd",  whicb  i«  i 

ABCD,  9  the  mutu^  incUnatian  of  these  nrn  iriliiiM,  (t 

distance  of  hb"co''  from  the  plane  of  11 

lance  we  shall  consider  to  be  positive  or  nr^attw,  i 

iM  thi.t  section  rxixi»  above  or  below  the  leirel  ol  dW  1 

The  variable  quantities  0  and  Z  are  snppoMd  to  be  ■ 

at  the  commeiiceiuent  of  the  motion,  and  tbe  q 

to  determine  whctber  they  remain  rrry  % 

continuance. 

614.  If  tbe  Tariald«  vetodty  of  dm  any  e 
of  tbe  na«  of  ifae  moveable,  be  denoted  by  «,  dw  a^  if  fl 
tt^ng  lorcca  of  all  ita  pointa  will  be  giveo  by  iha  I 
^kUn  ertaadad  Ui  tba  entire  mam,  ami  tbe  aqaaliaa  i 
reaolla  from  the  principle  of  living  fbreet,  wQl  be  «f  tba  i 
(No.  564), 

lM*tim  =  c  +  3f ; 

e  being  an  arbitrary  oooatut,  and  f  a  fiukclMn  di 
the  forces  wbiefa  ai«  appBad  to  tbe  pamla  «f  tha  a 

Tbeae  Conaa  an  tba  fnvity  wUd  acta  an  aQ  hi  | 
and  the  vertical  pfaamm  wU^  tbe  InU  axsrta  oa  ikv  i 
'■wned  parlof  tbeMiffiHaoftbebody;  ■ 
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for  these  pressures,  motive  forces  which  act  on  all  the  elements 
such  as  dm  of  its  mass,  that  are  situated  below  the  level  of  the 
water,  by  taking  for  each  element  a  force,  acting  in  a  direction 
opposite  to  that  of  gravity,  and  equal  to  the  weight  of  the  volume 
of  the  water  which  it  replaces;  for  by  No.  602,  the  magnitude, 
cBiectioii,  and  point  of  application  of  the  resultant  of  these 
motive  forces,  will  be  the  same  as  that  of  the  vertical  pres- 
fores.  In  this  manner,  if  the  g^vity  be  denoted  by  ^,  the 
dement  of  the  volume  of  the  moveable,  which  corresponds  to 
dm  the  element  of  its  mass,  by  dvy  the  motive  force  of  dm  will 
be  ^fdSm  —  gpdvy  if  this  material  point  exists  below  the  level  of 
the  water,  and  gdm  if  it  be  above  it.  Moreover,  if  2r  be  the 
▼ariable  distance  of  dm  from  the  plane  of  floatation,  which  will 
be  positive  or  negative  according  as  dim  is  below  or  above  this 
plane,  it  follows  from  the  general  value  of  the  frmction  ^, 
given  in  No.  664,  that  in  the  present  question,  we  should 
have 

^  =  Izgdm  —  Izgpdv ; 

in  which  equation,  the  first  of  these  two  integprals  extends  to 
the  entire  mass  of  the  floating  body,  and  the  second  solely  to 
the  part  of  its  volume  that  is  immersed. 

If  from  G  the  centre  of  gravity  of  the  mass  m,  a  perpen- 
dicular OB  be  let  £bJ1  on  the  plane  a'b Vd^  and  if  gb  be  made 
=  «i,  we  shall  have  at  once,  for  the  value  of  the  first  int^^, 

Izgdm  =  guzi . 

If  the  second  be  divided  into  two  parts,  the  one  relative  to 
V  the  volume,  situated  below  abcd  in  the  state  of  equilibrium, 
the  other  relative  to  the  volume  comprised  between  the  sec- 
tions abcd  and  a'b'c'd',  then  gvps^  will  be  the  value  of  the 
first  part,  z*  being  the  variable  distance  of  h  the  centre  of 
gravity  of  the  volume  v,  fit>m  the  plane  of  floatation,  that  is 
to  say,  the  length  of  hf  the  perpendicular  let  fiedl  from  the 
point  H  on  the  plane  aVc'o'.     Therefore,  if  for  one  moment 
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ill  be  Uie  value  of  the  integral  ^sds  extended  to  iD  tbi  » 
tnenu  da  of  the  volume  coaipriM>tl  Ixtwcen  a.bco  wd  4^  nq 
jfpA  will  be  tlie  lecQtKl  part  of  the  second  int^gtal 

io  tbc  vxpr^ftsioii  <fit  and  wc  tliall  have 

for  the  complete  value  of  this  quantity.  But  a*  iIm  n^Sm 
OH  is  perpendicular  to  tho  planr  aucd,  the  an^  wtidli 
makes  nilh  the  vertical  is  9,  the  incGnatton  of  i 
ABCD  to  the  horizontal  plaoe;  if,  tbereferc,  the 
length  of  i}ii  ^  drnuted  by  a,  w«  shall  Hare 


z:9i 


in  which  tho  superior  siga  wHII  have  place  wti 
i«  lielow  II,  and  ihc  {iiferiar  Hgn  in  the  coat 
Rubstitutinf;  this  value  of  :,  in  that  of  ^  aiwj 
M  =  vp,  tliere  results 

^  =1  ±  gpeneoi  9  —  gpk  : 

niid  it  will  only  remain  to  detenniue  the  value  of  tlw 
repr«eentixl  by  k. 

615.  In  order  to  obtain  it.  let  tbc  ana  uf  the 
ADCD  be  decomjiofted  into  iiifiiiilcly  small  elrMnta*  wd  K 
them  bu  projected  on  the  plane  of  flotation  a'i'c'd',  ilx  nt 
eompriAed  b«tw«(ui  thoae  two  MCtions  ai  the  bady  v3L  ^ 
means,  be  divided  into  an  infinite  number  uf  vertical  ejfia 
whose  baset  are  the  horiaontal  projeelions  of  the  eteaaato  rf 
ABco.  Let  then  any  one  of  theie  eylinden  be  cut  by  ■•  »- 
finity  of  horizontal  plane«,  and  let  do  tbe  elri^nt  «f  da 
volume  whiirh  is  considered,  be  tbc  part  of  tfaia  rjlinjii  MM-, 
prvusl  between  the  two  conaecutivc  planea, 
bum  the  pUne  uf  floatation  arc  s  and  s  -f  dz^  aa  ital  dii 
element  may  be  equal  to  (be  baae  of  tbe  cyUnder  aak^M 
by  d<.  Now  u  (/A  ■•  tbe  dilFrrvntial  dancat  of  tba 
uca,  tbe  biiriunial  profeelioii.  or  iIm  baae  of  the 
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t    ponding  cylinder  will  be  dX  cos  0,  because  0  b  the  inclination 

£   0f  the  plane  of  dX  on  the  plane  of  projection,  therefore,  we 

%  shall  hare 

dv  =:  dzdk  coa  0 ; 

consequently,  ^zdv^  the  integral  relative  to  one  of  the  vertical 
cylinders,  will  be  the  product  of  dX  cos  9  and  of  Jzcb,  or  equal 
to(m)  }  Jf"  cos  0  e/X,  y  being  the  height  of  this  cylinder,  or  the 

*    perpendicular  let  fisdl  from  dk  on  the  plane  of  floatation ; 

'    therefore,  the  quantity  denoted  by  k  will  be 

A  =  ico80Sy*rfX; 

in  which  the  integral  is  supposed  to  extend  to  the  entire  area 
«if  ABCD*  The  perpendicular  y  consists  of  two  parts,  the  one 
comprised  between  the  two  parallel  planes  a'b^c'd^  and  ab'cd'', 
and  which  is  denoted  by  ?,  the  other  comprised  between  dX 
and  the  second  plane,  which  will  be  equal  to  /  sin  9,  /de- 
noting the  distance  of  this  element  from  ac  the  intersection  of 
the  two  planes  abcd  and'AB^CD'^;  we  shall  therefore  have 

y=:(-h/sin9| 

in  which  /  will  be  regarded  as  positive  or  negative,  according 
as  dX  is  below  or  above*  the  second  plane.  By  substituting 
this  value  in  the  preceding  equation,  and  observing  that  Z 
and  0  are  constant  in  the  integration  adverted  to  above,  there 
results  (n) 

k  =  ircos9SdX  +  ?8in9cos9S/c/X  +  isin>9cos9S/*A. 

If  b  denotes  the  area  of  tiie  section  abcd,  or  the  value  of 

^dXf  then  as  the  line  ac  contains  by  hypothesis,  the  centre 

of  gravity  of  this  section,  the  integral  JUX  is  cipher;  and  if 

we  make 

IPdk  =  V» 

so  that  7  may  be  a  line  depending  on  the  figure  and  extent  of 
abcd,  we  shall  have  finally 

*  =  i6co89(r+7'«m«9)- 


iM 


■>)'  TUB  CQCILtBHIOM  OP  Ft^ATIXn   BOftlB*. 


This  formula  iIoc«  not  givt-  die  rxact  value  otk;  biv 
that  It  iihould,  the  volume  compmed  betwc«n  thr  wtam 
A'u'c'n'  And  abcd  HlinuUI  bc^  Uir  put  of  ■  vertkal  rjidt. 
cut  off  by  the  plane  of  the  section  abcd  ;  but  whalrw  • 
Ibrm  may  be.  we  may  suppose  that  the  exact  ralae  tdi  itm 
rery  little  from  the  preceding,  a»  long^  m  C  ■•d  $ « i^ 
small  quandties,  and  it  is  ea»y  to  be  uuiaficd  that  thv  dfr- 
rence  of  these  vnluci  ia  a  quantity  of  the  third  nrds  «A 
resp.'ct  to  Z  and  fl(o).  By  substituting  thk 
value  of  A  in  (he  exprcsuon  of  f,  and  alto  ■"■t^nr 

*""  ®  =  T  ~  1:2:3  "^  **"-    «»•=»  =  ji  +  *'-. 

we  shall  obtain,  when  all  the  tenu  of  tha  Uiird  otdir*  «^ 
respect  to  these  variables  0  and  d  ue  neglected, 

#  =  3:  ypva  5:  ffp'off*  -  i  ffp*  (T  +  7'^), 

by  means  of  which  equation  (a)  is  Ranged  inio  tlw  fcfcw- 

•"gC/"). 

S«'d«  +  j7p  [Ar+  (V  =t  «)  ff^  =  e.  fV 

the  tenn  ±  2ffpva  bdng  snppoacd  to  be  conpciMd  t«  ihi  sn 

bitrary  conalant  c. 

616.  The  value  of  this  coustant  will  be  detenaia«d  «te 
the  values  of  n,  Zi  0>  wblcb  are  suppowd  to  be  nrj  wii. 
■  are  known  at  the  commencement  of  tbe  motiaB ;  ami  h  if- 
peara,  moreover,  from  equation  (b),  tbat  iu  valae  b  ^uMrii 
if  the  coefficient  by*  ±  ra  u  positive,  when  the  MnTlw  ttm- 
mencc*.  If  this  coefficient  remain*  podtiTe  dnrii^  tW  mam 
continuance  of  the  notion,  it  fbllowv  froB  tUa  e^iatiMv  H 


tbei 


I  cnployed  In  No.  ft7<k  1 


the  variablea  (  and  9  will  mdn  comtuiily  1 
that  at  any  instant  wluUevcr,  w«  shall  have 


V 


wW*")' 


Si 


from  wUch  it  appear*,  that  the  waUQly  of  equCSbfiiB  fl 
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floating  body  depends  on  the  sign  of  the  quantity  by^  ±  va, 
and  that  this  equilibrium  will  be  stable  when  this  quantity  is 
potttive  at  the  commencement  and  during  the  continuance  of 
the  motion  (7). 

The  integral  ^Pdk^  which  is  denoted  by  fryS  must  be  a 
poutiTe  quantity,  since  all  its  elements  are  positive.  The 
term  ±  va  must  be  affected  with  the  sign  +  when  the  point 
o  18  lower  than  the  point  h,  therefore,  in  this  case,  the  coef- 
ficient by^  ±  va  is  positive,  and  the  equilibrium  is  stable(r). 
When,  therefore,  the  centre  of  gravity  of  the  entire  mass  of  a 
floating  body  is  lower  than  that  of  the  volume  of  water,  which 
it  displaces  in  its  position  of  equilibrium,  we  may  be  certain, 
that  this  equilibrium  is  stable  for  all  the  small  motions  that 
can  be  impressed  on  the  body. 

I^  on  the  contrary,  the  point  h  is  lower  than  the  point  g, 
the  term  ±  va  must  be  affected  with  the  sign  —  ;  therefore, 
we  must  have  fry'  >  va,  in  order  that  the  coefficient  by^  ±  va 
may  be  positive  and  the  equilibrium  stable.  Now,  the  mag- 
nitude of  the  line  y  varies  with  the  position  of  the  line  ac, 
which  always  passes  through  the  centre  of  gravity  of  the  sec^ 
tion  ABCD,  and  turns  about  this  point  during  the  continu- 
ance of  the  motion  ;  hence  if  the  line  ac  be  made  to  make  an 
entire  revolution,  it  is  evident  that  there  is  one  position  in 
which  the  line  y  will  be  less  than  in  any  other ;  if,  therefore, 
this  least  value  of  7  be  calculated,  and  if  then  we  find  fry'  >  va, 
it  is  certain  that  the  coefficient  fry'  ±  va  cannot  become  nega- 
tive^  and,  consequently,  that  the  equilibrium  is  stable. 

In  a  ship,  for  example,  it  is  easy  to  percdve  that  the  line 
AC,  to  which  the  minimum  of  the  integpral  ^Pdk  corresponds, 
is  the  line  drawn  from  the  prow  to  the  poop^  consequently, 
if  the  area  of  the  section  on  a  level  with  the  water,  be  divided 
into  infinitely  small  elements,  and  if  then  the  sum  of  all  these 
elements,  multiplied  respectively  by  the  square  of  their  dis- 
tances from  this  line,  be  determined,  provided  that  this  in- 
tegral surpasses  the  product  of  the  volume   of  the  water 
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itinplaced  by  the  vetaeX,  unit  of  Uic  tltstaoor  of  ihtaam 
frntnty  of  this  volume  from  lliat  of  the  reawl,  W€  nt^ 
ccTtiun  tliut  the  niuiUliriuni  »  stiU>le.  with  rcKpcet  laiAl 
KRi.ill  motions  of  the  vessel,  even  when  tbe  ii  t  nui  eon 
gravity  is  higher  tluui  the  first. 

617.  I  laving  dLscusBml  the  qaottiou  of  the  eqaiUUii^  1 
stability  of  Boutin^  botliin,  we  now  pn»ct.>cd  to  dMcnnl 
motion  by  whieh  they  arc  actuiiUil,  wlu-n  tbpv  aie  ^^ 
ileviate  a  IJtile  from  a  {toiition  of  st&ltiL-  rquUibriaa. 
order  to  »olve  the  (]iii.>»tion  complvtcly,  vrc  khouU  cmri 
both  ibis  mulion  and  uImi  ibai  of  the  liquid  at  the  Mmai 
this  tbe  author  proiwaed  to  do  in  onoUter 
the  molioii  of  tbe  fluid  will  not  be  taken  into  aceouMr  m^ 
nnler  to  "implify  the  problem,  with  n^pect  to  tii« 
it  will  be  aAHumed,  that  it  is  symmrtrieal  on  atcfa  m^  4f 
plane,  which  continues  to  be  vertical  during  tkr  cntuvBti 

This  plane  contains  a  and  ti  llie  oentns  oi  nia>iis  §t 
moveable  and  of  the  volume  of  fluid,  which  it 
state  of  (■<piiUbrium.     In  this  state,  tbe  liiu>  oa  k 
let  it  be  iiiclinc<l  by  making  it  to  turn  in  this  pltnp  ^(^d 
point  tt,  then  let  this  line  be  elevalvd  or  ^presM 
same  plane,  parallel  to  iuwlf ;  and  aftcrwarda  let  th^ 
be  remitted  to  the  action  of  gfraniyt  an)  of  tlw  m 
th«  siirro\indinf(  fluid,  without  inpramnfc  any  initti 
on  it;  it  is  evident,  that  t  he  section  of  tbe  laavcableai^ihyll 
plane  in  question.  an<l  which  diridei  it  into  two 
par(«,  wilt  continue  constantly  vertical,   ac  lb*  isl 
thi!  sectioM  ABCD  and  ab''cd*  will  rcnalo  alwmjri 
ciilar  to  this  vertical  plane ;  and  as  by  hTpnlbiiJi. 
AL-  contiunt  the  centre  of  j^vily  of  ABC&(tf),  h  fcUowk, 
thi«  centre  will  bo  the  pinnt  x  where  it  tatemcta  tb» 
plane,  and  that  tbe  lim>  ac  will  always  matt  tbv  oaali 
AHcit  in  ilir  •aroe  |xiintt  a  and  c.     ladepcndwuly  of  ibt 
UKlry  of  the  Uwly  with  rvsped  to  ibr  pUnv 
AC,  let   u«  ouppUM'  b«Mtks  ■•>  onkr  lo  unfUify  tb« 
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Still  more,  that  the  line  gr  is  perpendicular  to  the  pliinc  of 
the  section  abcd  ;  this  will  be  the  case,  when,  for  example, 
the  plane  passing  through  the  two  lines  gk  and  ac,  likewise 
divides  the  moveable  into  two  symmetrical  parts. 

At  the  end  of  any  time  ^,  reckoned  from  the  commence- 
ment cS  the  motion,  let  z  denote  gb  the  distance  of  the  point 
o  from  the  fixed  plane  a'b'&d'j  Z  the  mutual  distance  of  the 
two  horizontal  planes  ab^cd"  and  a^b^c^d^,  0  the  angle  kge 
comprised  between  the  line  gk  and  the  vertical  ge,  y  the 
distance  of  dX,  any  element  whatever  of  the  section  abcd, 
firom  the  plane  a^b'c'd^  x  its  distance  from  the  vertical  plane 
drawn  through  the  point  g  and  parallel  to  the  line  arc. 
Likewise,  let  /  be  the  constant  distance  of  this  element  from 
this  line,  and  h  the  given  length  of  gr.  It  is  easy  to  per- 
ceive, that  we  shall  have(^) 

j?i  =  J  +  A  cos  9,    y  =  ?  +  /  sin  0,     or  =  /  cos  0  +  A  sin  9, 

in  which  I,  h,Z  &re  to  be  considered  as  positive  or  negative, 
according  as  the  element  eA  is  to  the  right  or  left  of  the  line 
ARC,  as  the  line  or  is  to  the  right  or  left  of  the  vertical  ge,  and 
the  plane  ab"cd"  below  or  above  a'b'c  V.  Finally,  if  the  area  of 
the  section  abcd  be  denoted  by  ft,  and  if  y  denotes  the  same 
line  as  before  in  No.  615,  we  shall  likewise  have 

SrfA  =  &,    lldXzzO,    lPdX  =  by';  (I) 

in  which  the  integrals  are  supposed  to  extend  to  all  the  ele- 
ments of  b. 

The  variables  2^  and  0  determine  the  position  of  the  move- 
able at  each  instant.  As  the  initial  velocities  of  all  the  points 
of  the  body  are  supposed  to  be  cipher,  we  shall  have  for 

fl  =  a,     C  =  /3,     1  =  0,     ^  =  0, 

a,  /3  denoting  very  small  ^ven  quantities.  The  problem  will 
consist  in  determining  the  values  of  6  and  Z  in  frinctions  of  /, 
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on  the  suppwilion  tbat  these  rariables  rmtaio  ««;  m 
during  the  entire  continuance  of  t)u>  motioo  ;  in  ammmm 
of  which  we  are  permitted  to  neff  leet  the  sqiure  of  I,  «J  i 
protluet  of  0  nnil  Z%  und  to  consider  iho  Tolanw  M^i 
between  abcd  and  a'u'c'u',  as  n  initicatoil  rj-Uoder. 

61 S.  The  centre  of  ^^rlty  G  will  more  u  if  m  tWaH 
the  moveable  was  condensed  into  it,  wid  uy  the  wngh  d^ 
body  mid  the  resultant  of  the  prcwum  of  lhc^  flind  vhvi 
to  it.  This  resultant  acts  in  a  dirwtion  cotitniry  la  tfaat  U  w/i 
it  is  equal  to  (v  +  v)/^,  v  dctiniing  the  rolunu  of  d*fr 
placf^l  water  in  its  state  of  equilihriuin,  nnd  v  -f  t  tbi*  mA^ 
at  the  end  of  the  time  (.  ThcTetim.-,  tho  rootiTc  bnr  at  Al 
point  a  acting  in  the  direction  of  i^vity,  i»-iUb«  ug~(t4^)0 
or  simply  — rpjf,  because  m  =  vp(«");  «s  its  initiAl  « 
is  cipher,  It  will  not  deviate  from  the  vertical  in  wIucJi  ii 
at  the  commencement  of  the  motion,  uid  tlie  rqnuiw  rf  ^ 
motion  on  this  line  will  he 

D  is  the  volume  comprioc^  hrlwecn  th«  two  mcIm^ 
and  a'b'c'd';  m  that  if  this  volume  be  dccuiniMMed  hM  «»■ 
tieal  cylinders  as  beftnv,  w«  shall  have 

iu  which  the  integral  is  suppoMd  lo  extend  (o  all  tW  aki 
of  A.     By  subslitutii^  for  jr  ito  prrciMitng  ralw,  wc  obcda^*} 
c  =  AC  cos  9. 

If,  therefore,  cm  0  be  oMtuned  equal  to  iuit]r  ia  lUi  til 
and  in  that  of  r, ,  and  if  these  vmlon  be  tliea  sttbalitMsd 
the  equation  of  the  motion  of  the  point  o,  and  if  t^  b*  f 

al«o  in  place  of  m,  there  rasnlti 

At  the  MOM  tine,  tbe  mnwblii  will  tan  about  ibe  Hi 
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iSOf  as  if  it  was  fixed,  and  the  forces  which  solicit  it  were  not 
k:  dbanged  (No.  438).  Therefore,  this  motion  of  rotation  will 
<p  hare  place  about  the  fixed  axis  drawn  through  the  point  6, 
rj  and  perpendicular  to  the  plane  which  divides  the  moveable 
:.  into  two  symmetrical  parts ;  and  because  the  weight  of  the 
:<  body  passes  constantly  through  this  point,  it  .will  be  due  solely 
I  to  the  pressures  of  the  surrounding  fluid  ;  consequently,  the 
equation  of  this  motion  will  be  (No.  392)  (jr) 


mA'-t-  =  fi. 


mV  denoting  the  moment  of  inertia  of  the  body  with  respect 
to  the  axis  of  rotation,  o)  its  angular  velocity  of  rotation  at  the 
end  of  the  time  ^,  and  fi  the  total  moment  of  the  pressures  at 
the  same  instant,  with  respect  to  the  same  axis.  The  velocity 
itf  will  be  regarded  as  positive  or  negative,  according  as  the 
motion  has  place  in  the  direction  indicated  by  the  sagitta  «, 
or  in  the  opposite  direction ;  so  that  we  shall  have 

dO      dw_     d^ 

and,  this  being  the  case,  the  moments  of  the  pressures  in  the 
ralue  of  fx  should  be  affected  with  the  sign  -f  or  — ,  according 
as  they  tend  to  produce  a  rotation  in  the  direction  of  the  sa- 
gitta «,  or  in  the  opposite  direction. 

Now,  the  total  moment  /lc  may  be  divided  into  two  parts, 
the  one  relative  to  the  constant  volume  v,  the  other  relative 
to  the  variable  volume  u.  The  part  of  the  pressure  corres- 
ponding to  the  first  volume  is  equal  to  vpg  applied  to  the  point 
H,  and  acting  in  the  direction  hf  ;  the  value  of  the  perpen- 
dicular let  fisdl  from  the  point  g  on  this  line  produced,  if  ne- 
cessary, is  a  sin  9,  in  which  a  denotes  the  constant  distance 
GH,  hence  the  first  part  of  the  moment  /lc  will  be  ±\apg  sin  0, 
in  which  the  superior  or  inferior  sign  ought  to  be  taken,  ac- 
cording as  the  point  u  is  higher  or  lower  than  the  point  g(«). 
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With  respect  to  thi-  part  of  ft  which  comtponJU  tm 
voltunc  be  alwaya  cl*>coinposcd  into  vcrdeml 
pri<Murc  corrcRpniKliii^  to  j>  voe  ftC^  any  p 
considered,  nliii-h  prcNHUrv  ia  always  rqual  and  euaOwy 
weight  of  the  volume  of  t)ic((rsplact>d  Amd,  wr  sli^bv 
c<w  0  d\  for  the  moment  of  tlua  preMurc  :  and, 
pglxp  ci)»  Odk  for  the  second  port  of  ^,  in  whkb  tlte  k 
extcii'ls  ro  the  entire  am  b.  By  substilutinf  fcv  m 
their  values,  this  quantity  will  heconic,  hy  baviBcra 
equations  {l)(y) 

coDsequcntly,  the  complete  valtie  nf  ^  iriU  be 

tt  =  {by*co«*6  ±va  +  bAZeotO)pgan§. 

If,  in  this  value,  unity  and  S  b«  ftutwtitutMl  in 

COS  8  an<l  ^n  6,  and  if  the  product  of  £  and   9  be  ■< 

and  if  then,  it  and  also  the  values  of  u  and  m  be  «■! 

in  the  equation  of  the  motion  of  rotation,  it  bccona 

(Tfl         ffry'±TagO_^ 

d^  +  ^         -  0- 

The  problem,  therefore,  depeDda  on  the  two  ^K^ 
cquationa  (2)  and  (3) ;  and  as  the  Tariatd««  0  and  Z  >•* 
rated  in  them,  it  folUm*,  that  tbr  motion  of 
floating  body,  and  that  of  itx  centre  of  (^vity,  are 
cut  of  each  other;  a  circumatanoc  nhich  iiliiains,  bi 
line  UK  drawn  from  the  oeiitre  of  gravity  of  the  m 
that  of  ABCO  is  supposed  to  be  perpeodiroUr  to  tUr 
tion(2).    By  integrating  theM  two equaliona,  and 
the  arbitrary  constants,  by  means  of  the  initial  *«l 
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As  the  vertical  ordinate  of  the  centre  of  gravity  is  equal  to 

A  +  ?9  when  the  square  of  0  is  neglected,  it  follows,  that  the 

'  motion  of  this  point  is  the  same  as  that  of  a  simple  pendulum 

y 

whose  length  is  t«     In  order  that  the  value  of  0  may  not  in- 


indefinitely,  that  is  to  say,  in  order  that  the  equi- 

lihrinm,  from  which  the  floating  body  has  been  made  to  de- 

iriate,  may  be  stable,  the  quantity  by^±ya  must  be  posi- 

tiTe;  which  agrees  with  the  theorem  of  No.  616.     When  this 

eondition  is  satisfied,  the  oscillations  of  the  line  gr  on  each 

side  of  the  vertical  gb  will  be  the  same  as  those  of  a  simple 

vA' 
pendulum,  the  length  of  which  is  "g-Tip —  • 

If  the  floating  body  is  not  symmetrical  on  each  side  of  the 

plane  passing  through  the  lines  gk  and  arc,  then  when  the 

perpendicular  let  Ml  from  the  point  g  on  the  section  abcd  is  not 

equal  to  the  line  gk,  the  variables  2^  and  0  will  be  no  longer 

separated  in  equations  (2)  and  (3),  the  first  would  contain  a 

.    .  (PO 

tenn  multiplied  by  -fsiy),  and  the  second  a  term  which  has  Z 

for  a  factor ;  the  motions  of  rotation  and  of  the  point  g  will  be 
no  longer  independent  of  one  another ;  and  the  moveable  may 
perform  four  descriptions  of  simple  oscillations,  into  which  its 
notion  of  rotation  can  be  always  decomposed,  agreeably  to  the 
principle  of  the  coexistence  of  small  oscillations,  but  which  may 
be  reduced  to  two  in  the  particular  case  which  we  have  con- 
sidered (ft'). 


CHAPTER  V. 

OF  THE    MEASUREMENT    OF    HEIGHTS    BT    OBSBHFATlOn  m 

THE   BAROMBTBR* 


619.  It  appears  from  No.  598,  that  the  equatkm 
librium  between  the  mercury  contained  in  the  cl<Micd  hnatk  d 
the  barometer,  and  the  pressure  of  the  atmosphere  in  the  ifa 
branch,  is 

m^AsII;  f! 

in  which  n  denotes  this  pressure  on  the  unit  of  sur&ce,  f  ^ 
gravity,  m  the  density  of  the  mercury,  and  h  the  diffemcr  d 
level  of  this  fluid  in  the  two  branches  of  the  karomecvr:  > 
this  equation  it  is  assumed  that  there  is  no  sensible 

above  its  level  in  the  closetl  branch. 

As  the  equilibrium  ought  not  to  be  derange«i  by  *uj-pi>s::4 
that  the  open  branch  of  the  barometer  is  oxtcndeti  lo  ihe  !-*:•• 
of  the  atmosphere,  it  follows  that  the  pressure  f]  i*  ihf  w«zi" 
of  a  vertical  cylindrical  column  of  the  atmosphere,  whi«««  b*^ 
is  the  unit  of  surface,  and  the  hei;:ht  that  of  this  fluiJ.  Tb» 
weight  is  thiTefore  equal  to  that  of  a  cylinder  iif  mt-rr-r^. 
having  the  same  base,  and  of  which  the  hrit^ht  i*  aUiuT  i»*.T* 
and  it  results  from  thi<4,  that  the  prt»>*iure  t»f  the  a!int>*j'ht."v  ' 
each  square  metre  of  the  surface  of  the  earth  i?»  \%*x\  neo:!^  '- ' 
thousand  kilogrammes(a). 

According  as  we  ascend  above  thin  surface,  the  ht  i^;: '.  v 
wfi^rht  of  the  column  of  the  air  which  jirt^^M-n  f»:i  thf  m»  :\  ." 
of  the  banmieter,  diminish  more  and  more:   ctniM'tjuiT.!.^  '-"■ 
height   h  must  al»o  diminish,  and  theri-  exi^t^  :i  rtl4V.->i'  '^ 
tween  this  height  and  that  throiii;h   which  ue  h.i\i'  a««-'-v:<''- 
wliich  will  make  one  known  bv  means  of  the  iitlur.       1  r.*  '-■- 
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termination  will  be  the  special  object  of  this  chapter ;  but  it  is 
necessary  previously  to  deduce  some  consequences  of  impor- 
tance to  our  subject  from  equation  (I),  and  to  explain  the  laws 
of  the  pressure  of  the  air  or  of  any  gas  whatever,  relatively  to 
its  density  and  temperature. 

620.  If  the  total  surfieice  of  the  earth  expressed  in  square 
metres  be  denoted  by  s,  the  mass  of  the  atmosphere  will  be 
equal  toms(0%76)(&);  m  being  always  the  density  of  the 
mercury ;  and  if  r  denote  the  radius  of  the  earth,  and  S  its 
mean  density,  its  mass  is  ^Ssr.  If  therefore^ represents  the 
ratio  of  the  first  mass  to  the  second,  we  shall  have 

•'"■         I?        ' 
and  as 

2irr  =  40000000",     m  =  13~,  6976,     8  =  6~,  60, 

it  follows  that 

/=  0, 0000008864 ; 

so  that  the  mass  of  the  atmosphere  is  a  little  less  than  a  mil« 
lioneth  of  that  of  the  earth. 

If  the  density  of  the  air  was  the  same  throughout  the  en- 
tire extent  of  the  atmospherical  column,  the  height  of  this 
column,  and  h  the  height  of  the  mercury  in  the  barometer, 
would  be  in  the  inverse  ratio  of  the  densities  of  the  air  and  of 
the  mercury ;  so  that  if  /  denote  the  height  of  the  atmosphere 
in  this  hypothesis,  and  p  the  density  of  the  air  at  the  tempe- 
rature  of  zero,  and  under  a  pressure  of  the  barometer  equal  to 
0*,76,  we  shall  have 


i 

«■■• 

-(0-,76); 

P 

and  because  (No. 

61) 

ff 

m 
P 

=  10462, 

there  results  very 

nearly 

I: 

=  7960". 

VOL.  11. 

3  R 
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It  is  evident  that  thi!  atmospbere  extviKb  mocb  hif 
than  thiB(c),  «Dce  the  itensity  and  weight  of  iu  •cnta^ 
nish  according  as  their  distance  from  the  Mirfiice  of  iIm  i 
iucreaaea.  A  limit  to  which  it  cannot  attain,  is  obCuMi 
determining  tlie  height  at  which  the  ccntrifugmi  forar  •  ■ 
to  tho  gravity,  for  beyond  this,  the  centrifugal  forer  « 
disperse  iu  moloculn  in  ii|»ce.  This  limit  ts  km  M 
equntoT  than  at  any  pamllel(tf).  Now,  in  thta  place,  tbc  <■ 
fugal  force  is  ^  (No.  178)  at  th«  flor&ce  uf  the  «artfc;  I 

heiglil  =  above  this  sui&ce  it  beconvs      orio      '   •**''  **" 

lensjty  of  gravity  is  f^~Ti<  '  *^»g  ll>e  nwtiiia  of  tlw  m 

therefore  tlie  limit  in  question  will  be  Acttnniaai  Vf 

equation 

r  +  s  _       r^_ 
28!)/- "(/■  +  =)»' 

from  which  wg  obtain,  for  this  Umit(e), 

But  there  is  reason  to  think  that  tha  ur  long  befbr*  it  isd 
■  to  BO  grat  a  height  is  liquefied  by  the  cold,  which  iaam 
npidly  according  aa  we  ascend  in  the  ataoipherc^/).  11 
law  of  this  increase,  when  the  air  is  free  Grom  the  UaM 
of  surrounding  objects,  is  altogether  unknown  to  at,  I 
it  should  not  be  confounded  with  that  wkicb  M 
the  tops  of  mounlainn,  where  the  tempermtui*  of  tW  A  ■ 
that  of  the  ground  mutually  influence  each  other;  thtH 
datum  which  «e  Imvc  on  this  subject  ia  tl 
from  observations  uitdr  by  M.  Gay-Lune  In  ■ 
which  he  ascendeil  to  a  height  of  61IS0" ;  the 
temperature*  gf  the  air  at  the  anrftoe  of  the  earth  and  m 
hdght  wen  about  30,75,  and  —  9.A0  of  tWceatwtade 
nootaler ;  which,  on  the  suppoution  that  tha  h^ 
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miifonnly,  gives  about  a  diminution  of  one  degree  for  every 
ITfi*  of  elevation. 

621.  If  the  open  branch  of  the  barometer  be  closed  at  c 
(fig*  44),  or,  more  generally,  if  this  branch  be  placed  in  com- 
munication with  a  vessel  h  closed  on  all  sides  (fig.  52),  the 
equilibrium  of  the  system  will  not  be  deranged ;  and  it  is  the 
pressure  exerted  at  e  by  the  air  contained  in  this  vessel,  which 
18  in  this  case  in  equilibrio  with  that  of  the  column  of  mercury, 
DF,  suspended  in  the  closed  branch,  above  e  its  level  in  the 
open  branch.  Therefore,  the  measure  of  this  pressure  on  the 
unit  of  sur&ce,  or  what  is  termed  the  elastic  force  of  the  air, 
wili  be  mghj  which  is  the  pressure  of  the  mercury,  and  it  will 
be  equivalent  to  n,  the  weight  of  the  corresponding  column 
of  the  atmosphere.  A  barometer  which  thus  opens  into  a 
closed  vessel,  and  by  this  means  enables  us  to  measure  the 
elastic  force  of  the  air,  or  of  any  fluid  whatever,  is  then  termed 
a  wumometer  ;  mgh  the  weight  of  the  mercury,  depends  on  the 
nature,  the  density,  and  the  temperature  of  this  elastic  fluid. 

If  when  the  manometer  is  transferred  from  one  place  to 
another,  the  density  and  the  temperature  of  the  air  contained 
in  the  vessel  h  remain  the  same  at  these  two  places,  the  height 
of  the  mercury  must  vary  in  the  inverse  ratio  of  the  gravity,  in 
order  that  the  weight  of  the  column  of  mercury  may  continue 
to  be  the  same.  Hence  by  measuring  this  height  at  different 
latitudes,  the  variations  of  g^vity  can  be  determined ;  but  in 
order  that  this  measurement  may  be  made  exactly,  the  va- 
riation of  the  volume  occupied  by  the  air  contained  in  h,  which 
results  from  a  corresponding  variation  of  the  height  of  the 
mercury  in  the  closed  branch,  should  be  taken  into  account. 

Thus,  if  ^  and  h  denote  the  gravity  and  the  height  df  of 
the  mercury  in  a  given  latitude,  then  if,  when  the  manometer 
is  transferred  to  another  parallel  of  latitude,  we  suppose  that, 
the  temperature  being  the  same,  the  mercury  rises  in  the 
closed  branch  from  d  to  d',  and  that,  at  the  same  time,  it 
falls  in  the  open  branch  from  e  to  e',  if  through  the  point  s'. 
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a  horizontal  plane  he  drawn,  cutting'  the  da— J  bi 
and  if  d'f'  the  difference  of  Icvvl  of  the  two  I 
noted  by  h',  and  the  corrciponiling  (^rarity  by  /g'.  Urn  h 
trtcal  pressurcA  in  the  two  pliices  will  be  us  pA  mnA  ^',  \ 
they  will  be  proportioniJ  to  thedendtjca  of  thr  daid  e 
in  u,  and  consequently,  in  the  iovene  mtio  oftbe* 
which  it  occupies  in  this  veaae) ;  therefiwe,  if  I 
be  denoted  by  v  and  v',  ve  shall  have 

-^  =  T, 

Now,  if  c  denotes  the  ar«a  of  the  horizontal  ivctn  irffr 
lube  at  the  point  a,  the  volume  of  tOOTcur)-  compriMJ  Wtava 
D  and  ii'  will  be  (A'  —  h)c ;  but,  in  canicijaence  of  iW  »- 
compressibility  of  ihis  fluid,  it  b  Decowry,  that,  whater*  h 
the  form  of  the  vessel  li,  llic  volunw  r*  sbooU  •un»>  '  -r 
this  quantity  (A'  —  A)r;  therefore  we  aholl  have 

and  by  subatituiinf;  tliit  \'alu«  of  V  in  the  preonfiog  e 
we  obtain  for  tlie  ratio  of  the  inteii«iti»  of  grmj'Uy  m  <k»  M 
pUe«s 

g' tA 

But  however  carefully  the  qnantitie*  which  occur  is  lib  | 
muU  are  meaBured,  this  |m>cea«  i»  not  ■asccpdblairf  ihtH 
dcf^TKc  of  prcdtioti,  m  that  Aisaded  on  operimcais  m^  t 
the  pendulum. 

6t2.  If  DOW  the  open  branch  of  the  b 
c  (fig.  41),  and  the  branch  that  wh  dosed  at  *  be  « 
prenure  of  the  atmosphere  will  be  added  to  that  at  ifca  ■ 
cury,  the  air  contained  in  ic  will  be  c 
quenily  the  level  of  the  mercury  will  aooeod  in  thia  h 
daitend  on  the  other.    If  an  adtCtiniial  quantity  of  ■ 
poartd  into  tbi>  branch,  to  thai  the  dUrermce  of  lewl  t 
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y  be  ttill  equal  to  A,  as  before,  and  if,  in  this  state,  the  mercury 
aieends  from  d  to  d'  and  from  e  to  b^  then  when  a  horizontal 
plane  is  drawn  through  the  point  e',  cutting  the  other  branch 
in  r',  we  will  have  d'f'  =  df.  At  the  point  f^  the  pressure 
ef  the  mercury  will  be  mgh ;  by  adding  to  it  n  the  pres- 
eore  of  the  atmosphere  at  the  level  d^,  we  shall  have  the 
•Btiie  pressure  equal  to  mgh  +  n  or  2  mgh ;  consequently,  the 
elastic  force  of  the  air  contained  in  ce',  which  acts  on  the 
lerel  e\  and  which  is  in  equilibrio  with  the  total  pressure,  will 
be  doable  of  that  which  has  place  when  the  air  occupies  the 
space  CB.  Now,  it  appears  from  experiment  that  the  space 
€b'  is  half  of  the  space  ce  ;  it  likewise  appears  that  if  the 
piessure  be  tripled  by  a  suitable  addition  of  mercury,  the 
apace  occupied  by  the  air  is  reduced  to  a  third,  and,  gene- 
laUy,  the  volume  of  the  fluid  is  found  to  vary  inversely  as  the 
pfeasore  which  it  experiences,  or  in  other  words,  the  density 
increases  in  the  same  ratio  as  the  elastic  force. 

This  proportionality  has  been  termed  the  law  o/Mcuriotte^ 
firom  the  name  of  the  philosopher  who  first  deduced  it  from 
observation.  It  implies  that  the  fluid  does  not  experience  any 
diange  of  temperature ;  so  that  in  order  to  observe  it  exactly, 
the  air  contained  in  ce  should  get  time  to  lose  the  increase  of 
temperature,  which  it  acquires  by  compression,  and  thus  re- 
vert to  its  primitive  temperature.  This  law  obtains  for  all 
gases,  and  also  for  vapours,  provided  that  in  this  last  case,  the 
pressure  is  less  than  that  by  which  they  are  reduced  to  a  liquid 
state.  Finally,  it  also  has  place  when  different  elastic  fluids 
are  mixed  together ;  and  if,  for  example,  two  gases  have  the 
same  temperature  and  volume  v,  and  if  ;i  be  the  elastic  force  of 
one,  and  j/  that  of  the  other,  then  when  they  are  so  intermixed 
as  that  their  sum  may  occupy  the  same  space  v,  the  temperature 
of  the  mixture  will  be  still  the  same,  and  the  pressure  or  elas- 
tic force  exerted  on  the  unit  of  surface  will  become  p  +  p'. 

623.  It  is  easy,  by  means  of  the  law  of  Mariotte,  to  calcu- 
late the  quantity  by  which  water  ascends  in  a  pump,  when 
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there  U  somo  &ir  between  tlits  liquid  and  th^amtam:  t^l 
been  alretuly  nUitetl  (No.  598),  that  when  the  mutmmhm 
tact   with   the  piiton,  the   s[>are  ihrouf^fa   wfairfa  ik*  i 
then  rises,  is  10~,4.)      Fur  (hi*  purpo«r,    l«t  « 
be  the   vertical   cylindrical   tube   of  a    pump 
fir  as  IP   in  watrr.    and   cii   the    horiaontal    bm  a( 
piston.     The  atmospherical    pienori!    nhicli   u  ex«M  ■ 
the  exterior  level  of  the  water,   thai  coincide*  with  (ir  » 
tenor  Icvei  kf,  'a  etjual  to  tfl  on  each  unit  of  • 
aity  of  the  water  being  suppo«cd  to  be  unity, 
10"',4  the  heijirht  of  the  column  of  water  which  i»  in  iiiJt- 
with  it;  nt  the  space  conioiued  betweicn  Er  aoi]  gh  mSU' 
with  air,    whose  elastic  force  is  in  e(|uilibria   with  tk  m- 
tenor  presaurr,  ffl  is  aW  the  meftKure  of  this  fbrc«.     la  #■ 
state,  let  a  be  the  ^iven  height  of  tin  above  rf  ;  if  Iha  * 
piston  ascend  to  c'li',  and  if  e  denote  the  given  bflivht  af i 
above  uii,  the  water  will  ascend  in  the  intrrior  of  tW ; 
a  height  k'f'  above  kf,  which  we  shall  d«no«c  bj-x, 
will  full  outside  (o  the  level  of  K,P,,  a  section  of  iW  M 
tuateil  at  a  liiittunccy  below  Br.     If  tba  boiiaonlal  wci 
the  pump  be  denoted  by  f>,  and  that  of  the  rtiinuii  ta 
it  is  immerved  by  [i,  we  shall  have  at  oiice,  on  necoaNiCI 
incompressibiiity  of  the  liquid(jrK 


and  the  question  will  be  reduced  to  the  detcminUiaa 
value  of  j:. 

But  the  air  which  did  occupy  the  spaoe  KniBt  wi 
occupy  llic  space  a'r'c'u',  and  as  tUs  last  ta  to  tlM«i 
the  ratio  of  a  +  r  —  t  to  a,  it  fbUows,  that  th«  clMlie  I 
f/l  will  be  dimbished  in  the  inverae  ratio,  and  wiU  | 

— 2~ ■    Tbb  willbelhepnawiKonthe  unttof  •■ 

I  R'r' :  ami  ifit  be  aiMed  to  (he  iiii  af  % 
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Atained  between  BVand  b^f^,  the  value  of  which  is  ^(^+9)9 
I  will  obtain  the  entire  pressure  exerted  on  the  interior 
rel  b^^9  which  should  constitute  an  equilibrium  with  the 
tenor  pressure  gl ;  this  requires  that  when  g^  the  common 
Btor,  is  suppressed,  and  the  preceding  value  is  substituted  for 
should  have 

+  ^  +  75"  =  *  • 


Iub  equation  is,  when  reduced,  of  the  second  degree,  and 
•y  be  written  as  follows, 

x^  -  x{lf+  a '{'€)'{'  dfis,  0, 
I  which,  we  suppose  for  conciseness,  that 

We  obtain,  by  solving  this  equation,  two  real  and  positive 
ilues  for  X ;  but  it  is  easy  to  perceive  that  one  of  them  is 
iways  inadmissible.     In  fietct,  x^y^  the  elevation  of  the  wa- 

sr  above  the  exterior  level,  cannot  exceed  /;  and  as  x  -f-y  =:  — 

re  must  therefore  have  x^fl{K)\  moreover,  it  is  evident 
bmt  we  must  always  have  x  ^a-^  c.  Now  as  the  sum  of 
lie  two  roots  of  the  preceding  equation  is//  +  a  +  c,  if  one  of 
bem  is  less  than  a  +  c,  the  other  will  be  grreater  than  //,  or 
ToDe  of  them  is  less  than/7,  the  other  will  be  gpreater  than 
!  -)-  c ;  consequently  only  one  of  the  two  roots  will  be  admis- 
ible,  and  the  other  should  be  rejected  as  not  belonging  to  the 
[iie8tion(t). 

In  virtue  of  the  equation  of  equilibrium,  — ^ the 

a  +c  —  X 

lastic  force  of  the  air  contained  between  bV  and  q'h^,  is  equal 

9  gl-'ff  {x  -^  y).     There  results  from  this  a  pressure  on 

lie  lower  base  of  the  piston  acting  in  a  direction  o{^site  to 

liat  of  gravity,  and  equal  to  gib  —  g{x  -f  y)  b.    The  upper 

■86  of  this  body  is  urged  in  an  opposite  direction  by  the  at- 
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mmpbcrical  pr«»are,  which  U  vtjiuU  to  pA; 
li>ad  which  th«  piston  smuiiw,  or  the  esocaa  «f  ihk  «^ 
force  over  the  first,  is  if{x  +  if)b,  wbicli  ia  Uw  «^la  « 
thu  water  contain«cl  betworn  s,r,  and  c'r*.  wm)  riiiwl  ^> 
the  exterior  level ;  this  intleed  imt  be  rniiiiiliwj  m  ni^ 
a  priori. 

624.  It  remolDs  for  us  now  (o  coomW  tlie  Uw  rf  » 
plastic  force  of  the  «ir,  ivlalively  to  its  Ccmpenintr. 

It  appean  from  ob«errat)<ra  that  if  the  air  «t^  i^^ 
gtaes  are  all  of  them  subjected  lo  the  t&ioe  j'^Mfifj  w^hk 
and  phicetl  in  an  enclosed  recpirvr,  the  tcnpenUim  wt  «i  - 
varii-s  at  each  instant,  they  arc  njuaUy  iHalted.  If  ^ 
tliein,  us  the  air,  for  example,  be  lakcu  ■■  m  tha^m^mi- 
that  is  to  say,  if  ita  total  dilaiaiioD  be  dirklnj  into  equal  ar^ 
vhich  will  indicate  the  d^rees  of  the  tfrmperaion',  ii  i^  ' 
from  tliis  that  the  increments  of  rolume  of  all  ihii  nm  *■ 
be  the  same  for  equal  increnwnt*  of  tempetuvra,  mmi  f^ 
portioniil  to  thoe  iucretneDts.  It  appear*  Bkcwaw  htm  ■*- 
servation,  that  for  a  very  coosiderabh;  nage,  tfae  ta£^ike 
of  Uiitt  aerial  thermomoter  difier  very  UlUe  from  Atm  of  ■*• 
mercurial  thermometer ;  so  that,  within  thn  nnge,  tW  dk^ 
tion  of  any  gas  whatever  in  pniportioaal  to  iu  jaiii^  > 
temperature,  as  indicated  by  the  dcgms  of  the  mwa^M  t^. 
mometer.  Finally,  M.  Gay-Lumac  has  fbmtd,  thai  frow 
lo  1 00°,  that  is  to  say,  from  the  lempefBtnra  of  meltfaw  mt,  » 
that  of  buUiug  water,  the  volume  of  air  sabjectcd  to  a  mmW 
pressure,  and  consequently  that  of  any  gM  wbatenr.  noi^ 


pvcs  a 


in  the  ratio  of  unity  to  1,375,   wbtdi 

0,00375  for  each  Ae^ne  of  the  oentri^TMle  ttmiauwumfl't 

Hence  if  v  be  the  volune  of  any  gm  whMenr  at  a  ^ 
pcralure  equal  to  zero,  p  ita  alaatie  fitroe,  and  d  ite  A^v^ 
and  it  wlien  (he  number  of  dcgnea  of  tempentuK  baea^  t 
II  the  ptcMure  on  the  unit  of  surfiMa  rnwaiiii  tke  t^as.  •> 
shall  han>(/) 

**  =  V(1+<|#). 
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s?i  ^  being  what  v  becomes  when  the  temperature  is  increased  0 
<sf  d^rees,  a  being  supposed  equal  to  0,00375  ;  likewise  if  d^  be 
8)1  what  D  becomes  in  the  same  case,  we  shall  also  have,  as  the 
[f  density  varies  in  the  inverse  ratio  of  the  volume, 


0 


c 


f 


D'=  "" 


1  +ae* 


Now,  if  the  pressure  be  supposed  to  vary  while  the  tem- 
{    perature  0  remains  the  same,  and  if  ;i  and  p  be  what  the  pres- 


tare  n  and  the  density  d'  become  simultaneously,  we  shall 
have 

by  the  law  of  Mariotte ;  and  by  making 

tbere  will  result  (nt) 

p  =  V(l  +  aO),  (2) 

for  the  expression  of  the  elastic  force  of  any  gas  whatever,  in  a 
function  of  its  density  and  temperature. 

625.  This  formula  is  applicable  to  gases,  vapours,  and 
their  mixtures.  If  the  temperature  be  indicated  by  the  mer- 
curial thermometer,  it  has  place  for  negative  values  of  0  to 
about  —  36%  or  a  little  less  than  the  temperature  at  which 
this  fluid  congeals.  It  has  also  been  verified  for  temperatures 
which  are  considerably  greater  than  100^;  and  the  difference 
between  the  laws  of  the  dilatation  of  air  and  mercury  does  not 
commence  to  become  at  all  considerable  until  0  ascends  to 
about  300°.  This  has  been  established  in  a  memoir  of  MM. 
Petit  and  Dulong,  inserted  in  the  eighteenth  Number  of  the 
Journal  of  the  Polytechnic  School. 

The  coefficient  k  is  different  for  different  fluids.  Rela- 
tively to  the  atmospheric  air,  MM.  Biot  and  Arrago  have 
found,  at  the  Observatory  of  Paris, 

VOL.  II.  3  s 
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-=  10462,      • 
D 

for  the  ratio  of  the  density  of  mercury  to  tliat  of  ibv  air.  i 
the  atmospherical  pressure  is  0"y76,  and  the  tcmpcrataiv 
(No.  61).     Therefore,  if  we  make  at  the  same  time^ii  . 

n  =  iitGA,    A  =  0",76, 
the  value  of  k  will  be 

A  =  (7951, 12)  g; 

and,  in  this  value,  g  should  be  taken  equal  to  the  ?rarii 
the  place  at  which  the  ratio  —  has  been  detennin«xJ.  li 

D 

to  say,  at  the  latitude  of  Paris,  for  which  we  have 

G  =9",  80896. 

The  coefficient  of  g  has  been  determined  on  the  suppo* 
that  the  air  is  perfectly  dry ;  if  it  was  humid,  its  di*n>it\  w 
be  less  under  the  same  pressure  and  tem|K'rature«  a>: 
value  of  A  would  vary  in  the  inverse  ratio  of  thi*^  ik-r^ifv. 

for  example,  ?  be  the  ratio  of  the  <lonNitv  ••!' r!:.     ..-  .• 
ftmximufn  of  humidity,  that  i<,  when  it  i*i 'iaf«ir.iri,i  u>;.  r. 
ture,  to  the  dcn^^ity  of  the  air,  whun  |HTfi*otl\  iir\. 
pressure  of  the  barometer  ecpial  to  0"',7*'»,  aiiil  at  •!     •.  - 
rature  zero,  we  shall  have,  as  will  be  soon  farrlit  r  <^r  . 

^_  0'",7r)  —  0"',00.">()S       10    0'\ot»;)Us 


0'",7fi 


+  u;-ni^f7r  =  "-'■•-• 


eonsequently,  if  the  precedini^  vahw  of  k  li,«  ili\i.i 
value  of  c,  the  value  of  A  whieh  corn^^j^nniU  ?•>  il;»   rrw 
of  luimiditv  N^ill  be  obtaine*!,  namelv, 

•  m 

k  =  (7I»71\(K»  .... 

*i*J^.    \Vl' are  now  in  a  eoiulitioii  t«»  ft»ri!i,  uir!,-     •    .■ 
ruliy,    llh'   dilftTeiit    e<|uatioiiH   «if  r«|iiiIilirinTt)    ,■:    :[  , 
pbt'iiiMl   rnjiiiiui.       Lit  lis  <«n|i|Hi<««'  ibat  ibi^  i..[  .#;■  .     . 
tii'.il   i\liiiilii.    u  liii  ii  (Ati  :iiis  til  Till    liiniu    .;  jj,      .•■.    , 


Jl 
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flfF 

and  having  its  horizontal  base  a  resting  on  the  sur&ce  of  the 
I    earth.     Let  this  column  be  divided  into  an  infinite  number  of 
•lender  horizontal  strata,  and  let  the  extent  of  the  sur&ce  a 
'^*  be  supposed  to  be  such  that  neither  the  density  nor  tem- 
-^'  perature  can  vary  from  one  point  to  another  of  any  stratum. 
-^  Let  Pf  py  0  denote  the  elastic  force,  density,  and  temperature 
:    of  the  air,  at  the  distance  z  from  the  surface  of  the  earth ; 
likewise  let  g"  be  the  gravity  at  this  same  distance ;  Ag'pdz 
will  be  the  weight  of  the  stratum  of  which  the  thickness  is  dz^ 
and  whose  two  faces  correspond  to  z  and  z  —  dz.     The  pres- 
sure which  it  experiences  on  its  upper  face  will  be  Ap,  that 

which  acts  against  its  inferior  face  will  be  a(/>  —  --j-dz.  But 

the  pressure  ought  to  increase  by  the  weight  Ag'pdz^  in  passing 
from  the  first  to  the  second  face ;  therefore  we  should  have 

A  (/?  —  ^dz)  =  A/>  +  A.g'pdzy 

or  simply  (o) 

dp-^(/pdz\  (3) 

which  coinddes  with  the  equation  that  might  be  deduced  from 
formula  (3)  of  No.  583,  by  making 

X  =  0,     Y  =:  0,     z  =:  —  ^'. 

If  p  be  eliminated  by  means  of  equation  (2),  there  results 

dp  __  g'dz 

7'""'A(l+a0/ 

Let  r  be  the  radius  of  the  earth,  and  g  the  gravity  at  its  sur- 
face, we  shall  have 

at  the  height  z^  and  if  the  variation  of  the  centrifugal  force 
Ih.*  neglected,  and  also  the  action  of  the  mass  of  air  comprised 
lietwccn  the  two  concentrical  spherical  surfaces,  whose  radii 
arc  r  and  r  -f  2:,  (which  action  does  not  enter  in  the  value 
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integral  \/xp^rf->  of  wHich  it  is  evident  that,  if  the  expres- 
sions of  p  and  y  be  substituted  for  these  quantities,  the  value 
is  n(q). 

627.  The  motive  force  of  a  balloon  which  ascends  verti^ 
callff  in  the  atmosphere,  is  the  excess  of  the  weight  of  the  air 
which  it  displaces  at  each  instant,  over  its  own  weight. 
Therefore,  if  its  mass  be  denoted  by  fi  and  its  volume  by  v, 
this  force  will  be  \pff'  —  pg'  at  the  height  z  above  the  earth  ; 
consequently,  we  shall  have, 

(Pz 

for  the  differential  equation  of  the  vertical  motion  of  this 
body  at  the  end  of  t  any  time  whatever.  If  its  mean  density 
be  denoted  by  c,  in  which  case  we  have  p,  =:  cv,  and  if  their 
preceding  values  be  substituted  for  p  and  </,  this  equation  will 

become 

— /f*. 

c  -^  =  .  ..    .     - c''- 


(Pz  _  Ugr^  JoT^9JRT)  cgr^ 


a* 


de     k{i+aH){rJ^zy  {r  +  zy 

By  multiplying  by  2dz,  then  integrating  and  denoting  the 
constant  arbitrary  by  c,  it  becomes(r) 

eft*  ^  r+  z 

If  the  balloon  ascends  from  the  sur&ce  of  the  earth  without 
any  initial  velocity,  we  shall  have  at  the  same  time  2=0,  and 

-7-  =  0 ;  consequently,  we  must  have 
di 

c  =  2n—  2c^r; 

and  there  will  result  for  the  square  of  the  velocity  at  any  height 
whatever  such  as  z  («), 

dz"  _  2n  r      *o-K^r  I  zH     ^grz 


502  OF  THB  MBASURBMBHT  Or  HBMBn 

By  resolving  this  equation  with  respect  to  dk;  tlw  ti 
the  balloon  takes  to  attun  a  given  height  may  be 
by  the  method  of  qnadratores. 

By  making  the  value  of  -^  equal  to  dpiiery  we 

termine  the  height  at  which  the  moveable  would 
equiUbrio,  if  it  reached  it  without  any  aeqnirad 

in  like  manner,  the  equation  -^  =  0,  will  raal 

greatest  height  to  which  the  balloon  can  wrniH  ia  dbt 
mosphere,  on  the  supposition  that  neither  its  laass  e 
undergo  any  change.     The  first  of  these  two  heigh 
expressed  by  means  of  a  logarithm ;  the  seeond  will 
a  transcendental  equation,  and  can  only  be  raifnlatril  bf 
proximation(/). 

628.  Let  us  now  apply  equation  (4)  to  the 
of  vertical  heights. 

Let  A  and  h'  be  the  heights  of  the  mercury  in  the 
.  at  the  inferior  and  superior  station ;  t  and  t'  the  co 
temperatures  of  mercur}%  /  and  /'  those  of  the  air«  which  «!!■ 
he  cliifercnt  from  t  and  t',  when  tlie  morcur\'  in  the  hamiBrtcr 
lias  not  sufficient  time,  during  the  oli^orvations,  to  ainjuir^*  t&s: 
t(.'inperaturc  of  the  surroundnijji^  air.     \i  m  ho  thi*  «ion<it\  ^ 

the  mercury  at  the  inferior  station,  I  1  +  -^--  )  m  will  bci:» 

density  at  the  su|>erior  station,  iK^cause  tlie  donsitv  inofva»f« 
hy   -  A,',  for  each  degree  of  diminution  in  the  tomjvntmc 

For  greater  simplicity,  let  the  fai'tor  I  +   . . ,—  U*  ciMii;»rv- 

liendeil  in  the  height  h\  which  will  then  Ik*  ihi*  nWni^^ 
height  multiplied  hy  thin  quantity,  and  wo  will  afler^%a^^«u|«- 
po^o  that  m  is  the  density  of  the  mercury  ut  the  two  M4thK:« 
In  lliis  wav  we  shall  have 

II  =  wivA,     /I  =:  Mij  h   zz    ~-  ^ - 
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J  means  of  which,  equation  (4)  will  become(K) 

log  A  +  2iog  ^1±^  =  r7T-r-^7 V-  (5) 

Agreeably  to  what  is  stated  above,  i  (^  +  ^0  should  be 
iken  for  0.  The  value  of  a  is  0,00375  for  dry  air  as  well  as 
»r  that  which  contains  a  constant  quantity  of  aqueous  vapour, 
[id  in  any  proportion.  But  it  should  be  observed,  that  when 
ic  temperature  rises,  the  quantity  of  vapour  in  the  atmosphere, 
1  general,  increases ;  and,  as  under  the  ordinary  pressures  of 
lie  atmosphere,  namely,  O^'yTG,  the  density  of  vapour  is  to 
iiat  of  air  in  the  ratio  of  10  to  16,  it  follows,  that  the  density 
f  the  free  air,  the  temperature  of  which  increases,  must  di- 
linish  in  a  greater  ratio  than  that  which  corresponds  to  the 
oefficient,  0,00375.  Therefore,  in  order  to  take  into  account, 
B  fiir  as  possible,  the  quantity  of  vapour  which  exists  in  the 
tmosphere,  the  coefficient  a  should  be  increased,  and  for  the 
onvenience  of  the  calculation  we  will  make  it  equal  to  0,004  ; 
0  that  we  shall  have(r) 

As  the  logarithms  which  occur  in  the  first  member  of  the 
ireceding  equation  are  Naperian,  in  order  to  convert  them 
nto  vulgar  logarithms,  they  should  be  multiplied  by  m  the 
aodulus  of  these  last,  the  value  of  which  is 

M  =  0,4342945 ; 

r  the  expression  for  gravity,  which  its  second  member  con- 
ains,  is  that  which  belongs  to  the  inferior  station,  and  to 
he  latitude  of  the  place  of  observation.  If  this  angle  be  de- 
leted by  ^j  we  shall  obtain  by  comparing  the  gravity  g  with 
bat  which  occurs  in  the  values  of  k  of  No.  625,  and  which 
3rresponds  to  the  latitude  of  Paris(x), 

_       (1~  0,002588  cos  2  i/.)g 
^  "  1  -0,002588  cos 2(48^50' 14«) 
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Moreover,  as  in  the  coefficients  of  o  in  thne  two  rahi»  « 
A,  the  one  belongs  to  the  state  of  extreme  drynest  of  tk  k 
the  other,  to  tlie  air  when  saturated  with  Iiumi«iitv.  «e  m 
take  the  semi-sum  of  these  two  quantities,  or  7961",  Uk 
the  coefficient  which  corresponds  to  the  ordinary  state  of  ik 
atmosphere.     We  shall  then  have(y) 

^  [1-0,002588 cos 2(4805(y  14')]  =  (18337-,46)c: 

and  by  means  of  this  value  combined  with  that  of  ^,  «e 
obtain  from  equation  (5)  (r), 


18337%46ri+'47T^nr-        M. 

1  -  0,002588  cos  2  ^      L'^  jf'  \ 


21og(.+r)](l+f); 


I 


in  which  formula  the  logarithms  arc  actually  tho^c  bcloor^ 
to  the  system,  tlie  Imse  of  which  in  the  number  10. 

In  applyiiiu:  this  tMiuation,  wo  in  the  Jin^t  |»!atv  ::.:•.■ 

-,  the  fraction  contained  in  itssocoiu!  mcnifKT;  thi>u..!  :n-A 
r 

known  tho  first  approximate  value  of  r,  and  bv  sult^ti*  .:.:^"  " 
in  this  second  member,  a  second  value  ot  .:  uill  Jv  .••••a. f-.. 
more  accurate  than  the  first,  beyond  Mhich  the  iii'pr"\  sa- 
tion  need  not  be  continued. 

If  an  unknown  coefficient  a  be  substituroi  t.«r  ?!:.   :    t  • 
I'^.'^'iT.  W*>  in  this  c<piiitif»n,   and   il'  a   b^  thi  ii  d»  r,  :::.. 
means  ot'a  s^real  nundier  of  lirii^hts  c,  nuasuroi  tri^'»'i  ■  :.  ." 
c;dlv,  we  find 

wliirh  «lliVirs  vrry  liftle  tV«»m   rlic  eo*  ifiv  i*  nt   In.;,;;-  j.,- 
\n:is  <!in'iil\  iMKulatiJ. 

<»-'.>.    It  it  was   pjopo'.rd  to  rinpl<i\   fMrniul.i    ••■  •  ■ 
niiiu"  tlu-ilr\ati.)u   ^^\  a  jilaec  on  tho  i-artli  a}i..\,   t-^      , 
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Tf  ij  A,  to  the  shore  of  the  nearest  sea ;  and,  for  greater  accu- 
racy, \p  should  be  taken  equal  to  the  mean  latitude  between 
those  of  these  two  points.  Agreeably  to  what  has  been  re- 
marked in  No.  255,  the  action  of  the  stratum  of  the  earth,  the 
height  of  which  is  s,  should  be  also  taken  into  account ;  on 
the  supposition  that  its  density  is  equal  to  half  of  the  mean 
density  of  the  earth,  we  have  then 

gr»  Zgz 

^  ~  {jJfzf^  4r  ' 

and,  as  the  fraction  -  is  very  small,  when  this  value  of  the  gravity 

g'  is  made  use  of,  the  quantity  1  +  '»  contained  in  formula  (6), 

5z 
should  be  replaced  by  1  -J-  —{p!^. 

In  order  to  give  an  example  of  this  formula  thus  modified, 
let  us  take  that  which  has  been  cited  in  the  yearly  register  of 
the  Bureau  of  Longitudes,  in  which  the  height  of  Guanax- 
oato  above  the  level  of  the  sea  has  been  determined. 

The  data  of  this  example  are 

A  =  0-,763l5,     T  =  <  =  25°,3, 
A'  =  0-,  60095,     T'  =  <*  =  21°,  3,     1^  =  21°. 
The  height  A',  when  corrected  and  multiplied  by  the  factor 

1  +  ^gg^»  which  should  be  employed  in  formula  (6),  be- 
5550 

comes 

A'=0«,60138. 

If  the  fraction  -  be  neglected  in  this  formula,  we  find  for 

the  first  approximate  value  of  z 

c  =  2077«,98; 
and  if  this  value  be  substituted  in  the  same  formula,  by  putting 

1  4---  in  place  of  1  4--,  as  has  been  stated  above,  and  ob- 

%r      ^  r 

VOL.  II.  3  T 
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serving  that  r  =  6366198%  we  obtain  m  =  90B1%96»  fa  Aff 
required  height,  which  is  leM  than  that  given  in  the 
by  about  2  metres  and  one-half  very  nenrly. 

630.  When  z  the  height  is  not  very  ^«*M*t^A.»J 

fraction  -  may  i>e  neglected  in  fomrala  (6),  and  the 

18337",  40  should  at  the  same  time  be  replaced  by  a 
somewhat  greater.     That  which  retulta  froai  a 
servations  made   by  Raymond  In   the  aoath  of 
18393  metres,  and  as  the  corresponcBng  latitiKle  is 
^  =  45^  equation  (6)  is  reduced  to 

which  is  the  barometrical  formula  that  is  commonly  made  wmdL 
In  the  same  vessel,  and  under  the  aame  atmospkrini 
pressure,  the  ebullition  of  distilled  water  commenees  ahqv 
at  the  same  temperature,  and  this  temperature  is  less  aoeoidif 
as  the  external  pressure  diminishes.  If,  therefbiv,  a  tMt  u 
formed,  hy  experiment,  of  the  torn  iH»raturi»s  at  which  wafer  he^ 
to  boil  under  pn»ssuri»s  that  decrt^a^ic  hy  very  <^nuill  iliffi-rrnon^ 
and  if  a  ve*isel  containing  the  water  ho  carritM  lo  «iiJ«fvr: 
heii^hts  above  tlie  earth,  the  tempenuun^  at  which  thi^wtfrr 
conimenee*^  to  l)oil  will  make  knowiu  hv  meaii<  of  theAhoVf 
mentioned  tahK*,  the  eorre«^ ponding  liarometrical  heii;ht!s»bi^'^ 
siionhl  he  eniph)yeil  in  the  preceding  fonnula.  It  i!»  in  iiii«  Bur- 
ner that  phih>sopherM  have  proposi*il  to  ditermine  the  difi- 
rences  of  height  aliove  the  earth,  hy  ol»<iTvink^  at  wlul  t^n- 
perature  water  hetrins  to  hoi  I,  and  without  havin^;  rtvi^inr 
explieitly  ti>  measurements  of  the  barometer. 

iuU.  We  ^ihall  tH>nehide  this  chapter  uiih  «ome  rt-miri^ 
on  the  wei;;ht  and  eliMie  forci*  of  va|>oup«,  which  forw  Ik»  li^' 
be%'n  terniei)  thi*  /•  hmion  of  tlK*<e  fluids. 

If  a  eli>'^i'il  ve^M-1  eontain<«  any  licpiid  in  ?»uiBcit*nt  qiuntitv 
to  furnish  al!  tin'  vapour  which  can  be  &r^*nenit4^{  in  it.  tkj: 
which  ii<>i'N  li<i:ii  ihi<«  li(|ui«l  attain**,   more  or  U<^«  ciuickS.  - 
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tmaxtmum  which  depends  solely  on  the  temperature,  and  which 
in  the  same  when  the  vessel  is  void  of  air,  and  when  it  con- 
tains air  or  any  gas  whatever,  in  a  condensed  or  dilated  state. 
Likewise,  whether  this  quantity  of  vapour  has  reached  its 
maximum^  or  is  still  below  this  point,  its  tension  is  added  to 
that  of  the  elastic  force  of  the  dry  gas,  and  the  sum  constitutes 
the  elastic  force  of  the  mixture.  At  the  same  temperature,  the 
maximum  tension  is  different  in  different  vapours;  and  the 
law  which  it  follows  for  the  same  vapour,  in  a  function  of  the 
temperature,  is  not  yet  known.  The  most  extensive  ex- 
periments which  have  been  hitherto  made  on  the  vapour  of 
water,  are  those  which  are  detailed  in  the  tenth  and  eleventh 
volumes  of  the  Academy  of  Sciences,  and  in  Taylor's  Scientific 
Memoirs,  Part  8.  The  maximum  elastic  force  of  the  vapour 
of  water  formed  in  a  vacuo  at  the  temperature  of  18°,  75,  for 
example,  is  measured  by  an  elevation  of  mercury  in  the  ba^- 
rometer  equal  to  0"*,  016.  When  it  is  produced  in  perfectly 
dry  air,  at  this  temperature  and  under  the  ordinary  pressure 
of  0",76,  its  elastic  force  is  added  to  this  pressure,  and  it 
appears  from  experiment,  that  in  fact  the  pressure  of  the 
mixture  is  0",776. 

If  it  was  possible,  without  liquefying  unmixed  vapour,  to 
raise  its  tension  from  0"*,01G  to  0'",76,  its  density  would, 
by  the  determination  of  M.  Gay-Lussac,  be  to  that  of  dry  air, 
under  the  same  pressure  and  at  the  same  temperature,  in  the 
ratio  of  10  to  16.  Therefore,  in  virtue  of  the  law  of  Mariotte, 
the  density  of  the  vapour  which  has  been  taken  for  our  examples 
is  !?•  ^ilVif  ;  that  of  air  at  the  temperature  of  18,75,  and  under 
the  pressure  of  0*,76,  being  taken  for  unity  (&^.  Conse- 
quently, if  p  denote  the  weight  of  a  litre  of  air,  and  p'  that  of 
a  litre  of  vapour  of  water,  we  shall  have 


p'  = 


77i- 


At  the  temperature  zero,  p  would  be  equal  to  1000  c^rammcs 
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divideil  by  7G9,4  (No.  01);  as  the  density  of  ihe  air  !-.->• 
inversely  us  the  volume,  in  order  to  cditain  it%  \-alw  xl  ot 
temperature  of  IH^,  7.'>,  this  quotient  should  be  tiiviicc  b^- 
1  +  (18,75)  (0,i)037J);  hence  it  follows  that 

and  conseciucntly(r') 

I''  =01'%  01 597. 

The  weight  of  a  litre  of  vapour  at  the  temperature  of  K.7S. 
and  at  its  maximum  of  density,  must  also  be  that  of  the 
quantity  of  r.iptiur  which  a  litre  of  air  can  contain  at  thi« 
|>erature,  whatever  its  density  may  be.  Now,  Sauasure  fonac 
hy  direct  ex|MTiment,  that  the  wei|^ht  of  the  {^^reate«t  qiuaca 
of  vapour  which  can  be  formed  in  a  cubic  fiiot  of  air,  oacitr 
the  ordinary  pressure  of  the  atmospheris  and  at  the  i^ivta 
temperature,  is  10  irnnn<«;  hence  it  follows,  that  it  is  0.oIi4^ 
for  the  cube,  one  of  whoso  sides  is  a  deci-melri%  which  *iiS^^ 
very  little  from  the  preciMiin^r  result.  Cteiioraliy,  if  ^  <ae* 
notes  the  density  of  the  dry  air,  A'  that  nf  air  chan^oi  mi'± 
n)(»isture,  ;i!ul  //  tlir  t-.MiMon  <»fthr  v;i|:iiir  «Mii-h  i*  »-•'•..•. 
wi-  shiill  li:ivi*(*/') 

A     . 

tiH"  aiiv  vdlunu'  whatrvt-r  nf  air  eli.iri^ol  with  inni^tr.'^i   *   .  -.  .• 
\,   will  con^iist  (if  an  fcpial  volnmi*  ul  dry  air,  the  cl.v-:..  :-  r.t 

i>f  which  is  rrdiicr«i   to   h--  a,  and  thi*  dt*n**it\  to         \  —   :. 

aildod  to  an  equal  vnluini*  nrva}Nin!,  ihi-  dt-n-ify  •■:"•.*!.    ':   » 

111*  r(inal  to  J"  ,  A ;  i''»nM*i|ni'ntlv  fhr '*iiin  i»I  llu  m  i  a. i  .•...-■.  • 

multi|di('(l  l)\  \,  will  i'\|»ri-s  thi- ma***  \  .\  i»r  tl;i-  i...\- .-. 
and  l)V  »»n]»|U"«Hsiii^  \\u*  common  tacfiir  \,  the  pri  I'lii.::,;  i^i— »- 
ti(in  will  l>r  iiht.iiiu-l.  riii*>  i'i|naiitin  will  iii.iKii-  i.«  :.•  wr- 
niinr  thi-  \\*\  iii  ul  .i  -iviii  xiijumi'  t»t  .lii  r!i.iri;i-:  v*.*:  r  .  .•- 
turc,  wliiii  rli.  Mvi^l.'  i-l  Hii"*  \  ulnnit- nt  «';  \  .„■  .it  :r.  v.it* 
tcmjK'i.ir  111  .  .  rill  ihr  I.  :i<>iiM:  nt  tli>*  v.ipot.'  !*•  ■':.::■.  •■  a" 

i'li.n:;ril  wiili  inii>rii!f  ,iii-  i^lvi  n.       1  In-  x.iliu    ••:  «   ft  \  • 
mix   In   ■'.•'■.•4ti«l  ii  ini  if  li\  niakiii^  /■  ...  o   .71.,  .^.,,.    ^,, .. 
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bat  the  temperature  is  zero,  in  which  case,  the  maximum 
enuon  of  the  vapour  of  water  is  0%  00508. 

632.  If  the  atmosphere  which  envelopes  us  did  not  exist, 
t  would  be  replaced  by  another  atmosphere  formed  of  the 
yqueous  vapour  which  rises  from  the  sea.  The  law  of  the 
tensities  of  its  strata,  and  its  total  height,  would  depend  on 
he  law  of  the  temperature  which  would  have  place  in  this 
iqueous  atmosphere,  and  which  cannot  by  any  possibility  be 
LDown ;  but,  whatever  it  may  be,  the  entire  weight  of  a  verti- 
lal  cylindrical  column  of  this  vapour,  whose  base  is  the  unit  of 
urfiBUK,  will  be  always  equal  to  the  elastic  force  which  belongs 
o  its  lowest  point  (No.  626) ;  and  when  its  density  at  this 
Knnt  attains  its  maximum,  this  force  will  only  depend  on  the 
!orresponding  temperature(6').  Indeed,  we  are  also  ignorant 
vhat  this  temperature  should  be ;  but  there  is  reason  to  think 
hat  it  would  be  much  lower  than  that  which  has  place  now  at 
he  surface  of  the  earth,  since  the  fluid  that  would  then  be  in 
;ontact  with  this  surface  should  have  a  density  considerably  less 
ban  that  of  the  ordinary  air(y).  For  greater  clearness,  let  the 
emperature  in  question  be  still  18°,  75,  then  the  weight  of  the 
iqueous  vapour,  the  base  of  which  is  the  square  of  the  deci- 
netre,  cannot  exceed  that  of  a  prism  of  mercury  which  would 
lave  the  same  base,  and  0"*,016  for  height,  that  is  to  say,  the 
jveight  of  sixteen  centiemes  of  a  litre  of  mercury,  or  very 
learly  2300  grammes.  The  weight  of  all  the  aqueous  vapour 
nrhich  may  be  contained  in  a  column  of  air  of  our  atmosphere, 
lepends  on  the  law  of  the  decrement  of  temperature  in  a  ver- 
ical  direction,  and  cannot  be  calculated ;  but  if  the  base  of  the 
M>lamn  is  the  square  of  the  decimetre,  and  the  inferior  tem- 
perature 18^,75,  it  is  easy  to  be  satisfied  that  this  weight 
must  exceed  2300  grammes,  as  is  evident  by  considering  that 
iiroughout  all  the  part  of  this  column,  the  temperature  of 
srhich  differs  little  from  18^,75,  and  unto  a  height  where  the 
pressure  will  not  be  reduced  to  0"*,016,  each  litre  of  air  may 
:»ntain  about  sixteen  milligrammes  of  vapour. 


CHAPTER  VI. 

OF  THE  ELASTIC  FORCE,  AND  HEAT  OF  GAS. 

633.  The  law  of  Mariotte  obtains,  as  has  been  ab*eady 
tated  (No.  622),  on  the  supposition  that  the  rarified  or  con- 
lensed  fluid  has  had  time  to  revert  to  its  primitive  temperature. 
if  this  precaution  is  not  taken,  the  temperature  increases  or 
liminishes  with  the  density,  and  hence  as  the  elastic  force 
tlso  varies  in  the  combined  ratio  of  the  density  and  tempe- 
ature,  it  is  easy  to  conceive  that  it  must  vary,  for  the  same 
laid,  in  a  greater  ratio  than  its  density.  When  the  fluid  is 
contained  in  a  vessel,  whose  sides  are  impermeable  to  heat,  it 
etains  all  its  caloric,  while  it  is  being  condensed  or  dilated, 
md  consequently,  its  temperature  is  accordingly  increased  or 
liminished.  The  same  is  the  case  whenever  the  variations  of 
ts  density  are  so  rapid,  that  its  proper  heat  has  not  time,  in 
lie  case  of  condensation,  to  escape  in  a  radiating  form,  or  to 
rommunicate  itself  by  contact  to  the  surrounding  bodies,  and, 
n  the  case  of  dilatation,  for  these  bodies  to  communicate  to 
lie  fluid,  by  radiation  or  by  contact,  a  sensible  quantity  of 
caloric.  This  is  the  supposition  that  is  made  for  example,  as 
nrill  be  explained  in  the  sequel,  relatively  to  the  variations  of 
lensity  which  have  place  in  sonorous  waves,  the  duration  of 
irhich  is  only  some  thousandths  of  a  second. 

In  this  question,  and  many  others,  it  is  important  to  know 
the  expression  of  the  elastic  force  of  a  gas  in  a  function  of  the 
lensity  and  corresponding  elevation  or  depression  of  the  tem- 
peratures, when  the  quantity  of  heat  of  the  fluid  mass  remains 
nvariable.  But  in  the  present  state  of  our  knowledge,  we  have 
lot  the  data  requisite  for  the  complete  solution  of  this  pro* 
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blem;  and  in  this  Gluq>ter,  it  is  propotwi 

up  Id  the  present  time,  we  hare  been  fnehled  to 

the  calculus  and  from  experiment  cm  this  aubfect. 

634.  Let  p  be  the  density  of  m  gaa^  §  ita 
dq;rees  of  the  centigrade  thennomelerv  and 
which  it  exerts  on  each  unit  of  the  aorfree,  or 
its  elastic  foroe^  we  shall  have  (No.  624) 

p  =  VO  +  «»);  III 

u  and  k  being  two  coefiicients  independent  otp  and  §t  sf  eU 
the  first  is  the  same  fiv  all  gases,  and  eqonl  to  t^MSTS*  iri 
the  second  must  be  giTen  fi>r  each  gaa  in  pnvticnlar. 

The  absolute  or  entiie  quantity  of  heat  mntajncd  isa|l 
weight  of  any  body,  as  for  example  in  a  gnaw 
culated ;  it  is  considered  as  inexhaustible,  and  as 
great  relatively  to  the  quanUties  by  whidi  il 
density  or  temperature  of  this  body  is  changed 
variations,  that  is  to  say,  the  quantides  which  are  added  er 
tracted,  that  are  to  be  compared  together,  and  submitted  to  cat 
culation.  Thus  if  q  denotes  the  excess  of  the  quantity  oi  bftf 
contained  in  the  gramme  of  gas,  which  is  considervd,  otvt  ikc 
which  this  gramme  contains,  when  the  gas  has  any  lempcnran 
and  ilonsity  whatever,  as  for  example,  the  temperature  aer\\  j»< 
the  density  corresponding  to  the  ordinary  piessure  of  0*.Tn 
this  quantity  g  will  be  a  function  of /i,  p«  0,  or  simply  oip  M»i 
p,  since  these  three  variables  are  connected  together  hj  tk 
precetling  equation.     Therefore  we  shall  have 

V=/i/),p); 

ill  which yMenoto<  a  function,  ihe  form  of  which  it  vill  Kf 
our  ol>i(^t  to  determine,  'llic  specific  boat  of  thi* 
of  tlie  fluid  is  the  quantity  of  heat  which  should  Iv 
miiiiicated  to  it  in  onler  to  raise  its  temperatiirv'  onr  6^- 
irriv,  fir  ««i  to  «|H*ak,  tin*  inon*ment  of  y  with   r«*«pect  xo  I, 

the  e.\|»re%-»ion  ot  which  will  therelort'  Ik»  JJ.      Sou  it  m^\  .* 

au 


-  OF  THB  ELASTIC  FORCE  AND  HEAT  OF  GAS.  513 

i  considered  under  two  different  points  of  view,  we  may  either 

•1  Oiqipose  the  pressure  p  to  be  constant,  and  at  the  same  time 

:-•  that  the  gas  can  dilate  itself,  or,  we  may  assume  that  the  volume 

:  is  constant,  and  then  suppose  that  the  pressure  p  varies  with 

die  temperature.     In  virtue  of  equation  (1),  we  have 

when  p  is  considered  as  constant,  and(a) 

dp  ^     ap 

when  p  is  supposed  to  be  invariable.  If  therefore  the  specific 
beat  of  the  gas  under  a  constant  pressure  be  denoted  by  c,  and 
lis  specific  heat  when  the  volume  is  constant  by  c\  so  that  we 
y  have 


dpdd'        ■"  dpde' 
there  will  result 


_dq_ap_  dq     ap  .^. 

dpl-^aff  "dpl-hae'  ^  ^ 

and,  consequently, 

in  which  y  denotes  the  ratio  of  the  two  specific  heats,  that  is  to 

«y(*)> 

c 

It  is  evident,  a  priori^  that  this  ratio  7  must  surpass  unity, 
for  more  heat  is  required  to  increase  the  temperature  of  a  gas, 
and  at  the  same  time  to  dilate  its  volume,  than  to  increase  its 
temperature  by  the  same  quantity,  without  increasing  the  dis- 
tance of  the  molecules  from  each  other(c).  But  the  value  of  y 
for  different  gases,  and  the  manner  in  which  it  depends  on  the 
pressure  and  density,  can  only  be  determined  by  ex|>oriment. 
It  will  be  shown  immediately,  that  this  value  may  be  deduced 
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will  be  greater  than  p ;  but  if,  without  changing  the  volume, 
the  temperature  is  allowed  to  tall  to  0—  e,  this  pressure 
will  also  be  diminished,  and  become  again  equal  top.  During 
this  depression,  the  gas  will  lose  a  quantity  of  heat  propor- 
tional to  the  small  diminution  of  temperature  c  4-  <*>»  &nd  ex- 
pressed by  c^(e  +  (ii),  because  c'  is  its  specific  heat  at  a  con- 
stant volume.  Since  the  volume,  the  temperature,  and  the 
pressure  are  the  same  after  this  loss  of  heat  as  they  were  be- 
fore the  quantity  of  heat  F  had  been  communicated  to  the 
fluid,  the  loss  of  heat  c^c  +<*>)  must  be  equal  to  F;  therefore 

we  have 

06  =  c'(€  +  w) ; 

from  which  we  obtain 

c        ,   ,  w 

7=^=1  +  7; 

and  it  is  evident,  by  substituting  for  S  its  preceding  value, 

that  this  value  of  7  coincides  with  that  g^ven  in  formuIa(5). 

p"  —  1/ 
637.  If,  in  this  formula,^- — 7-^  be  substituted  in  place  of 

S,  and  for  oi  its  value  deduced  from  equation  (4),  we  shall 
have 

y     +  {pf'-p')pf' ' 

by  means  of  which,  the  value  of  7,  which  results  from  the 
experiment  described  above,  will  be  known,  when  the  pres- 
sures p,  p\  //',  or  the  corresponding  barometrical  heights,  arc 
given. 

By  substituting  the  numerical  values  of  />,  p\  />",  cited 

above,  we  find 

y  =  1,3482, 

for  the  value  of  the  ratio  of  the  two  specific  heats  c  and  c^  in 
the  case  of  atmospherical  air. 

MM.  Gay-Lussac  and  Welter  have  obtained,  by  an  analo- 
gous process,  a  value  for  this  ratio  somewhat  different,  namely. 
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7  =  1,3T48; 

and  they  have  estabHflhed,  thu  tliis  qnaDlily  i 
of  the  pwsnre  and  tempciaime  of  tlie  air ;  ao  dbsi  b 
tioa  (3)  applied  to  this  fluid,  y  mmy  be  wgnwlBd  ai  a 
ffuantity.    H.  Dnlong  hat  fMmd  by  m  dUkttaA  ppoai^  It 
ttr  perfectly  dry, 

7  =  ».«!. 

and  a  value  leniibly  equal  lotlua  for  both  OiA  J  gen  Mdhyty 
gaa.    Bui  for  otber  fluidi,  suidi  M  carbonic  aeid  aid  ^ 
gas,  thia  prooeaa,  whidi  will  be  pointed  oat  in  ^ 
fomiiliea  very  Aaooidant  Talnea  far  y^  and  nlwi^ 
the  prece£ng,  ao  that  thia  ratio  dependa,  in 
nature  of  the  gas  to  which  it  refora. 

638.  If  7  be  considered  m  a  ooaatnat  qmatitr,  dvi 
gial  of  equation  (3)  of  partial  differeneea  will  be 


=/(4). 


P 

J  denoting   an    arbitrary   function.       We    abnll    haw  c«a- 

versel  y  (/» ) 

and,  on  account  of  equation  (1), 

f  l>oiii4;  the  invor»o  function  ofyl 

If  while  the  quantity  y  renuun«  the  «anie,  p*i^0  htx\^ 
p\  p\  0',  we  shall  have  in  the  same  manner 

-  =:  266,fi7,  aiui  in  order  that  9  and  9^  may  be  degT<^»  oc  thr 

a 

centigrade  thermometer*  this  fiictorof  thetrexprv*w«Mi4^«cLi^ 
ho   expressed  in   similar  dogret^.     If  f^  bo  rliniinai«>}  1^ 


(6) 
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tween  these  last  and  the  preeeding  equations,  there  will  re- 
nlt(A) 

e'=  (266S67  +  e)(-)'^-"266%67. 

These  equations  (6)  contain  the  laws  of  the  elastic  force 
and  temperature  of  gases,  which  are  either  compressed  or  di- 
lated without  experiencing  any  variation  in  their  quantity  of 
beat ;  they  depend  on  the  sole  hypothesis,  that  7  the  ratio  of 
the  two  specific  heats  does  not  vary,  in  the  same  fluid,  with 
die  pressure  and  temperature,  which  has  been  verified  in  the 
ease  of  atmospherical  air,  by  the  experiments  that  have  been 
cited  in  the  preceding  number. 

639.  It  is  necessary  to  make  a  second  supposition  in  order 
to  determine  the  arbitrary  function  f  which  occurs  in  the 
value  of  q.  The  simplest  is  to  assume,  that  under  a  con- 
stant pressure,  a  gas  is  dilated  uniformly,  for  equal  additions 
of  tlM  quantity  of  heat ;  which  implies  that  the  specific  heat 
c  is  constant,  when  the  increment  of  one  degree  of  temper- 
ature, by  which  it  is  estimated  (No.  634),  is  measured  by  an  air 
thermometer.  In  this  hypothesis,  q  must  be  a  linear  function 
of  9;  now,  if  in  the  function  y  the  value  of  p  deduced  from 
equation  (1)  be  substituted,  we  obtain 


5r=/[aAp'    'Q  +  9)]; 


consequently,  we  shall  have 


i-i 


y  =  A  +  B(266°.67  +  fl)p*    ;  (7) 

A  and  B  beii^  quantities  independent  of  p  and  0,  and  relative 
ta  the  nature  of  the  gas  which  is  conndered(t). 
By  equations  (2),  we  shall  have 


1    I  1    1 

--»  B   — * 
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aiiil.  in  onier  co  know  the  specific  heat  under  a  coiMant  fR^ 
<uiv,  or  ut  a  ci^n<tant  density  under  all  pr<*srture««  it  Li  «ufiafS 
it  it  be  known  undor  a  deierminaie  pressure.  For  exainf4r.»> 
conlin;  to  MM.  Laroche  and  Berard.  we  have  r  =  0.3f^>f'  it 
dry  air  under  the  pressure  of  0",76,  the  specific  heal  iA^ite 
bein^  taken  for  unity,  therefore,  if  the  pres.«ure  cvn» 
ponding  to  thi«  Karometrical  height  be  denoted  by  !]•  vc  lid 
have 


l-i 


0.2669  =  an^     ; 

and  likewise,  if  A  ilenotes  the  heifi^ht  of  the  barometer,  n* 
pre$»eil  in  metres*  which  belongs  to  any  pressure  whstettf 

such  as  i>,  <«>  thiit  wo  mav  have  '-  =  ; — ^-: ,    there  will  w«c 

from  this  (A) 

r  =  0,2669.  (?lI5)'': 

and  if  thi'4  i'xpn*ssion  ho  dividi*d  by  the  omstant  >.  ihf  txv 

i*t  r  will  Iv  oStaiiiol.      A<  llii^  o»ii-riiiit  i«»  i;ri'.4rrr  thjj*  ..:  *' 

tlu»  ixpoTU'iit  I will   Ik'  no^itivi\  o»n<*'<ivirnr'.\ .   tt:   •:•• 

7 
i-itii'  lu-at   ot  a  i^rainiiu-  ut  air  will  iilm;ni<»h.  uhi-r.  it^i.j^T'. 

fiircf  or  i\w  hri;;!it  h  i**  iiuTi'aM'd. 

Ittlio  iiuantirv  of  lu-ai   li»-t   liy  a  ifnimmo  i»l"  .lir  »hi-   '• 

tompiTalurr  i^  di-prr-*'*!'*!  w  dfjjriH"*,  wirhi»iit   ihi-   tLiMii-  :  ^^ 

iintliTiri»inir  aii\  iliani:;o.  l»o  diiioiol  l»\  iw,  wi-  *h.ili  Law 

//I  =  ;.  iO/Ji;r;«i>  I  -  I      *. 

riir  Wi'iijlit  nf  till-*  \i»luiiu'  tif  .lir,    baxirii:    ih--  ^inv    .' 

luirivi-   ri>iii|HTatiir(*.   l»iil   uihKt  a   pri^^^urf   ini'.i^uri^i   '•;•  '" 

hanmit  iiii-.»l  lu-ii;ht  h  ,  wiillu*  iiuTiaM-d  in  ilu-  niiM  •■:  a  :     ' 

riuTrtiiri".    if    'J    lu-   ih«-  ijuaiitity  ol   lif.ii    lit^i    \»\   !:.:•  ^^ 

Viilunn'  miilii  fh,-   |ir»«««»nir  /i  .    uhni  tlii-  lii  |irtHH),ir-  .■!  •   •-  * 
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I 


„.=  »_"(«.»69)(I!i^)' 
Ironi  which  there  results, 

lor  the  ratio  of  the  quantities  of  heat  lost  by  the  same  volume 
of  ttr,  under  different  pressures. 
Id  a  case  in  which 

h'  =  1*  0058,     A  =  0"*,  7405, 

MM.  Laroche  and  Berard  have  found,  by  taking  the  mean  of 
two  observations, 

—  =  1,2396; 
m 

the  formula  g^ves  for  these  values  of  A  and  A^  and  by  making 
r=l»421, 

—  =  1,2405, 

m 

which  does  not  differ  sensibly  from  the  result  of  experiment. 

640.  In  order  to  be  able  to  apply  formula  (7)  to  the  vapour 
of  water,  it  is  necessary  to  suppose 

1st.  That  when  a  gramme  of  vapour  is  formed,  which  re- 
mains unchanged,  so  that  as  none  of  it  is  precipitated,  neither 
is  it  increased  by  additional  vapour,  the  ratio  denoted  by  7, 
of  its  q>ecific  heat  at  a  constant  pressure,  to  its  specific  heat 
under  a  constant  volume,  does  not  change  with  the  temper- 
ature and  density. 

2ndly.  That  the  quantity  of  heat  necessary  to  raise  the 
temperature  of  this  gprammc  of  vapour,  by  any  number  what- 
ever of  degrees,  either  under  a  constant  pressure,  or  under  an 
invariable  volume,  is  proportional  to  this  number,  the  tem- 
perature being  marked  by  an  air  thermometer. 

This  being  established,  if  c  represents  the  quantity  of  heat 
necessary  to  convert  into  vapour,  under  the  barometrical  pres- 
sure of  0",76,  and  at  a  temperature  of  100^,  a  gramme  of 

VOL.  II.  3   X 


or  THB  BLACTIC  VOBCB  AMD  HAAT  OF 


water,  the  primitiTe  tempetBtim  of  whi^  «h  mmmz  «lif 
denotes  the  quantity  of  heal  wUch  ia  reqwite  to 
nme  gramme  of  water,  and  to  miae  the  rapmu  to  the 
rature  0,  under  any  premure  whaterer  aneh  aa  ji; 
c  denotes  the  specific  heal  of  the  Tapovr  of 
constant  pressure  of  0",76,  and  if  in  cqaodon  (7),  iht 
sure  p  be  replaoed  by  the  barometrieal  hciglit  iImi 
it,  and  whidi  we  shall  denote  by  A,  thia  fcr^nla 

»  =  c,  when  k  =  a-,76,  and  •  =  lOIT,  and  ^  =  c, 

k  s  0",76.     Now  if  by  means  of  these  conditioos,  s 
the  two  arbitrary  constants  whidi  it  containa,  be 
this  equation  becomes(ffi) 

It  were  mudi  to  be  wished,  thai  the  degree  of 
which  tUs  formula  is  susceptible,  was  verified  by 
and  that  the  three  constants  c,  e,  7,  whiefa  it  con 

precisely  determined.    If  the  specific  heat  of  a  graramo  of 
at  the  temperature  lero^  be  taken  for  the  unit,  we  hare 

c=550; 

c  being  the  mean  of  the  values  of  this  quantity,  vhirh  ha«v 

been  obtained  by  different  philosophers.     At  the  «ame  ixar. 

there  results  from  an  experiment,  which  it  must  be  odauiu^ 

i»  far  from  being  conduAiTe,  and  which  ought  therdbie  W 

re|H?ated, 

c  =  0,847. 

With  retipect  to  the  value  of  y^  as  yet,  it  i%  altiif(vtWr 
unknown. 

64 1 .  Whether  /i  the  density  of  the  vafiour  of  water  mr- 
re^poiicling  to  the  pre»«ure  p  and  the  temperatuie  0«  ho»  At- 
tained iiH  mtiriutHmn  or  in  billow  this  poinl^  equalkia  ^  I  • 
which  in  applicable  both  to%-apouri  and  permanent  garrN.  «iii 
always  m:ike  known  the  value  of  p,  when  those  of  p  and  •  art 
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.;.  given.     If  D  be  the  density  at  the  temperature  of  100^,  and 
^    under  the  ordinary  presure  of  0*",  76,  and  if  A,  as  before,  be  the 

barbmetrical  height  which  is  produced  by  p,  wc  obtain  from 

this  equation  (2)  (n) 

dA        366^67 


L' 


P  = 


0%  76 '266,67 +  »■ 


As  the  weight  of  a  litre  of  dry  air,  at  the  temperature 
aero,  and  under  the  pressure  of  0'»,76,  is  1^'',21433  (No.  631), 

[gr  21433 
it  will  become  — /  .,,-    ,   or  0«"",883,  at  the  temperature  of 

100^ (o) ;  and  the  weight  of  a  litre  of  vapour  of  water  at  the 
same  temperature  and  under  the  same  pressure,  will  be 
-fg  (0,883),  or  0^'',55;  consequently,  we  shall  havc(/?) 

_    vh      201J%66 


D^^'^^^"0~,76  266,67  +  e' 


for  the  weight  of  a  volume  v  of  vapour,  at  the  temperature  0, 
and  under  any  pressure  whatever  such  as  A.  Therefore,  if  v 
denotes  the  quantity  of  heat  necessary  to  produce  this  weight  of 
vapour,  the  water  being  originally  at  the  temperature  zero,  v 
will  be  the  product  of  this  number  of  grammes,  and  of  q  the 
quantity  g^ven  by  formula  (8)  ;  so  that  we  shall  have 

_    vhfj       20  li^S  66 
^"0«,76'266,67-fe' 

The  unit  to  which  the  quantity  v  should  be  referred,  is  the 
quantity  of  heat  required  to  raise  the  temperature  of  a  g^ramme 
of  water  one  degree  from  zero  ;  and  we  know  that  this  unit  is 
c^qual  to  seventy-five  times  the  quantity  of  heat  which  should 
be  employed  in  order  to  melt  a  gramme  of  ice  at  the  temper- 
ature zero,  without  raising  this  temperature. 

Different  observations  have  induced  several  philosphers  to 
think,  that  when  the  vapour  of  water  has  attained  to  the  maxi^ 
mum  of  density  corresponding  to  its  temi)eraturc,  thequaniity 
of  heat  denote<l  by  g  varies  no  longer  with  this  temperature. 
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This  IS  tbc  )Uat«  iii  which  thi*  doid  n  rmplMjraA  is  i 
ei^finei ;  the  radn  of  v  th«  qiumtttjr  of  hemt 
tension  A,  will  be  thereCDre  then,  ^wry  I 
the  same,  llic  reciprocal  of 'i66'',6J  ■+■  0  % 
mlio  of  the  consuioption  of  hnt  to  the  eflort  ■ 
piston,  the  meaiun-  of  whidi  it  k,  will  «*miqfi 
tempcruture  becoines  greater,  and  this  ntio  wSI  W  I 
engines  of  high  prmsiirv.  But  tke  eooaoaj  af  IhI  • 
shouM  r<.-«utt  in  tbfir  favour  from  ihoac  coonlenlii 
very  far  from  correspooding  to  that  whiefa  aeen*  ta  W  p 
out  by  experiment ;  and  these  eti|riD«s  are  certamly  ii 
to  other  circumstai)ci!«  for  th«  supenority  whicJi  they  | 
teas. 

G42.  Let  the  part  of  the  vertical  cylitxlcr  a»co  m 
wbicli  is  comprised  between  sr  the  sur&ec  at  thm  wtttm,  ■ 
cii  the  base  of  the  pi«(on,  lie  supputed  to  be  fiUed  «ilfc4 
tapour  of  niUer  lit  it»  maxtmrnm  of  dansity,  i 
wliicb  li  the  temperature  of  this  vapour,  of  tixr  « 
beneath  it,  as  oUo  of  the  cyLioda:r  and  of  the  | 
etate,  if  the  elustic  force  of  the  vapour  is  in  etjuiUlM 
weight  of  the  piston,  so  that  detiotiiig  tht*   farot  | 
weight  by  p  (the  external  prcasurc  wbicli  the  | 
being  comprised  under  r),  and  by  X  the  anra  of  its  I 
base,  we  »hall  have 

,.  =  Xp. 

'   If  the  weight  p  be  increaaed  antil  it  brcoiM  r  -f  >•  1 
piton  will  descend,  and  the  space  occupini  by  ikr  i 
will  diminish ;  but  as  it  is  kuppoaed  to  have  attaiMd  its  a 
mum  of  density,  a  part  nf  tt  will  be  )i<|ur&od  :  and  tf  ijat 
peiature  0  Iw  invariable,  the  piuwwre  p  will  be  aa  li 
Indeed,  in  the  first  inslaal  of  the  eoaipmaioB,  the  • 
6  will  inernue,  mi  that  iba  liqaefisciiaa  cannot  1 
iremcdiatfly,  and  ihiw  p  the  pmauie  may  iiicrea^.    Bat  9m 
BKrtion  of  the  piston  h  not  very  rapiil,  i1h«  inf:nM«  aCk 
ratur*  will  disappear  befbte  the  d 


OF  THE  ELASTIC  FORCE  AND  HEAT  OF  GAS.      525 

is  appreciable,  so  that  d  and  p  may  be  considered  as  constant 
during  the  entire  of  its  motion.  It  should  be  also  observed,  that 
the  condensation  of  the  fluid,  by  which  it  is  reduced  to  water, 
and  which  is  produced  immediately  at  gh  the  upper  part  in  con- 
tact with  the  piston,  is  transmitted  as  fSeur  as  ef,  in  an  extremely 
•hort  portion  of  time,  during  which  the  displacement  of  the  pis- 
ton is  insensible ;  hence  it  follows  that  during  the  descent  of  the 
|HSton,  the  density  of  the  fluid  is  sensibly  the  same  through 
the  entire  height.  This  being  the  case,  the  motive  force  of 
this  body  will  be  constant  and  equal  to  the  excess  of  p  +  " 
over  Ap  or  to  n ;  consequently,  if  the  friction  against  the  sides 
of  the  cylinder,  is  not  taken  into  account,  its  motion  will 
be  uniformly  accelerated ;  in  like  manner,  if  the  motion  com- 
municated to  the  vapour  be  not  taken  into  account,  that  is  to 
say,  if  its  mass  relatively  to  that  of  the  weight  n  be  neglected, 
the  accelerating  force  of  this  motion  will  be  the  weight  dimi- 
nished in  the  ratio  of  n  to  p  +  n.  Therefore,  if  the  height  of 
GH  above  bf  be  denoted  by  /,  the  value  of  the  living  force, 
produced  by  the  entire  descent  of  the  piston,  will  be  2nL 

If  the  piston  being  first  stopped  at  gh,  the  temperature  of 
the  inferior  water  is  then  suddenly  depressed,  so  as  to  become 
equal  to  0^,  which  is  less  than  0,  the  stratum  of  vapour  in 
contact  with  bf  will  be  liquefied  by  the  cold,  and  will  be  re- 
placed by  another  stratum,  which  will  in  like  manner  be 
liquefied ;  and  if  the  quantity  of  water  is  so  considerable,  that 
these  successive  strata  of  vapour  do  not  cause  any  sensible 
variation  in  its  temperature,  the  lique&ction  will  continue 
until  the  entire  mass  of  vapour  attains  the  elastic  force  p\ 
which  corresponds  to  the  temperature  0^,  and  to  its  maximum 
of  density,  relative  to  this  temperature.  However,  neither 
the  temperature  of  the  column  of  vapour  nor  the  density  will 
be  the  same  throughout  its  entire  height ;  and  it  would  be  an 
interesting  problem  to  determine  the  laws  of  its  temperature 
and  density,  when  the  temperatures  at  its  two  extremities  are 
constantly  9  and  9",  the  density  of  each  stratum  being  consi- 


A2fi  or  mt  mtasnc  loncB  4x»  mk^:  .„  ^„^ 

(tervd  U>  be  rodi  a  fdnetioo  of  itft  icaipaBMaM^  cte^^B 
forcv  may  br  coiMant  uid  eqaal  to  ^.  Tte  mhMMI  « 
pKMUK  thmugbeut  tb*  «KtR  he%;te  af  tW  ^^^  ^^P* 
*M  cvitWntly  tlw  comfitioa  of  Um  ripinihiiM  tf  ib  tva^ 
•tnla ;  anl  when  the  nqiiilHii  iiiw  ■•  oaMUMba^  il  b  «^^ 
evident  that  th«  vihw  of  tbe  i  iwmii  pnmm^n  ca^wt  W  e^v 
thnn  that  which  oofnapotHb  ta  tk  IbhC  of  tk  t«*  u^^ 
turcft  Oaiul  &;  while  hmy  be]««tliaotfaectane<H<raM 
corrmpondi  to  tbr  gnMrnr.  In  fine,  it  app«an  6«m  ca» 
meni  that  ibe  rapour  attaisik  in  an  eztrenaHr  akan  i^«« 
of  time,  to  tbe  state  of  eqnilJbnaai  in  qw^Kioi ;  ^  ^ 
aqut-uiH  rapour.  at  ita  aianauoM  of  ilowit;  anj  yn  w 
coniaiuMi  in  a  clotted  vnad,  whoae  tU^  bare  at^a^ft* 
ti-mperature ;  moA  if  the  teraperatoic  of  a  ■— jf^  ^  4^ 
Mili-H  19  then  unequaily  depressed,  one  pan  of  tbe  1  mi^  rf 
be  li<|ucfi«l,  and  tbe  remaining  portioa  will  aojairav  vilib*^ 
great  ra^ndity.  the  maxItnniB  elastic  forcr  vUcb 
to  the  lra»t  IrmpeTature. 

This  being  MtaliUahed.  wbni  the  piaum  i»  no  lo^w  - 
tained,  it  will  dewiml,  and  it  b  eWdrat.  as  m  tbe  preoa*. 
atae,  that  iu  nuitiMi  will  be  nnifonnly  accvlersted,  i«  ^r* 
force  b«ng  equal  to  r^Xp'  or  X(ji  —/>').  iu  ainbi^ 
farce  will  he  njual  to  ibr  wi-ight  ranltiplied  by  iba  v^ 

"  -.  and, fiiuilly.tbeliring force proditcadlhToagbia(ib«<» 
tiredescenti«)3A0>-|>')/.  When  tbe  pialoo  baa  a»m«4Mv 
if  the  temperature  of  tbe  inrerior  liquid  be  raiaed,  aad  if  it»  k- 

qutd  be  converted  into  rapouT,  '*■ lanTnuawini  ufaMAi 

the  i>aM  of  tbe  (uston  b  greater  than  tbe  weigbl  «f  ibb  h^t. 
il  will  ascend  with  «  motloa  Httibrmly  aeeelenued;  tmi  mf 
living  force  that  !■  produced  when  it  has  tfswmd  a  ie^A  I 
u  equal  to  twice  f  nultipUad  by  tbe  oxccm  of  tU»  |,i.ijii 
over  ihb  weight,  it  bang  utMlemood  always  tbat  tba  6ii^ 
b  nn<  taken  into  accuant. 

It  b  by  cmuidctaiinaa  aucb  «a  tbcaa  Ibu  the  ti*n«  ^ 


OF  THE  ELASTIC  FORCE  AND  HEAT  OF  GAS.  527 

due  to  the  descent  or  ascent  of  the  piston  in  steam  engines  is 
calculated.  This  force  is  then  distributed  through  the  sys- 
tem to  which  the  engine  is  applied,  and  is  partly  destroyed 
by  the  frictions,  and  partly  employed  to  produce  an  useful 
effect.  The  calculation  would  be  different,  if  the  density  of 
the  vapour  contained  in  the  body  of  the  pump  had  not  reached 
its  maximum^  this  is,  in  £Eu;t,  what  happens  during  what  is 
termed  the  detente  of  the  vapour,  that  is  to  say,  during  the 
time  the  communication  of  this  fluid  with  the  boiler  is  sus- 
pended, when  the  vapour  is  dilated,  without  any  new  addition 
being  made  to  it ;  the  motion  of  the  pbton  is  then  that  which 
bas  been  considered  in  No.  358 ;  and  it  appears  from  the  fol- 
lowing number  359,  that  the  living  force  produced,  during  the 

w 
time  it  traverses  any  g^ven  length,  is  equal  to  2pv  log  — ,  v 

denoting  the  primitive  volume  of  the  fluid,  and  p  and  //  its 
elastic  forces  at  the  beginning  and  end  of  the  motion. 

643.  It  only  now  remains  for  us  to  consider  the  elastic 
forces  and  quantities  of  heat  of  the  mixtures  of  several  gases, 
eompared  with  those  of  these  fluids. 

If  two  different  gases,  whose  volumes  are  a  and  af^  have 
the  same  temperature  9,  and,  being  subjected  to  the  same  pr^- 
fture/i,  are  then  superimposed  in  a  closed  vessel,  the  capacity 
of  which  is  a  4-  ^9  It  is  evident  that  they  may  continue  thus  in 
equQibrio,  since  they  have  the  same  temperature,  and  exert, 
the  one  against  the  other,  the  same  pressure ;  but  it  appears 
from  experiment  that  this  equilibrium  is  not  stable,  for  these 
two  fluids  gradually-  penetrate  one  another's  dimensions,  until 
they  are  perfectly  mixed  together ;  experiment  also  shows  that, 
in  this  o|>eration,  there  is  neither  any  variation  of  temperature, 
nor  any  loss  or  absorption  of  heat ;  so  that  after  a  certain  time, 
which  is  different  for  different  fluids,  we  have  a  homogeneous 
mixture,  in  which  the  proportion  of  the  two  gases  is  every 
where  the  same  throughout,  and  of  which  the  temperature  and 
elastic  force  are  always  9  and  p.     From  these  facts,  which  arc 
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esULbIbh«(l  by  olnervntion,  nnotber  rasoll  nay  be  ai^A 
winch  i»  abo  vtfriGed  by  ux|»GT{tiienl. 

If  two  gasw  mixed  together  occupy  a  roloiav  «  V% 
tefDpcratare  0.  and  if  p  uid  ;>'  deaot«  the  puMuwi  ■> 
unit  of  suriace,  which  thnv  1 — iriiin  nrpiran  |j  iiiniaKA 
Mine  tenpenttun.',  anil  under  ihiH  volatne  p,  thr  «)HliefaM« 
the  mixture  will  bep  +  p'.  In  Tact,  If  we  sappoM,  fiitf.  te 
the  two  ^ases  are  separated,  and  that  p'>  jt,  th&a  if  tk  p 
aabjecicd  to  the  preMure  ;/  is  dilated,  withotil  ^j  ^M^ 
bang  made  In  its  temperature,  w  that  iu  rUatic  bra  ^  k 
reduced  to  p,  its  volume  will,  hf  the  law  of 
^ ;  if  then,  the  two  gases  be  superimpoMKl  in  •  c 

the  capacity  of  which  i»  p  +  —  or  -  (p  -^  p') ; 

will,  by  what  ha*  becm  jnat  staled,  mix  withouc 

any  chancre  of  temjHTaiure ;  and  tbcrv  will  rrrali  •  I 

geneous  mixture  al  a  temperature  9,  mm)  under  ibr  f 

Now,  aa  the  law  of  Morioite  n  applicuhle  to  mixlims  v  w^ 

as  (o  simplo  gases,   if  this  mtxtaiv  be  rrmfn  mt  il,  wi^v 

changing  the  lemperatute,  tintjl  its  roltnae  ~  ip  +  p")  m  t»- 

duced  to  e ;  its  elastic  force  p  will  becoow  p  ^ff ;  «]Mk  : 

was  projwtctl  to  demonstrate  (r).     The  ume  pnactpJc  b- 

wi*c  ohtaini  for  three  or  any  greater  nunber  of  ffMes^  ^d  fe 

;  t  mixture  of  gas  and  vapoun ; .  (he  |iiiiiiiii  of  the  misiaa  • 
tlways  the  sum  of  the  priMsurr*  wlucfa  thaw  fluids  amiM  at- 
patatcly  sustain,  at  the  sane  taapetatuni  and  om 
volume  as  the  mixture. 

O-t'l.  Let  N  and  n'  be  the  actual  numben  of 
the  two  gaaea  mixed  together,  and  filling  the 
temperature  9,  and  under  the  pre»ure/>:  and  tet  raadc'J 
note  th«  specific  beats  of  a  gramme  of  tfaei 

.  constant  pressure  c(|ual  to  p,  aad  r*  the  ^Mcific  h^  tf  ■ 


'>•« 


of  tlw  mixture  under  the  i 

(a  +  a'>t 
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J  In  fact,  if  the  two  gases,  instead  of  being  perfectly  mixed 

together,  were  only  superimposed,  so  that  they  might  occupy 
:  M  wd  d  separate  portions  of  the  volume  v ;  by  what  has  been 
^  j»t  stated,  the  quantity  of  heat  will  be  the  same  in  the  two 
gases  when  separate,  and  when  mixed  together ;  also  this  equa- 
lity of  heat  will  still  subsist,  if  0,  the  common  temperature  of  the 
two  gases  and  of  the  mixture,  be  respectively  increased  by  one 
d^^ree.  Now,  it  is  necessary,  in  order  to  effect  this  increase, 
to  communicate  a  quantity  (n  -f-  n^)  d'  of  heat  to  the  mixture, 
and  the  quantities  nc  and  n'c'  to  the  two  gases,  p  the  pressure 
being  supposed  to  remain  the  same.  Therefore  the  first  quan- 
tity must  be  equal  to  the  sum  of  the  two  others,  this  gives 
equation  (9),  wUch  may  be  extended  without  difficulty  to  any 
number  whatever  of  elastic  fluids.  By  means  of  it,  the  specific 
heat  of  a  mixture  is  known,  when  those  of  all  the  gases  or 
▼apours  which  compose  it,  and  the  proportions  of  these  fLxxiAiy 
are  given ;  conversely,  it  may  be  made  use  of  to  determine  the 
specific  heat  of  one  of  the  components,  when  those  of  all  the 
others  and  of  the  mixture  are  known ;  and  it  may  be  observed, 
that  they  do  not  imply  that  the  specific  heats  of  the  mixed 
gas^  are  independent  of  their  common  temperature. 

We  might,  instead  of  considering  the  specific  heats  c,  c\  c" 
of  the  gases  and  of  the  mixture  under  a  constant  pressure, 
consider,  in  the  same  manner,  their  specific  heats  under  a  con- 
stant volume ;  and  if  they  are  represented  by  c,  c/,  c/\  an 
equation  similar  to  the  preceding  will  be  obtained,  namely, 

(n-H«0^A  =  wO  +  wV/.  (10) 

Now,  if  we  make 

r-;  =  ^'     r7  =  ^'    e7=^^ 
there  will  result  from  equations  (9)  and  (10)  {$) 

VOL.  II.  3  Y 


(11) 
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by  means  of  which  equatkii,  7^  the  mtio  idatire  te  thti 
ture  will  be  knowiii  when  the  mmOmt  qwMiititfai  7  wtd  y\ 
the  values  o(c,  and  c/,  are  known,  fiir  the  two 
Whether  the  value  of  y  idalive  to  dry  air,  be 
1,376,  or  1,421  (No.  637),  and  whatever  aqr  be  ihr  » 
known  value  of  7'  which  coneqNinda  to  the  vopoor  ef  esK 
the  value  of  7''  in  ordinary  air,  will  diSsr  little  fiea  >  h^ 
cause  the  proportion  of  v^MNir  which  tUs  air  en 
siderable. 

It  appears  from  No.  639,  that  if  the  ntiee  7  aody 
independent  of  the  pressnie  p,  bet  difeient  tar  the  two 
the  quantities  c^  and  ef  will  be  •Tpieascd  by  m 
nip;  hence  it  results,  in  virtue  of  equation  (11),  that  7^  At 
ratio  of  the  mixture,  cannot  be  also  independeot  of  the  |ib» 
sure.  Consequently,  the  hypothesis  of  the  iawmdakSBtf  d 
the  ratio  of  the  specific  heat  of  the  saiM  flaid  ondar  a  caasoM 
pressure,  to  its  specific  heat  under  a  oonstaat  t«1wbml  aad  iht 
formulsB  which  have  been  deduced  frooi  thca^  caaaet  appif  tf 
the  same  time  to  simple  gases,  for  which  this  ratio  is  not  thr 
same,  and  to  their  mixtures  in  any  proportion  whatever;  ud 
if,  in  the  experiments  made  on  air  subjected  to  diffcKnt  ptv»- 
surcs  (No.  037),  this  ratio  has  appeared  to  be  constant,  tbc 
reason  is,  that  it  is  sensibly  the  same  for  air  and  oxygen,  sa^ 
consequently  also,  for  the  oxygen  and  axote,  or  nitrogen.  ^ 
which  the  air  is  composed. 


BOOK  THE   SIXTH. 


HYDRODYNAMICS. 


CHAPTER  I. 

GENERAL  EQUATIONS  OF  THE  MOTION  OF  FLUIDS. 

645.   The  equations  of  the  equilibrium  of  fluids  which 
were  established  in  No.  562,  are  founded  on  the  characteristic 
property  which  is  common  to  liquids  and  aeriform  fluids,  of 
transmitting  equally  in  every  direction  the  pressures  applied 
to  their  surfiEtce,  and  of  exercising  about  each  point  of  their 
mass,  in  virtue  of  the  molecular  action,  equal  pressures  in 
every  direction.     This  property  arises,  as  has  been  already 
stated  (No,  576),  from  the  circumstance  that  the  molecules  of 
a   fluid   that  has  been   compressed  or  dilated  reverts  very 
promptly  to  an  arrangement  similar  to  that  which  they  pre- 
viously had  about  any  point  whatever,  so  that  after  its  com* 
pression  or  dilatation,  a  fluid  is  a  system  of  material  points 
similar  to  what  it  was  before,  but  constituted  on  a.  greater  or 
less  scale.     The  time  which  it  takes  to  return  to  such  a  similar 
state  has  no  influence  on  the  laws  of  equilibrium,  which  does 
not  take  place  until  this  time  is  lapsed ;  but,  however  short 
this  interval  may  be,  it  is  easy  to  conceive  that  it  can  influence 
the  laws  of  their  motion,  especially  in  the  case  in  which  the 
vibrations  of  the  fluid  molecules  are  performed  with  great  ra- 
pidity ;  so  that  the  principle  of  the  equality  of  pressure  in  all 
directions,  though  applicable  in  the  case  of  hydrostatics,  or 


&32 
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the  equilibrium  of  fluiiis,  t*  not  alwiiys  «>  to 
that  u  to  Mty,  to  tlie  part  of  meebuiie*  whoA 
motion  or  fluid)). 

A  corresponding  diflWeoce  between  the  alKte  o 
an<l  the  state  of  motion,  relativelT  lo  the  Liv  of 
long  since  rcmnrkml  by  I.nplnce.     AcmrtUofp  to  tla» 
is  ncceMiiry  that  the  temperalure  of  ibe  fliud  alMMiy 
llic  siune  after  the  pressure,  as  it  wss  beforv ;  and  tlw 
of  the  equulity  of  pmsure  in  nil  dircctioaa  sopptMo  bIm^  i 
the  molccnle»  of  n  fluid  have  hod  time  to  revvrt  to  a  idM 
orrangemeiit  similar  io  their  oriirina]  one.     This  law  hm  i 
place,  or  it  ought  to  be  modified,  in  llioae  rxtmnriT  i^fH 
brations  of  gas,  in  wliich  thi*  primitiTi!  tenperatujc 
time  to  reestablish  itself;  and,  in  like  manner,  tbe 
the  oquality  of  presKure  in  all  (tirvetiami  la  not 
always  applicable  to  tlie  rootiona  of  liquid* 
The  influence  of  this  modification  of  the  law  of 
been  observe<l  in  ihc  velocity  of  the  pto|MigBtiaB  tt. 
and  (here  are,  doubtlcas,  alao  pbenaaMtiM  of 
fluids,  which,  in  general,  dopeiMl  oo  tbt 
pressure  in  all  direction*,  reaulting  fnm  the 
adverted  to,  is  not  perfectly  equal.     In 
drcufflstance,  terras  m  introducvd  into  the  gmcn) 
of  till!  motion  of  fluids,  which  cannot  be  tledaoad  I 
ri] nations  of  equilibrium.    The  anlhor  look 
in  the  memoir  already  eileil,  (Nn.  S*fi),  and  be 
another  treatise  to  revert  to  tbe  coondKialion  of  thii 
qu<.-«tion.     Itiit  in  the  prevent  work  be  ■wiiii  ■.  mf;netHj 
iIk'  method  wliidi  is  commonly  pnmMd,  that  the 
nf  prewing  equally  in  every  direction,  ia  iqipUcaUt  to 
■line  of  equilibrium  and  alw  (o  tbe  state  of  notioo.     Oa 
by]wthi-itis  tbe  equalious  uf  hydmiatiea  which  art 
nil  ihis  property,  may  be  eitcndnl  al  oooe  to  hydnnl' 
by  means  of  tbe  principle  nf  D'Alcatbert,  which  it 
lo  all  possible  sysivms  of  malcrial  pojnta. 
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646.  Let  the  fluid  mass  abcd  (fig.  36)9  of  which  the  equa- 
tions of  equilibrium  have  been  abready  determined,  be  again 
considered ;  and  let  it  now  be  supposed  to  be  in  motion,  and 
that  all  the  notations  of  No.  581  refer  to  the  end  of  i  any  time 
.  whatever,  reckoned  from  the  commencement  of  this  motion. 
Thus  let  X,  t/y  Zy  be  the  coordinates  of  dm  any  element  what- 
evm*,  of  a  fluid  mass,  whether  homogeneous  or  heterogeneous, 
liquid  or  aeriform,  at  the  end  of  the  time  ti  let  p  denote  the 
density  of  the  fluid  in  this  point  and  at  this  instant,  and  xdm^ 
Td!m,  zdniy  the  components  of  the  motive  force  oidm^  parallel 
to  the  axes  of  x,  y,  2,  at  this  same  instant.  The  quantities 
X9  Y,  z  will  be  given  functions  of  x,  y,  z^  when  they  arise  from 
attractions  or  repulsions,  which  emanate  from  fixed  centres ; 
these  given  functions  will  contain  the  time  explicitly,  when 
the  centres  of  these  forces  are  in  motion.  When  these  points 
are  those  of  the  fluid,  x,  y,  z  will  be  functions  of  x,  y,  z,  t^ 
which  depend  on  its  figure  at  each  instant,  and  on  the  law  of 
the  densities  in  its  interior. 

The  coordinates  x,  y,  z  will  vary  with  the  time ;  they  will 
also  vary  from  one  point  to  another  of  the  fluid  ;  and  if  their 
initial  ^^alues,  that  is  to  say,  the  coordinates  of  the  point  of 
space  which  the  element  dm  occupies  at  the  commencement  of 
the  motion,  be  denoted  by  x^it/i  sf\  then  x^  y,  z,  the  coordi- 
nates of  this  same  element  at  the  end  of  the  time  ^,  will  be  un- 
known functions  of  a/,  y^  z^  t ;  so  that  the  complete  solution 
of  the  problem  will  consist  in  determining  these  three  functions 
of  the  four  independent  variables. 

If  the  components  parallel  to  the  axes  ox,  oy,  oz,  of  the 
velocity  with  which  the  element  dm  is  actuated  at  the  end  of 
the  time  /,  be  denoted  by  tt,  r,  tr,  we  shall  have 

dx  dy  dz  ... 

"=dt^  "^di'  ""^dt'  <*> 

Uf  C9  w  may  be  considered  as  unknown  functions  either  of 
/,  jp,  y,  r,  or  of/,  x',  y',  r* ;  it  is  under  this  second  point  of  view 
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that  the  author  proposes  to  consider  these  three 
prescnt(a) ;  and  then  in  order  to  obtain  their  ii 
the  interval  <//,  they  should  be  differenced  with  respect  t»im 
the  coordinates  x,  y^  z.  Now  if  ^  denotes  any  tiinctioa  «»» 
ever  of  ty  x,  y^  r,  and  qdt  its  differential  taken  with  inptciii 
t^  and  the  variables  x,  y^  r,  considered  as  functions  oil.  w 
shall  have  by  the  known  rule  for  the  differentiation  ol  ft 

dq  _,dq    dx       dq   dy        dq   dz 
q'^di^di'Tt'^di'Tt'*'  d^*di^ 

oTy  by  considering  equations  (1), 


l^hcrefore,  if  the  increments  of  tr,  r,  ir,  be  denoic*ti  b\  «  <i. 
r'dfy  w'dty  we  shall  have 

du  .      du  .      dm  ,      dm 

^=di  +  "di  +  ''T»+'^d^^ 

dr         dc         dr         dr 

r'—  dt  itr  dfi  dz 

dir         dir         dtr         dir 
til  11. r         ay         az 

aixi,  in  tlii«;  inannor,  it  appear^  that  tho  otimpoiu :  !« 
vi'loi-ify  of  the  same  clomont  f///i,  in  the  twn  |Hi^itii.!i%  -a 
siui'i'ssivt'ly  oot'Uj)ios,  \\ill  ho  M,  r,  u\  and  it  4-  «'»//,  r  -f  - 

If  the  fluid  lie  homogeneous  and  inetunprr^^iMi'.  !;... 
siry  ft  \\\\\  l»ea  ^iven  oon^itant ;  in  the  ca^^o  of  a  lu-t*  r.»^  -.  ^  > 
//i/in'ii^   the  density  />  eorreHpondin«j  to  a  tletenninatt*  1  !-.::: 
'////,  will  l»e  a  ^iven  funetion  of  its  tlinv  initial  iiK^r.:.:..i-.^. 
«',  // ,  c  :  ami  finally,  if  the  fluid  i*.  et)iiipr(-<^<»ilili».  ihi%   •     ,  -. 
ft  will  l»e  an  unknown  funetion  of/.  t\  y\  z\  tlir  i-  :::  ^.  \  .  . 
o\  wliii  Ii  will  he  soK-ly  ^iven.     With  tlu'  e\ivp!:..i;  ,  :  • 
in  whieh  f,  is  lonsiant.  tlii**  den^itx  nLilivt*  lo  tin-  ;».^:-... 
#//// at  the  rnd  «»f  the  time  /.  niuM  healw.ix^  i.wj%i,i.  :..     .• 
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UDknown  function  of  :r,^,;ir,^  Hence,  if  its  increment  during 
the  instant  dt  be  denoted  by  p'dty  we  shall  have  by  formula  (2), 

and  in  the  case  of  an  incompressible  fluid,  whether  homo- 
geneous or  heterogeneous,  this  value  of  p^  must  become  zero. 
647.  The  components  of  the  force  lost  by  the  element  dm 
during  the  instant  dtj  will  be 

(x  —  «')  dw,     (y  —  i/)  d/M,     (z  "  w')dm; 

therefore,  if  x  —  w',  y  —  r',  z  ^  u/,  be  substituted  in  place  of 
Xf  Y,  z,  in  equations  (2)  of  No.  582,  there  will  result  the  three 
following  equations  of  its  motion  : 

*=,(>.-.0,  |=.(v-^.  |=.(^-»0. 

p  being  the  pressure  on  the  unit  of  surfisu^e,  that  has  place  at 
the  end  of  the  time  /,  at  the  point,  whose  coordinates  are 
't  y»  ^»  which  pressure  is  supposed  to  be  the  same  in  all  di- 
rections> 

If  this  point  appertains  to  a  fixed  side  of  the  vessel,  p  will 
express  the  normal  pressure  that  this  sur£Eu:e  must  sustain,  and 
which  must  be  destroyed  by  its  resistance.  If  this  point  exists 
on  the  free  surface  of  a  liquid,  we  should  have  p  zz  0^  or 
more  generally,  dp  z=  0,  so  that  the  differential  equation  of 
the  free  surfeu^  of  the  liquid  in  motion,  will  be  (ft) 

(x  -  ttO da?  +  (y  -  t/)  dy  +  (z  -  M?0^  =  ^• 

By  what  has  been  remarked  in  585,  the  value  ofp  when 
it  is  determined,  should  be  constantly  positive  in  the  interior  of 
this  liquid,  unless  the  parts  of  the  fluid  mass  separate  during 
the  motion,  in  which  case  it  will  be  negative  in  one  point  of 
the  side  of  separation,  this  can  only  have  place  in  the  case 
of  a  liquid,  and  as  then  this  surface  is  no  longer  pressed 
from  without  inwards,  the  parts  of  the  liquid  will  be  separated. 
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By  means  of  the  values  oiu\  r',  ic-^,  the  precevUng  ^ucm^ 

become 

^dp  ^  du         du  tin  du 

pdx'^  '        dt         dx         djf  5c' 

1  dp  dv         dv         dc  dr 

pdy  dt  dx         dy  ds 

1  dp  dw        dw        dir  dtr 

pdz  dt  dx        dy  dz 

As  the  quantity  p  which  it  contains  is,  as  well  a»  txx  *• 
the  velocities  t/,  r,  ir,  an  unknown  function  of  x,  ^.  r.  c  i 
fourth  equation  is  necessary,  when  the  quantity  p  is  ififvs 
constant^  and,  in  the  general  case,  in  which  this  qaa9tx:t  » 
also  an  unknown  function  of  x,jf,c, /,  turo  additionai 
tions  are  necessary.  These  equations  can  be  obtained  in 
following  manner. 

648.  Each  of  the  elements,  such  as  dm^  will  chxr-zt  :> 
form  during  the  instant  c//,  and  it  will  also  change  ic-«  rofsar 
if  the  fluid  is  compressible;  but  as  the  mass  mu^c  aivav4  -»w 
main  tlio  sime,  it  follows,  that  the  product  of  it^  \  ■  .r  . 
the  oiul  of  the  time  t  -f-  <//.  and  of  it*i  diMj^iiv  <j  -  ,.  .;.  -i;.,  ; 
ct)rresponds  to  the  same  instant,  must  Ih^  iho  *<\zt\-'  .i»  „:  • 
end  of  the  time  ^  consequently,  the  variutinn  ofih>  :-^;. 

■ 

in  the  instant  tlt^  will  he  equal  tozoro;  (hi«>uill  i  ir:  >•   i 
g'enoral  e(piation  of  motion. 

In  order  to  obtain  it.   let  us  eonMiier  the  riet.i:  j  .--"  " 
rallellopi|)ed,   whose  volume  is  i/r.c/v.*/r,  at  tlsi-  er.  :    ■:  " 
time  /,   and  what  will  be  the  fi>nn  of  ilii'*  ili-me:i:  !■:  ::.     ^ 
at  the  en«l  of  the  time  t  +  r//.      Let  M  (tii^,  Ji4     U-  r*.i   •  .t  r 
of  this  parallellopiped,  wliieh  correspon«i%  \o   tlu-  o-  :  :.  ^  .* 
./,//,  r  :  likewise  let  ma,  mh,  Mi    he  tlie  ihriv  •*Mt'*  .I'-.u-    • 
this  siiininit,   and  re»i|)eetivi'l\  parallel  Tuih.-  a\t -*.- . 
M)  rh;i(  we  ina\   have 

M  \  =  i/f.        Mil  =  */|/.        Ml     =  ./- 

now   it  i»,  i:,  f .  I,  Ijr  the  four  other  smniiiif^,   ;ii.,i  ,j    ,.  . 
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0  instant  di,  the  eight  points  m,  a,  b,  c,  d,  b,  f,  g  are  transferred 
to  m',  a',  b',  c',  d',  b',  f',  g';  then  the  polyhedron,  of  which  these 

'  last  points  are  the  summits,  will  be  an  oblique  angled  paral- 

*  lellopiped ;  this  can  be  shown  to  be  the  case,  by  determining 

:  and  comparing  together  the  lengths  of  its  twelve  sides  m'a^, 

t  mV,&c. 
r  As  jT,  y,  z,  the  coordinates  of  the  point  m  become 

X  +  udty    y  4-  vd4^    z  -f  wdt^ 

at  the  end  of  the  instant  dt^  these  quantities  are  the  coordi« 
jiates  of  the  point  m';  those  of  any  other  summit  may  be  de- 
duced from  them,  by  substituting  the  primitive  coordinates  of 
this  summit  for  x^y^z\  thus  the  coordinates  of  c^  will  be  ob- 
tained by  retaining  x  and  y,  and  substituting  for  z,  z^^-dz^ 
since  x^y^z+dx  are  the  coordinates  of  c.  In  this  manner, 
the  coordinates  of  &  will  be 

du 
x  +  udt  +  -ydzdtf 
az 

y  +  vdt  +  ^dzdt, 
z+dz+  wdt+-T-dzdti 

I 

and  from  a  comparison  of  them  with  those  of  m',  we  infer  (c) 

therefiire)  by  extracting  the  square  root,  and  neglecting  infi- 
nitely small  quantities  of  the  third  and  higher  orders,  we 
obtain 

mVs  dz  +'T-dzdt. 
az 

The  coordinates  of  d^  may  be  obtained  from  those  of  m^, 
and  the  coordinates  of  g'  from  those  of  c^,  by  substituting 
X'-^'dx  Bndy '•^'dy  in  fiaceofxBndy;  consequently,  the  length 

VOL.  Hi  3  z 
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of  the  fade  d'g'  may  be  obtained  in  the  amme  manner  bam 
of  the  Mde  m'c'  :  and  it  gives 


therefore,  if  the  two  last  terms  which  are  of  the  tMid  ttm. 
W  neglected,  the  value  of  dV  will  be  the  same  as  thai  of  Ww 
In  the  same  manner  it  may  be  proved^  tlmt  the  side*  xi  m 
b'i  '  are  equal  to  the  side  m'c',  when  quantities  of  the  wi 
order  are  neglected,  so  that  we  shall  have 


I'r^f  <^,    *'»'«.  »'«/ 


'^  » 


MX^s:  A'B'=  B'f'=  D'g 

If  j;  bo  changed  into  jf,  and  ir  into  r,  in  the  ralur  of  « ;:. 
it  will  become  that  of  m'b',  namely. 

In  like  manner,  by  changing  2  into  x  and  «•  into  b.  »« 
shall  hav«  the  value  of  m'a',  which  will  be 

And  \\c  '^hall  aUo  fiiul 

Mli    =   V  I»   =  t    F    =  F.t;  . 

M  \  =  i;  i>  =  I   K  =  I  u  . 

It  apjHars,  ihorit'on*,  ilwt  the  >uk*«»  uhich  an-  it-  iji,  - 
|»riiniii\i'  [uralUllojiijKNl,  coiirirnu*  to  lK.M«ju.ii  art*  r  ::*  1.^"^- 
i»t  lorin  ;  ami  the  paralloli^m  of  the  *»i«if^  i%  a  o>ii*«nj;.€'-*x   « 
thi-ir  tHjuality:  lunct*  the  olcmiMit  of  vi>iumi\   «iucb  ^.i*  \>- 
ioMHi.ioriMl,   ritaiii^  at  thf  vixd  of'*//,    tIu»  |',,rin  or"  a  iMra..*-  •- 
|U|K'ii,    uhiih,    h»«ui'\ir,   i^   nor    riAraii;:i.!.ir.   a*,  .i"  *:      .    - 
mriux'iiiiiit  4»t"!iii'»  i!iHt.iiif. 

i  In-  voliiini   III    till-    ;M:a.iiut»{ii|H^i    ^nii    j^.  i.f^-.v' i- 
mullij.lxini:  ,,n,   m"  it^  lk-i-^.  lor  i'\aiiij.i,  .  j},,.  ,  .^^    ^j  ^ 
i'r,  thf  |.rr|>,'n.luuiar  Ut  l.ill  tr..m  tht*  (teMrit   *     ov.  ••  .  .* 


t 
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i.  the  area  of  the  parallellogram  m  Vd^b'  is  equal  to  the  product 
of  its  two  sides  mV  and  m^b^,  multiplied  into  the  sine  of  the 
angle  a'm'b'  ;  and  the  perpendicular  c'p^  is  equal  to  the  side 

U  c'm^  multiplied  by  the  sine  of  the  angle  c'm^p';  consequently, 
the  value  of  the  volume  of  the  new  parallellopiped  will  be 

m'a^  m'b'.  m'c^  sin  a'm'b^  sin  c'm'p'. 

But,  as  the  angles  a'm'b',  and  c^mV,  were  right  angles  in 
Ihe  or^;inal  parallellopiped,  each  of  them  will  now  differ  from 
«  right  angle  only  by  an  infinitely  small  quantity,  therefore, 
the  sine  of  each  of  these  angles  will  only  differ  from  unity  by 
an  infinitely  small  quantity  of  the  second  order;  consequently, 
if  infinitely  small  quantities  of  the  fifth  order  be  neglected,  we 
should  make  sin  a^m^p'z:  1,  and  sin  c^mV=:  1(d),  in  the  pre- 
ceding product ;  by  which  means  it  is  reduced  to 

M  a  •  M  B  aSl  C  • 

Therefore,  if  for  each  of  the  factors,  its  preceding  value  be 
substituted,  and  then  the  multiplication  be  performed,  this 
product  will  be,  by  neglecting  infinitely  small  quantities  of 
the  fifth  order(e). 


( 


du  J,     dv  .     dw  J  A  ,  J    , 
■*■  rf^     ■*■  T     '^'^  dtjdxdydz. 


This,  therefore,  is  the  value,  at  the  end  of  the  time 
i'^'dif  of  the  volume  which  was  dxdydz  at  the  end  of  the 
time  /.  The  density  p  becomes,  at  the  same  time,  p  +  pdt ; 
therefore,  if  after  this  volume  is  multiplied  hy  p+p'dt^  the  pri- 
mitive mass  pdxdydz  be  taken  from  the  product,  the  remainder 
will  be  the  variation  of  this  mass  during  the  instant  dt^  and 
as  this  variation  should  be  cipher,  there  results  the  equation 


,       (du  .  dv  .  dw\      ^ 


infinitely  small  quantities  of  the  fifth  order  being  neglected  as 
before,  and  the  factor  dtdxdydz^  which  is  common  to  all  the 
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urms,  boing  sapprnsed.  CoiMMjuently,  if  far  ft  m  m 
given  in  the  preoeditig  number  be  ftubMiltitcd,  tlMn  vill  n 
by  coiicinnaUng 


dt^ 


-=  0,  *. 


wliicb  will  be  ihv  fuurth  equation  of  the  i 
propofted  to  form. 

649.  This  equation  i«  common  to  Uqakls  wid  toaa 
flaiils ;  but  as  the  quantity  p'  it  apber,  im  llw  ewe  tt  u 
presdble  liquids,  ihiscqoatiaa  mturally  divules  i&Mlf  ■■ 
two  following: 


dt 


Byn 


s  ofUme  and  of  (be  thivc  equatuaa  (3>,  « 
have  a  number  of  equadooi  equal  to  that  of  tlw  tn  ■■ 
qoantitiea  p,  p,  m,  v,  v.*  whicb  they  oi^ht  to 
in  iunctiora  of  x-,  jr,  ',  t-  Vibta  tbo  liquid  b  li 
the  density  p  is  a  given  constant ;  this  rediion  tbc  ■ 
qtumtitiea  to  fow,  and  at  tbo  amw  time  caBwa  A*  I 
tioD  (5)  to  dis^ipcar. 

In  the  CBM  of  clastic  Hinds  b1m>,  then  are  only  I 
tions,  namely,  eqnatioM  (3)  and  (4) ;  but  as  then  tba  4 
CMincctn)  with  the  pmwOTv,  tb«  two  unknown  t 
and  p  are  reducnl  to  oik.     If  the  l«inp««tare  be  a 
be  the  same  tfarongbont  the  entire  hum  of  the  I 
■latv  of  mt,  the  dilatatiutis  ur  rnmrn  winni  of  ll 
of  tht*  fluid,  which  take  pbwe  dniing  iia  imtfipu,  i 
thi«  li-inprratuiv  tn  rary,  to  thai   the  presawc  ^  wiH  t 
longer  pnipditional  to  the  dnMity  p,  in  the  itrti  af  a 
as  ii  in  in  the  «uip  of  rquilihrium.     It  will  be  « 
wqud,  bow   we  kbrniM  takr  ihi*  c 
wh,n  ilic mutiuii  i* rery  rapid ;  at  pr<« 


GENERAL  EQUATIONS  OF  THE  MOTION  OF  FLUIDS.      541 

the  motion  is  too  slow  to  have  any  sensible  influence,  so  that 
the  expresssion  ot  p  in  a.  function  of  p  may  be  that  which 
agrees  to  the  state  of  equilibrium,  namely  (No.  624), 

pzzkp(l  +  ae);  (6) 

in  which  0  denotes  the  temperature  common  to  all  the  points  of 
the  fluid,  a  the  coefficient  0,00375,  of  the  dilatation  of  gases, 
k  a  constant  which  depends  on  the  nature  of  the  fluid  in 
question. 

When  the  values  of  p,/>,ti,t;,t£;  shall  have  been  determined, 
either  by  means  of  the  five  equations  (3)  and  (5),  or  by  the  five 
equations  (3),  (4),  (6),  we  can  deduce  from  them  the  values  of 
Xf  y,  Xf  in  functions  of  /,  and  of  their  initial  values  a/,  ^,  z'^ 
by  means  of  equations  (1).  The  integrals  of  all  these  equa- 
tions of  partial  differences  will  contain  arbitrary  functions, 
which  must  be  determined  by  the  initial  state  of  the  fluid,  and 
by  means  of  certain  conditions  relative  to  its  sur&ce,  which 
vnil  be  considered  farther  on. 

650.  When  the  temperature  is  not  the  same,  at  the  origin 
of  the  motion,  throughout  the  entire  fluid  mass,  it  varies  then 
from  one  point  to  another,  and,  for  the  same  point,  from  one 
instant  to  another,  so  that  if  the  temperature,  which  cor- 
responds to  the  points  of  which  x,  y,  z,  are  the  coordinates, 
at  the  end  of  the  time  /,  be  denoted  by  9,  this  quantity  0 
is  an  unknown  function  of  ^,  x,  y,  z,  and  in  order  to  determine 
it,  besides  the  preceding  equations,  an  additional  one  is  re- 
quired. This  equation  will  be  different  in  the  two  cases  of  a 
liquid,  and  of  an  aeriform  fluid,  which  we  now  proceed  to 
consider  successively. 

Ist.  Let  us  suppose  that  the  question  is  respecting  a  ho- 
mogeneous liquid,  water  for  example ;  then  as  the  temperature 
B  varies  from  one  point  to  another,  the  density  p  will  ako 
vary,  and  will  be  a  determinate  function  of  0,  which  wc  shall 
denote  by  /B ;  the  manner  of  determining  the  form  of  this 
function,  is  given  in  the  Traite  de  Physique  de  M.  Biotj 
torn.  1,  chapter  xi.    The  quantity  p'  will  be  no  longer  cipher, 
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Mthcr  will  equation  (4)  be  deeoapoeable  faito  tke 
tioBB(5).  Tbe  spedfie  heel  of  the  liq«id  aad  the  HHMd 
its  oondocdbility  will  be  elao  deteneinate  fiinftii—  eft;  !■ 
if  the  communication  of  heet  in  the  interior  of  the  waw  b 
snpposed  to  take  place  as  in  a  solid  tMHty,  by 
an  insensible  distance,  the  equation  relatire  to  the 
of  heat  in  a  heterogeneous  body,  which  the 
termined  in  the  JomnutI  dEcoU  PolgUekmiqme^  Xe^  B» 
page  87,  will  be  appUcable  to  the  maaa  «»f  n 
considered ;  for  it  makes  imown  the  instantaneoos  h 
of  temperature,  which  has  place  in  any  point  whalevw  d  a 
body,  in  which  the  specific  heat  and  oondoctihility 
trarily  from  one  point  to  another ;  and  from  the 
which  it  has  been  formed,  it  appears  that  the  heal 
neither  on  the  motion  of  the  material  point  in  qnesdea,  w 
on  the  motion  of  the  surrounding  points.  Thus,  if  the  ii 
ment  of  9  during  the  instant  dk  be  denoted  by  9tdi^ 
have(/') 

rf^g      rf^-J      ,.k^ 

in  which  equatioiu  we  assume,  as  in  formula  (2),  that 

dt         dx         r/y  dz 

and  in  which  ij  ami  h  are  functions  of  9«  that  denote  rv«pMtiira% 
the  specific  hi*at  relative  to  the  unit  of  mass,  and  the  mcwiin 
of  the  conductibility.  As  each  of  these  function*  in  ikup[^«tf«i  :> 
W  known,  iuiil  al<o  /B,  the  numlnT  of  eqiuitions  (3K  <4  k  i'  . 
will  he  the  same  a<  that  of  the  unknown  quantitii**  0,  ;•.  ■«  r.  ■ . 
which  they  contain.  In  tlie  cam*  of  a  hetero^vntrou*  iH|iu*i, 
the  thnv  quantities,  p,  <7,  A»  rebtive  to  the  point  tA  ii«  aa^ 
the  iHMirdinates  of  uhich  are  x.  y,  r,  will  depemi  «>n  the  irtc- 
|K*ratiire  tf,  ami  the  matter  of  the  fluid  in  this  \mA\\u  aimI  ikrH 
will  l)e  cons«><|ii«*ntly  j^ven  functions  of  |>,  luid  of  x'.  y ,  r  ,  thx 
initial  i*oordinate«i  of  thin  i^me  |>oint. 
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2ndly.  If  the  fluid  in  question  is  a  mass  of  air,  or  any  gas 
whatever,  of  which  0  the  temperature  varies  from  one  point  to 
another,  and  if,  in  the  state  of  motion,  the  temperature  is 
always  supposed  to  be  proportional  to  the  density,  as  in  the 
preceding  number,  equation  (6)  will  always  have  place ;  but 
equation  (7)  will  no  longer  subsist,  for  it  is  founded  on  the 
supposition,  that  the  communication  of  heat  in  the  interior  of 
the  body  is  effected  by  a  radiation  to  an  insensible  distance ; 
while,  on  the  contrary,  radiating  heat  traverses  aeriform  fluids 
to  very  g^reat  depths,  so  that  there  is  an  interchange  of  heat 
between  molecules  very  &r  removed  from  each  other.  This 
equation  should  therefore  be  replaced  by  another,  which,  to- 
gether with  equations  (3),  (4),  (6),  make  up  a  number  equal 
to  that  of  the  unknown  quantities  p,  />,  0, »,  v,  w.  For  ex- 
ample, in  the  problem  of  the  trade  winds,  which  are  produced 
by  the  differences  of  temperature  of  the  atmospherical  strata, 
a  sixth  equation  is  formed  in  the  following  manner,  which  it 
will  be  sufficient  for  us  now  merely  to  point  out. 

The  quantity  of  heat  received  during  the  instant  d/, 
by  dm  any  element  whatever  of  the  fluid  mass,  and  which 
may  be  supposed  to  be  proportional  to  dmdi,  is  made  up 
of  the  solar  heat  absorbed  by  dm  during  this  instant  dt^ 
and  of  the  radiating  heat  that  this  element  receives  in  this 
same  instant,  from  a  part  of  the  sur&ce  of  the  earth,  and 
from  the  part  of  the  atmosphere,  the  communication  of  which 
with  dm  is  not  interrupted  by  this  sur&ce,  and  also  of  the 
pordon  of  heat  which  can  be  communicated  to  dm  by  the 
surrounding  elements,  as  in  solid  bodies.  If  from  this  sum  be 
taken  the  quantity  of  heat  emitted  by  the  element  dm,  during 
the  instant  <ft,  either  by  communication,  or  by  radiation  to  a 
great  distance,  the  instantaneous  increase  of  the  heat  of  dm, 
which  we  shall  represent  by  ^dmdt^  will  be  obtained;  a 
being  a  coefficient,  of  which  we  shall  content  ourselves  merely 
to  indicate  the  origin.  On  the  other  hand,  this  increase  of 
heat  is  equal  to  gO'dtdm^  g  and  O'dt  denoting  always  the  spe- 
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cific  heat  for  Uic  unit  of  mass,  and  the  iostanti 
of  temperature ;  therefore  we  ihall  hare  a^mA  =  yf  A 
£i.  —  gff  for  llie  required  equation,  wbidi  abowU  b«  « 
tuti'd  ill  iM|uation  (7). 

651.  lU-fore  we  proceed  any  furtlier,  aa  la 
may  be  made  relatively  to  eqiuUioa  (4). 

from  tlic  maimer  id  which  it  bn 
that  the  mass  of  dm  the  differeotial  el«meat  of  the  lMi4l 
not  vary  during  the  instant  <U ;  but  it  is  soleiy  for  tfe  ■ 
conciseness  that  the  volume  of  tbi»  pan  of  the  fitbd  ha  h 
considered  as  inftnitely  small ;  and  if  the  eotin  i 
divided  into  parts  of  a  finite  but  insensible  as^nin^ 
which  may,  notwithatanding,  contain  a  very  grtmx  n 
molecules,  equation  (4)  cxprcues  acloaUy  tlnx  Mcb  wt 
parts  coiitaiott  always  the  saioe  molecules,  mhI,  i  niMiiia 
that  its  mass  is  invariable.     It  la  on  this  acooont  »t»^  ii 
nominatetl  the  equation  oj'lhe  etmtimuitg  r^thrjtmtd. 
thure  are  motions  in  which  this  continuity  u  iiHi  imimJ 
in  which  the  cfjuation  that  refers  to  it  cannot  be  mad*  m  J 
In  tlte  case,   for  exitmple,  of  water  eontained  in  a  i 
cylinder,  which  is  ojwu  at  its  upper  surface,  If  it  W  I 
from  above,  tlie  temperature  will  increase,  aui  the  t 
litminish  from  the  bottom  to  the  surfiwe ;  the  leafth  tt  i 
fluid  muss  will  increase,  the  horitontal  strata  wQln 

<  replace  each  other,  and  the  equation  of  continuity  «iU  kea 
plicablc  to  this  motion  (jr)>     But  if  the  liquid  is  \ 
below,  the  density  will  incieasc,  and  i 
from  below  upwanls ;  in  ■trielneM,  the  hotimotal  i 
still  sueoesuTcly  replace  each  oiber  t  but  soek  a  ■ 
sot  be  stable;    and  it  appear*  fraia   • 

I  molecule*  of  water  rise  Irom  the  botlaa  to  iba  • 
versing  the  superior  strata.     All  the  very  taaO 
liquid  do  imt  then  cooalantly  nmdst  of  the  staae  i 
consequently,  equation  (4)  does  not  nbtain  in  tUs  \aaA4 
aintkin  ;  and  it  is  even  doubtfid,  wkcthcr  aqnatioM  (S^  ■ 
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be  functions  of  #,  x',  y',  if.     If  their  values  be  wAmtamc^ 
the  given  equation,  it  will  be  changed  into 

and  all  the  points  of  the  fluid,  the  initial  coonfimiet  of 
satisfy  this  equation  will  be  those  which,  at  the  end  ol  iW 
ty  appertain  to  the  sur&ce  s ;  consequently,  in  order  ihsi 
points  may  be  constantly  the  same,  the  function  f  ■hoiM 
contain  the  variable  U  If  therefore  s  is  the  eq^uioi 
free  surface,  or  that  of  a  fixed  or  moreable  side«  the 
tion/(/,  X,  y,  z)  must  be  independent  of  f  ;  x,  ^,  x  bcii«<» 
sidercd  as  functions  of  the  preceding  variables ;  ihmto  ia 
complete  diflferential  with  respect  to  i  must  be  cipibcr ;  mi  k* 
formula  (2)  we  shall  have,  to  express  the  coDdidon  mm 
above,  the  equation(^) 

In  the  cano  o(  ajixed  side,  the  function y  will  noi  o»nLi.- 

tho   time  /  explicitly  ;  if  it  bo  denoietl  }iy  i.,   m>  that  i  = 

may   l>e  the   jj^iveii  equation  of  the  si«le,   tH{uation     ••    ••  ■ 

become 

r/i.  r/L  ftL 

'';s  +  ''^  + "•&  =  "• 

If  the  resultant  of  the  velocities  «,  r,  w  1h.»  denoc«!^.  Si  * 
and  the  an(2^k*s  which  it  makef«  with  the  directions  of  x.  ». : 
by  a,  /?,  7,  ami  also  if  a,  6,  c  \ye  the  an|{K*«  «hich  the  ik^tiba. 
to  the  side  makes  with  the  same  direction^^,  we  »hall  hi*^  *: 
the  'iame  time,  and  by  makinfi^ 

(:■;:)■-  ©^  m = -■ 

=  A  t  O-irj,  -     =    A  CO%/*.         ;-     ^    A  CO*. 
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and,  by  substituting  these  values  in  equation  (9),  and  then 
suppressing  the  conunon  factor  ^,  it  will  become 

cosa  cosa  +  C08/3  cosft  +  cosy  COSC  =1  0. 

Tbsrefore  equation  (9)  indicates  that  the  direction  of  the 
▼eiodty  ol  each  point  of  the  fluid  adjacent  to  a  fixed  ude, 
is  aormal  to  this  sur&ce ;  and,  in  fiict,  it  is  the  condition  which 
must  be  satisfied,  and  is  sufiicient  to  prevent  this  point  from 
being  detadied  from  the  side,  so  that  it  can  only  slide  on  its 
aurnoe. 

At  the  free  surfiace  of  a  liquid,  the  pressure  p  is  in  general 
ft  constant  quantity ;  but  it  may  depend  on,  or  be  a  function  of 
<,  and  be  only  independent  of  op,  y,  2r,  if  the  external  pressure, 
wUch  is  common  to  all  the  points  of  this  sur&ce,  varies  with 
the  time ;  therefore  denoting  this  function  by  t,  the  equation 
of  the  free  surfiu»  will  be  p  -*•  t,  and  by  putting  p  —  t  in 
place  of  y^  in  equation  (8),  we  shall  have 

dp   ,      dp   ^      dp  ^      dp       dr  ,,^^ 

which  will  have  place  at  the  same  time  asp— tsO,  or  si- 
multaneously with  the  differential  equation  of  the  fr^e  surfiice, 
which  has  been  given  in  No.  647. 

It  may  be  remarked  that  equations  (8),  (9),  (10)  will  like- 
wise still  obtain  without  any  sensible  error,  when  the  points  of 
the  fluid  only  deviate  from  its  superficies  by  insensible  quan- 
tities. Consequently,  if,  as  in  tiie  preceding  number,  a  portion 
of  the  fluid  is  considered,  the  dimensions  of  which,  though  in- 
sensible, are  still  of  a  finite  magnitude,  so  that  it  may,  not- 
withstanding, contain  an  immense  number  of  molecules,  and  if 
a  part  of  its  surfisice  be  supposed  to  appertain  to  that  of  the  fluid 
at  a  determinate  epoch,  these  equations  will  express,  in  reality, 
that  it  will  have  place  during  the  entire  continuance  of  the  mo- 
tion. The  extent  of  this  part,  which  belongs  in  common  to  the 
two  surfaces,  may  besides  vary  in  any  ratio  whatever ;  and  the 


MS 
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ftmuU  portion  erf  the  fiuid  tti  iiimtion  maj,  witm  h  bi 
at  the  surface  of  th^  tluhl,  vnUrf^  or  contract,  witlmot  ■(■  wM 
undei^oui^  uiiy  chmi^«  in  the  case  of  s  liquul,  or  U*  i^i 
the  case  of  nuy  fluiil  whutcv(.T(A).  Thiu,  for  cxjonpk  *4l 
a  hpiLvy  liquitl  (hcUImIcm  in  ft  rvmcl  wbicfa  is  opm  at  te  m 
surface,  the  t-xlvul  of  iu  free  Rurfiioe,  and  dial  of  in 
cnntacl  with  the  Hides  of  the  vewM;!,  vary  during  the 
that  the  number  of  material  pmots  ufibv  liquid,  wiHkl 
ntuati'd  on  ono  or  other  of  these  two  surface*,  is  ooi 
the  same ;  but  equation«  (p)  aiid  (lOj  nuiy  ha^v 
withstanding,  if  it  is  coiitidcrrd  liuU  ihcy  do  not  btliwn  9M 
to  detached  poinKt,  but  ruthpf  rvfer  to  mnall  poftioat  tti 
liquid  which  are  of  ati  iitiwiisiblc  ma|[nitadc  : 

By  meiuiK  of  tlie«e  particular  cquathHM, 
(luced  by  La^rouge  in  the  theory  of  fliuda,  fiiTlwiaiJ  ia^ 
case  with  the  initial  state  of  the  lyucm,  ibe  arbiuary 
contained  in  ihi?  i-quadona  of  the  motiou  can  be 

653.  There  is  u  very  extended  (Wte,  In  whteli  tbe  liri 
eqimtioiiit  (3)  can  be  reduced  to  an  Riualion  of  partiaJ 
rcnct^  of  the  firat  onler,  and  the  three  imltnown,  M,r,  a^ 
made  to  dfpcnd  ou  one  sole  quantity.  Tltta 
when  the  formula  udt  4-  vd;/  +  leds  u  an 
a  function  of  x,  y,  :,  regarded  lu  indepeudant  vwnaUt^  ■! 
the  fluid  in  question  is  hoaop-neom  and  hat  ovary  vkm  A 
same  tempemture  in  the  state  of  eqoilihrinai.      L«|  thia 

f  defloUngan  unknown  function  of  the  fi)amriab)«i  ^%|b' 
but  in  which,  however,  the  diffrrcntlal  d^  ts  taken  tntfjy  *1 
rv«|>cct  to  X,  y, :,  »o  that  we  may  have 


d^  da 

dx  ilgr 


=S- 


By  the  nature  of  the  force*  x,  T,  1,  wUdi  ahnyv  «■  < 
pnscd  to  arise  from  uttmclions  or  rvp 
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fixed  or  moveable  points,  or  points  of  the  fluid  itself,  we  have 

xdx  +  Ydy  +  zdz  =  dv, 


and,  consequently, 

dv 

rfv 

<^ 

X  = 

<te* 

T 

"^' 

z 

-<fe' 

▼  being  a  function  of  t^  x^  y,  Zj  which  is  differenced  solely  with 

respect  to  x^  y,  z.     In  the  case  of  an  elastic  fluid  whose  den- 

rdp 
nty  is  constant  in  a  state  of  repose,  the  integral  \  -^  will  be 

expressed  by  a  logarithm,  provided  the  law  of  Mariotte  be 
siipposed  still  to  obtain  in  a  state  of  motion  also(t) ;  if  the  va- 
riations of  temperature  which  are  produced  by  those  of  the 
density  during  the  motion  be  taken  into  account,  this  integral 
will  be  a  different  function  otp ;  and  in  the  case  of  a  homo- 
geneous liquid,  it  will  be  reduced  to  -p,  without  taking  into 

P 
account  the  arbitrary  constant.    In  order  to  comprise  all  these 

cases  under  one,  let 

J  p 

there  results  from  this(A) 

I  dp      dv      I  dp      dv      1  db      dp 
pdx^  dx^    pdy      dy^    pdz  ^  dz* 

and  by  means  of  these  and  the  preceding  values,  equations  (3) 
will  become 

rfp  _  rfv       d*^       </^  dP^      d^  (P^       dip  dF^ 
H"  dx      dxdt      dxdsf      dy  dxdy      dzdxdz* 

dP^dv       dP^       d^  dP^       d^^^  ^d^  dP^ 
dy^  dy      dydi  '^  dy  dydx^  dyl^  ^'Szdydz* 

dv  _dr       dP^       d^dPf       df  d^^       d^dP^ 
dz'^  dz      dzdi      dz  dzdx  "~  dy  dzdy     IR  d?* 

if  these  equations  be  multiplied  by  dxy  dy,  dz,  respectively, 
and  then  added  together,  there  results  (/) 


JTI 


^  iJ^XATioxft  or 


Uil 


:c  ii» 


Tiru.:*je»  ..  •«  x.  ve 


«  —  ? 


=!-[©'- ^)'+©l 


Ttddi  o«ckc  CO  be  ftrUcd 
d  tf  coatazacd  in  the 


.^ZOVT 


c.  :: 


iikh  nepcaces  i^  Uirve  eqoaboai  (3>,  vit 
cc  /i|  vben  xiat  of  p  %ball  have 
jsttdou  ^A)  will  dtftcniBe  tW 
q^&scidei  ■«  r,  r ;  aad  vitli  nesbpcct  to  xke  r^m  « 

eqnatioii  (4 ),  wbich 


tfa 


-# 


d^—         d^-r- 


d^^ 


:¥ 


.-<• 


=  0. 


1?       X        ll? 


u-O 


.  i«  :n  a  function  of  ^.  axftl  6»r  p  ir«  ralvie  rMuct«!  rr*"* 


•  :..-.   I*   ^ho.iu  >'  M)  dt  tho  cumiiii-nc\-mciit,  aiiu  :r.v        'j- 
\  a!  ..^  ■•:'?:,  r.  h\   -.Thith  .m^  ifivi  n  ar*»:Trah:\  in  f  .-^  r:     • 
-.  L.  J,   <'hi>u'..i  vt::"*!\  tho  o'ni:iti»»:i*  nt  iriti-;:ra'*»:..'^       i 
vcpm  iv.  th«*ti«;h  it  \h'  tvimitUti  tJiat  ic  i*  <»ulii\if  f.:  ii»  pr  •!•  '    • 
torm'il.i  !•»  ii*'   .I"   r\.ut  •::!fi  ri  nii.il  rt  :.iii\i.    ••    i   .  .  ^ -r.  •  • 
raluc   of  f,   ;:i   unit-r   ti>   U*  sari^tWii    ihar    it   i«  i»tu-   *;«••   >« 
.UI  valuer   <•!   '!«>   iiudntity  :    '^till  ttiim  |irM|iii»iti,.::   i^  r..«'   •> 
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'^  general  as  has  been  supposed.     It  may  be  demonstrated  in 
I'  the  following  manner : 

Let  ^1  be  a  particular  value  of  t^  and,  for  tlus  value,  let 

m  udx  +  fxfy  +  wdz  =  d^x  I 

If  fi  bdng  a  function  of  ^,  y,  r.    If  c  denotes  an  infinitely  small 

»  Interval  of  time,  then  when  the  time  t  becomes  ii  +  c,  the 

f  ^pumtities  u,  v,  w  will  likewise  vary,  and,  on  the  supposition 

f  that  their  expressions  in  functions  of  t  are  developable  ac- 

.  Mrding  to  the  powers  of  c,  we  shall  have(m) 


and,  consequently, 

Mdx  -f  vdy  -f  wdz  =:  d^i  -(*  i{uidx  +  v^  +  Widz)^ 

in  whieh  Uu  V|,  W\  denote  functions  of  op,  y,  z.    In  order  to 

obtain  the  values  of  the  partial  differences  ^,  ^,  ^,  which 

4iocar  in  equations  (3),  these  values  of  ic,  r,  ae^  should  be  dif- 
ferenced with  respect  to  c ;  this  gi^^es 

du  dv  dw 

By  substituting  them  with  those  of  tt,  Vj  w^  and  of  their  partial 
differences  relative  to  x,  y,  z,  in  these  equations,  and  then  sup- 
pressing the  terms  multiplied  by  c,  there  results 


pdy^     "    *      dx  dydx      dy   rfy*       dz  ' dy.dz 

prfe  *      dx    di:d!a;      i/y  dz«/y      fite     liz*  ' 

hence  by  the  preceding  notations  we  deduce(A) 
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it  follows  from  tlii#  that  the  quuntitT  {i,iU  -^  r,(ff  ■(■  rJt 
by  wlikli  tlic  forinulu  udx  +  n^  +  nx^  is  ini  riMiiil  ^re^ 
the  time  I,  will  be  an  exact  diffcrrntijil.  Coiwrqi^tlT,  <^ 
formula  will  be  aii  exact  ilifferviitial  at  the  i-od  <rf  tW  o 
I,  +  t,  unce  it  is  Biipposcd  to  be  so  at  the  rad  of  iW  ^m 
U  will  be  so  at  tlic  end  of  the  ttme  f,  +  2f,  ^dcc  it  i»«tf  ^ 
end  of  tlie  timi-  (,  + «,  atid  m  on.  AikI  o»  •  msT  he  t^ 
pOMtive  or  negnlivr.  it  follows  that  tbia  formula  miM  +  ^• 
■i-  mlz  is  an  exact  differential  for  all  values  of  <,  if  it  ■  «•  :  - 
any  vuliie  whatever  of  this  variable. 

But  this  demonstration  supposes  that  the  rAlooi  of  ■,  r. « 
which  correspond  to  f  +  r,  may  be  developed  acoonii^  M  '-- 
powers  of  t,  or,  what  comes  to  the  same  thin][,  it  snppniii  tk- 
the  expresuons  of  «,  v,  w,  in  fanclioni  of  /,  mtuij  tW  s^-- 
lions  of  the  problem  and  all  thow  which  nay  be  J-J^rH  ukt 
it  by  diflrrentiaiions  relative  to  t.  Now,  thia  b  mm  ttimft  U' 
case,  with  respect  to  expreMiom  of  «,  r,  mitt  aeriaa  af  ^p— 
nentials  and  of  sines  and  cosines,  the  exponml*  mmA  mv  ' 
which  Biv  proportional  to  t ;  and  aa  the  deoKMwtsitfio«  ik- 
(nils,  the  proposition  may  be  likewise  at  bull,  and  H  ia  ia  pK= 
of  fiict  fuulty  in  certain  cases,  cxanplts  of  which  hare  ^m 
met  with  l>y  the  author.  In  each  praUcn,  the  eiyniaiy  •• 
I/,  r,  tr,  in  question,  satisfy  (he  equations  lelativc  to  the  *•■ 
and  aurfaet  of  l)ic  fluid  in  motion :  and  by  detrmtaisiy  is  > 
Builabic  manm.'r  tlie  coefficients  of  the  ojipoDeatiala  andaf  t^ 
sines  imd  cosines,  they  re|>rr«ent  the  given  iniliil  atMa  «f » 
the  p<nnM  of  the  fluid ;  and  if  (he  •erica  whidi  nmll  Am 
them,  are  moreover  convergent,  this  is  suflkient,  ia  oris  ikii 
they  may  eontjun  the  solution  of  the  qomion,  althoi^h  ^ 
of  ilieir  iranicuhu'  chataclors  may  not  «tiafy  alwan  the  t^u- 
tions  whidi  may  bi'  dcdttccd  from  those  of  the  niitia&,  ^  i 
dift>nntia  lions. 
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655.  The  condition  of  integrability  of  the  formula  udx  + 
v^  +  wdz  has  not  place  in  the  motion  of  a  fluid  which  turns 
about  a  fixed  axis  without  changing  its  form.  In  fact,  the 
components  of  the  velocity  of  any  point  whatever  are  then  the 
tame  as  in  the  case  of  a  solid  body ;  therefore  if  the  fixed  axis 
be  assumed  to  be  that  of  r,  and  if  the  angular  velocity  of  rota- 
tion be  denoted  by  ca,  we  shall  have  (No.  387)9 

firom  which  there  results 

udx  -f  vdy  +  lodz  zz  m{xdy  —  ydx) ; 

this  quantity  is  not  an  exact  differential,  because  the  &ctor  ta 
b  independent  of  the  coordinates  x  and  y. 

Hence  in  order  to  determine  the  pressure  p  in  any  point 
whatever,  we  must  have  recourse,  in  this  example,  to  equations 
(3).  Now,  if  the  values  of  ti,  v,  w  be  substituted  in  this  ex- 
presnon,  there  results,  when  ca  is  considered  to  be  a  constant 
quantity  with  respect  to  ^,  as  well  as  with  respect  to  x^  y,  r, 

I  dp  ,     ,       \dp  .     ,       \dp 

pdx  pdy  ^     pdz 

hence  we  obtain  (o) 

^dp  zz  udx  4-  Ydy  -f  zdz  +  to*(xdx  +  ydy)  ; 

an  equation  which  coincides  with  that  which  has  been  ob- 
tained in  No.  589,  from  the  consideration  of  the  equilibrium  of 
the  given  forces  that  act  on  all  the  points  of  the  fluid,  and  of 
their  centrifugal  forces  resulting  from  its  motion  of  rotation. 
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OF  THE  PROPAGATTON  OP  SOi'ND. 

586.  As  it  does  not  fall  in  with  the  plan  of  tliift  trvatiir. « 
detail  the  numerouH  results  which  have  been  obtaioMi  tnm 
the  general  equations  of  the  motion  of  flui^Is  chat  haw  b««9 
given  in  the  preceding  chapter,  we  tkall  mefvly  pmm  «tf 
those  treatises  in  which  they  can  be  Iband.  In  tiw  felkmmi 
chapter,  the  motion  of  a  fluid  which  flows  out  of  a  te— I  " 
determined  on  a  particular  hypothesis,  whick»  far  the  mm 
part,  gives  results  sufficiently  accurate  in  pracdce ;  ia  thr  p^ 
sent  one,  we  shall  select  for  examples  of  the  appBcadoa  eiihr 
general  equations,  the  simplest  cases  of  the  theonr  of  viafti 

1st.   Ill  tlio  sofond  and  thin!  lnH>kH  of  the    .W*«^  :■  ."•' 
CVlrsU'j  the  rojultT  will  find  di'tuilod  all  that  i<  as  \«t  *     * 
about  tho  oscillations  of  the  Hoa  aiul  (»t*lho  atra*x«j>hi'r( .  :•- 
diuvd  l>v  till*  attractions  of  the  ^uii  and  m«Hin. 

2nd.    In  the  second  volume  of  the  3/crA/fni«yii«   .inii^'  .• 
there  is  ^iven  tlie  determination*  l»y  means  ni  ci»ri%fji '  ■  *■ 
ries,  of  the  motion  of  a  heavy  liquid,  h*>th  in  a   v,t\  fx—  •• 
eanal,  and  aUo  in  a  very  dtvp  Vi*H*i»|. 

3rd.    Kelatively  to  the  o^llation**  of  ihi^  liqui<i  m  a  %t^-- 
of  any  depth  whatever,   the  rimder  in  it* forr*^!  lo  a  m«'n^i>i'  »* 
serted  l»y  the  author  on  this  suhjeel,  in  the  niih  ti-^  i  rh  v     .= 
of  tin-  Journal  of  M.  (leri^onne. 

•Uli.    For  the  proldtin  <»f  tlie  prop.it^ation  «•!  \».i«.  ^    .•  " 
surtaee  and  in  the  interior  of -^ta^nant  \«,tter,  tin   rmi.  :    •  i.- 
referr»'d  to  a  nirniolr  •»f  the  author  in<^ert4*il  in  \\n-  r-^:  %.■ 
ot  till"  Aeadeii'.N   of*  Seienei-*. 

'f\\\.    On   til.-   propai>;;i(ii)ii  i»|   ••Li^ric   fluids    ic    ki^«.  •  . 
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narrow  tubes,  the  memoir  of  M.  Navier,  which  is  inserted  in 
the  ninth  volume  of  this  Academy,  may  be  consulted. 

Finally,  for  every  thing  which  concerns  the  theory  of 
sound,  and  generally  the  propagation  of  the  motion  in  an 
elastic  medium  or  in  several  superimposed  media,  the  student 
may  consult  the  memoirs  written  by  the  author  on  this  subject, 
which  are  contained  in  the  fourteenth  Number  of  the  Journal 
of  the  Polytechnic  School,  and  in  the  eleventh  and  tenth  vo- 
lumes of  the  Academy  of  Sciences. 

657.  To  give  an  application  of  the  general  equations,  let 
an  elastic  homogeneous  fluid  be  considered,  whose  density  and 
temperature  may  be  throughout  the  same  in  its  state  of  equili- 
brium, and  in  which  when  it  is  made  to  deviate  from  this  state 
ever  so  little,  the  velocities  of  its  different  points,  and  likewise 
the  dilatations  and  condensations  with  which  they  are  accom* 
panied,  in  the  motion  which  results,  may  be  very  small  frac- 
tions, so  that  the  squares  and  products  of  these  quantities  can 
consequently  be  neglected ;  by  which  means  the  equations  of 
the  motion  are  reduced  to  a  linear  form,  the  integrals  of  which 
may  be  obtained  in  a  finite  form.  Moreover,  as  the  density  of 
the  fluid,  in  a  state  of  equilibrium,  is  by  hypothesis  constant, 
the  forces  x,  Y,  z  should  be  made  equal  to  cipher. 

Let  this  density  be  denoted  by  d  ;  p  being  that  which  has 
place  in  the  state  of  motion,  at  the  end  of  the  time  ^,  and  for 
the  point  whose  coordinates  are  t,  p,  z,  we  shall  have 

in  which  equation,  «  is  a  very  small  fraction,  either  positive  or 
negative.  Likewise,  let  A  and  mgh  denote  the  height  and  ba- 
rometrical pressure  corresponding  to  the  density  d,  ff  the 
gravity,  and  m  the  density  of  the  mercury.  In  the  state  of 
motion,  the  pressure  p  which  corresponds  to  the  density  /»,  will 
by  the  law  of  Mariotte,  be  ejimh(\  +  *),  if  the  temperature  of 
the  fluid  be  invariable ;  but  in  consequence  of  the  condensation 
or  rarefaction  denoted  by  «,  the  temperature  increases  or  dimi- 
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mabes;  and  if  the  motion  be  to  npid  tlwl 
time  to  revert  to  its  origiiMd  temperatOM^ 
vary  in  a  greater  ratio  tbaa  tbe  dcnaUy(g), 
shall  suppose  that  in  genenl 

p  =  ymA(l+«-|*9); 

in  which  9  denotes  a  quantity  having  the  aaaH 

is  a  certain  function  of  it.    In  ronsfiqunnct  of 

«,  "^^  1 — *^'^  IT  — J  \^  T-frpinnl  ttr  hn  prnpiii  iiiiwi  ta  i,  ■! 

such  that 

»  =  ^•; 

/3  being  a  positive  ooeflicient  independent  of «. 
By  means  of  these  values,  we  shaU  have 

4»  =  yaiAO  + /3)dk ; 

and  by  supposing  that  the  integral  vamahcs  with  a, 
for  conciseness, 

there  will  result 


s 


P 


If  this  integ^ral  be  taken  for  the  value  of  the  quantity  r 
prised  in  equation  (b)  of  No.  653,  we  shall  obtain  by 
the  square  of  s^ 

in  like  manner  if  the  squares  of  the  velocities  -^,  -?,  -p «  ^ 

dz   df  dz 

also  neglected,  this  equation  will  become,  by  suppfessing  tW 

term  v  which  arises  from  the  forces  x,  r«  z. 


Ml 


and  by  joining  it  with  equations  (a),  namely, 

rff  #/f  i/f 
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tbete  four  equations  will  make  known  the  condensation,  the 
magnitude  and  direction  of  the  velocity  of  the  fluid,  at  the 
end  of  the  time  f,  and  for  the  point  whose  coordinates  are 
Mf  y,  Zj  when  the  function  ^  shall  have  been  determined  in  a 
fonction  of  x^  y,  z,  t. 

If  the  displacements  of  the  molecules  of  the  fluid  are  like- 
wise supposed  to  be  very  small,  that  is  to  say/  if  the  molecules 
of  the  fluid  make  only  very  small  oscillations,  and  have  no 
common  motion  of  translation  or  rotation,  the  variables  :r,  y,  z 
will  differ  very  little  from  x^  y\  »\  which  are  the  initial  co- 
ordUnates  of  the  points  to  which  they  belong,  so  that  they  may 
be  regarded  as  equal  to  j/,  y',  y,  when  the  values  of  tidt,  vdt, 
wdi  are  integrated,  in  order  to  deduce  from  them  at  any  instant 
whatever,  the  displacements  of  this  point  in  the  direction  of 
the  three  axes  of  the  coordinates ;  and  then,  we  shall  have 

«  —  »'  =  ludt^    y  -  y'  =:  Ivdtj    m^z^=:  Iwdi ; 

the  integrals  being  taken  so  that  they  may  vanish  when 

i  =  0(6). 

l^th  respect  to  the  quantity  ^,  in  order  to  obtain  the 

equation  on  which  it  depends,  let  d  (1  +0  ^  P^^  ^  place 
of  p  in  equation  (c)  of  the  number  cited  above,  then  by 

neglecting  the  products  of  s  and  ^,  ^,  ^,  it  becomes 

or,  what  comes  to  the  same  thing  by  substituting  for  s  its 
preceding  value  (c). 

These  equations  (1),  (2),  (3)  are  those  of  the  theory  of  sound 
in  air  whose  temperature  and  density  are  constant.  They 
suppose  that  the  formula  udx  +  vdy  +  wdz  is  an  exact  diffe- 
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rential,  and  this  it,  IB  point  of  fiMl»  Ike 
imtances,  to  wkidi  we  praeeed  lo  apply 

668.  Let  lis,  in  the  int  plaee,  aappoae  tbm  ika 
tained  in  a  cylindrical  tube,  and  that  ila  points 
the  axis  which  is  assumed  to  be  horiaontal,  ia 
gravity  should  not  cause  the  dcwrity  to  wavy.     If 
X  oMncides  with  tUs  difectkm,  v  and  w  will  ha 
equal  to  cifdier,  and  the  quantity  f  will  oaly  ha  n 
X  and  r,  so  that  equation  (S)  will  be  ledwead  t» 


^='S- 


The  same  consequences  nmy  badednoad  froai  tUsmw 

obtuned  from  equation  (1)  of  No.  494,  with  mpaai  la  At 

longitudinal  vibrations  of  an  elastic  rod.     When  the  ahtt^ 

tends  indefinitely,  a  will  be  the  velocity  of  the  pinp^rtsa  d 

sound  in  the  direction  of  its  length ;  when  it  b  of  a  iwir 

length  equal  to  I,  the  number  of  vibiations  of  iha  laid  m  At 

unit  of  time,  corre8poiuUng  to  the  ^raviM  sound,  will  brtsik 

inverse  ratio  of  / ;  when  the  tone  in  misetl,   this  number  «u 

increase  in  the  Mune  ratio  as  that  of  the  nodes  of  ribraiM» 

and  if  the  distance  between  two  consecutive  nodes  be  Aentut 

l>y  A,  and  the  corresponding^  number  of  vibration^  by  a,  «' 

shall  have 

a 

""2A' 

In  those  points,  the  velocity  of  the  moUvulo«  of  th^  mt  > 
cipher,  but  the  condensation  does  not  vanish :  then*  an*.  •«- 
the  contrary,  other  |K>ints,  where  this  condensation  U  cipl^. 
and  where  still  the  fluid  is  in  motion.  'Ilie  dislanct'^  U*t«t-r« 
th(*si*  other  |x»ints  arc  the  same  as  for  the  firnt*  as  i«  evident  (?««: 
the  f(»rmula>  of  No.  4l)r>.  They  |MKsc*»sa  pn>|H*ri\  which  ip- 
iHTtains  exeliiMvelv  to  them,  hv  meuiiH  of  which  lhe\  can  ^^  ik^ 
termint*ti  by  ex|HTinienl.  If  an  o|H*mni;  is  nuuW  in  the  ««tk  >< 
the  tulie  at   r>ne  of  these  |Mnnts   where   xhv   c%»mk-n%iUi^.  i* 
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cipher,  and  if  a  conmmiication  is  thus  established  with  the 
external  air,  the  motion  of  the  interior  fluid  is  not  in  any  way 
affected,  nor  the  tone  which  is  produced.  If  X  be  the  distance 
between  two  of  these  consecutive  points,  and  n  the  number 
corresponding  to  the  observed  tone,  the  preceding  equation 
will  make  known  the  value  of  a,  and,  consequently,  that  of  /3 
the  quantity  that  occurs  in  the  expression  of  this  velocity.  It 
is  preferable,  for  this  object,  to  make  use  of  the  elevated  tone 
which  corresponds  to  an  aliqu^  part  of  /,  rather  than  the 
Jundamental  tone,  which  may  be  influenced  by  the  mode  of 
blowing  into  the  tube,  and  by  the  circumstances  relative  to  the 
mouth-piece.  It  is  in  this  manner  that  M.  Dulong  has  deter- 
mined for  air  and  different  gases,  the  values  of  the  quantity  y 
of  No.  637  ;  which  quantity  is  equal  to  1  -i-./39  as  we  shall  see 
immediately. 

659.  For  a  second  example,  let  the  mass  of  dr  be  sup- 
posed to  extend  indefinitely  on  every  side,  and  that  it  is 
agitated  in  like  manner,  in  all  directions,  about  a  fixed 
p<nnt  which  is  assumed  for  the  origin  of  the  coordinates.  If 
r  be  the  radius  vector  of  the  point,  whose  coordinates  are 
^9  y»  ^9  At  the  end  of  the  time  t,  and  Z  its  velocity,  it  will  be 
directed  along  this  radius,  and  its  magnitude  will  be  a  func- 
tion of  r  and  t,  as  well  as  the  condensation  s ;  for  it  is  evi- 
dent that  every  thing  should  be  symmetrical  about  the  origin 
of  the  coordinates,  during  the  entire  continuance  of  the  mo- 
tion.    We  shall  have 

y^  yV  y^ 

11  =  ?-.,     ©  =  5^,      W=:Z-\ 

and  because 

there  will  result, 

udx  -f  vdy  -f  wdz  -sz  Zdr ; 

so  that  this  formula  will  be  an  exact  differential  of  a  function 


or  mt  ritoi>An&TioK  or  sockd. 


»ft«iiJnin<*«iiiliitiii«m». 

Bj  diftifliilllt  It »»  wyit «»  %tm  « 


and,  b]r  ubniRitiiig  thcK  nloeiof  ^,  ^,  ^,  ia  i.|^ 
(3),  it  b««ome.(e) 

or,  what  cones  to  the  ume  tliiiig(y), 

-dF-''-3?-  I' 

Tbe  complete  iotegn]  of  tUi  eqnatioD  ia  (No.  4«4>. 
r*=/(r  +  o()  +  F(r-of)i 

in  which/ and  r  denote  two  arbitnry  fbnctkoa.     Ifikvrfm 
for  any  variable  whatever  sod)  aa  r,  we  aaake 

wv  fan  deduce  from  thu  intcgnl. 
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K  =  lif  (r  +  at)  +  F' (r -  at)] 


-  p  [/('■  +  at)  +  F(r-  at)2, 


(«) 


and  by  means  of  these  formulae,  when  the  functions  /  and  /* 
are  determined  for  all  values  of  r  -}*  ^9  which  is  a  positive 
variable,  and  the  functions  f  and  f'  for  all  the  positive  or  ne- 
gative values  of  r  —  cU,  the  velocity  and  condensation  in  any 
poijit  and  at  any  instant  whatever  will  be  known(^). 

660.  As  by  hypothesis,  every  thing  is  alike  about  the 
origin  of  the  coordinates,  the  centre  of  the  agitation  of  the 
fluid  must  continue  immoveable  during  the  entire  continuance 
of  the  motion  ;  the  first  formula  (5)  must,  therefore,  vanish  at 
the  same  time  as  r ;  this  implies,  that  when  this  radius  is  in- 
finitely small,  we  should  have 

f(r  +  a^)  +  F  (r  —  at)  =  Tr, 
f(r  +  at)  +  F\r^at)  =  T; 

T  denoting  an  unknown  function  of  L  Therefore,  if  the  ra- 
dius r  be  made  altogether  equal  to  cipher  in  the  first  of  these 
equations,  and  in  its  differential  with  respect  to  a/,  namely, 

we  shall  obtain,  by  substituting  z  in  place  of  a/(A), 

^  +  F(-z)  =  0,    /'z-F'(-r)  =  0.  (6) 

but  solely  for  the  positive  values  of  z.  lliese  equations  will 
make  known  the  values  of  f (—  z)  and  f'(—  z)  by  means  of 
those  of  ^  andy^z,  so  that  it  only  remains  to  determine  the 
values  o{/»yfzy  fz,  f'*,  for  all  positive  values  of  z. 

For  this  purpose,  let  xj/r  and  -  ^r  be  the  initial  values  of 
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Z  and  8,  so  that  ^r  and  tr  may  denote  given  ftmclMot  bm 
r  =  0  to  r  =  x>,  the  first  of  which  should  be  cipher  fat  r-i, 
and  both  the  one  and  the  other  denote  always  certao  vn» 
cities(t).    By  making  izz  0  in  equations  (5),  we  shall  Yar^k 

O'Zjr      a.-Fr 
hence  we  obtmn,  by  making 

A  and  c  denoting  two  arbitrary  constanu  introduced  hj  At 
integration ;  as  we  may  suppose  that  the  two  intefj^als  iiT,  ^. 

vanish  for  any  value  we  pleane  of  r,  we  will  pre»entlv  xkm^si 
this  value  to  he  r  =  x. 

If  we  have  solely  regard  to  the  constantn  h  and  r,  xh<  prr 
ceding  equations  will  give 

hence  there  results, 

/(r  +  «0  =  iA(r4-«/)-  Jr, 
f(r+at)=  iA: 

likewise  tor  r  >  at^  we  shall  have 

r(r-^at)  =:  \b{r  -  at)  +  ^r. 
v'(r-^at)  =  1*; 

tor  r  ^  at,  wr  «i|iall  have 

/(at-r)=z\h(ai--r)  -   Jr. 


(8) 
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and  in  virtue  of  equations  (6),  there  will  result  from  this 

F'(r-a/)=i6; 

as  in  the  case  of  r>a^  Now,  it  will  be  found,  that  if  these 
different  values  be  substituted  in  formulae  (5),  they  will  be 
reduced  to  cipher ;  so  that  the  two  arbitrary  constants  b  and 
e  must  disappear  from  the  expressions  of  Z  and  s{l). 

Therefore,  if  they  are  not  taken  into  account,  there  results, 
by  substituting  z  in  place  of  r  in  equations  (7)  and  in  their 
differentials, 

rz-^zyfiz  +  ^^iz. 

F'z=^xl^iz  +  ^z(xpz  +  ^z),  J 

for  the  values  which  it  was  required  to  iind(iit). 

As  formulae  (5)  will  not  contain  any  unknown  quantity, 
they  give  the  complete  solution  of  the  problem.  It  may  be 
observed  here  with  reference  to  f{—z)^  that  there  is  nothing 
in  the  question  to  enable  us  to  determine  its  value,  but  it  is 
evident,  that  a  knowledge  of  this  function  is  not  required  in 
formulse  (5). 

66 1 .  The  following  consequences  relative  to  the  theory  of 
sound  may  be  deduced  from  these  formulae. 

Let  c  be  the  radius  of  the  primitive  agitation,  so  that  the 
given  values  of  ^pr  and  i^r  may  be  of  an  arbitrary  magnitude 
from  r  =  0  to  r  =  €,  and  cipher  from  r  =  c  to  r  =  x.  The 
integrals  ^iT  and  ^ir  will  be  constant  quantities  for  all  values 
of  z  which  surpass  € ;  and,  as  they  are  by  supposition  cipher 
for  r  =:  X,  they  will  be  so  likewise  fit>m  r  =  c  to  r  =  x. 
This  being  established,  if  first  a  point  of  the  fluid  comprised 
within  the  extent  of  the  primitive  agitation  be  considered,  we 

shall  have  r  Z  « ;  as  long  as  /  will  be  less  than ,  the  va- 
lues oif{r  +  at)  andy'C  +  ^0  ^^^  "^^  ^  cipher,  and  they 
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nay  be  dedneed  from  cqMdoBi  (8) ;  Ai 
with  respect  to  the  tbIims  of  v  (r  —  cC) 

as  <  i^  -;  when  i  is  greater  than  — »  dues 


those  of/(al  -  r)  aiid/'(aC  —  r)  bjr 

finally,  when  the  time  i 

terms  of  fbnnul«  (5)  will  be  dpber,  and  aD  dba 

tained  in  the  extent  of  die  prinutire  agitadoii  w3 

Terted  to  a  state  of  repose.    Thna,  Ifar  aD  poials 

the  sphere,  whose  rafins  b  t,  the  dnnitiflB  of  the 

ill  decrease  from  die  centre  to  the  aorfree, 
2 


-  and  — (a). 

Beyond  the  primitiTe  agitation,  we  ahnll  haiw  r  4-off>% 
this  will  cause  /(r  +  of)  and  /'(r  ^-  «f)  to  dmapposv  km 
formulae  (5),  and  reduce  them  to 

r=:lr'(r-«l)-^r(r-«l). 

1     ,/ 

when  r^aiy  or,  what  comes  to  the  same  thing  in  rmme  « 
e(|uations  (ti),  to 

ar  ' 

when  at  >  r.  The  values  of  the  quantities  com|>n^««i  in  the* 
expre«i»ions  of  X^  and  t  will  he  given  by  fiirmulv  (M),  the^-  w£: 
he  cipher  when  r  >  ii/  +  c«  and  will  become  «o  again  wWa 
r  ^  a/  —  c ;  hence  it  followH,  that  «ound  in  propagated  ia  ihr 
open  air«  with  the  same  \'elocity  as  in  the  interior  of  a  criia- 
dricul   tuhi* ;   that   the  motion  of  each   molecule  of  air  wi!l 

Miltsint   fiiirini^  an  interval  of  time  equal   to  —  ^  aiid  f  Kai  tN- 

hreailth  of  the  Minoroiin  wave  will  l»e  iM|iial  to  2<  thi  •! 
nt'the  primitive  airitatioiifo). 


..•^» 
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At  a  great  distance  from  the  centre  of  this  agitation,  the 
■eoond  terms  of  the  values  of  2^,  which  are  divided  by  r*  may 
be  neglected,  relatively  to  the  first,  the  divisor  of  which  is  r ; 
we  shall  then  have 

a 

during  the  entire  continuance  of  the  motion,  as  in  No.  497, 
where  a  represents  the  dilatation  instead  of  the  condensation. 
The  velocity  of  each  molecule  of  air  will  then  decrease  in  the 
inverse  ratio  of  r.  The  intensity  of  sound  is  supposed  to  be 
proportional  to  the  square  of  this  velocity ;  so  that  at  a  great 
distance  from  the  point  of  the  primitive  agitation,  it  will  de- 
crease in  the  inverse  ratio  of  the  square  of  this  distance; 
which  is  conformable  to  experiment.  These  results  likewise 
have  place  when  the  agitation  is  not  the  same  in  all  directions. 
At  a  considerable  distance  with  respect  to  its  diameter,  the 
velocity  of  sound  is  uniform  and  equal  to  the  constant  a,  the 
form  of  the  waves  is  nearly  the  spherical,  and  the  intensity  of 
sound  in  the  direction  of  each  radius  varies  in  the  inverse 
ratio  of  the  square  of  the  distance,  whatever  may  be,  in  other 
respects,  its  variation  in  passing  from  one  radius  to  another. 
This  intensity  also  decreases  with  the  density  of  the  medium 
in  which  the  sound  is  produced ;  so  that,  for  example,  it  di- 
minishes according  as  we  approach  to  the  summit  of  a  high 
mountain.  In  considering  the  propagation  of  sound  in  air, 
composed  of  strata  of  different  densities,  it  is  found  that  at 
equal  distances,  its  intensity  depends  solely  on  the  density  at 
the  place  of  the  primitive  agitation  ;  it  follows  from  this,  that 
a  person  in  a  balloon  ought  to  hear  the  noise  made  at  the  sur- 
face  of  the  earth,  just  as  if  it  was  at  this  surface  ;  and,  on  the 
other  hand,  the  noise  made  at  the  balloon  would  be  heard  in 
precisely  the  same  manner  by  an  individual  at  the  surfece,  as 
if  the  same  stratum  of  the  atmosphere,  in  which  the  aeronaut 
floated,  extended  from  the  balloon  to  the  earth(p). 

If  the  intensity  of  sound  depends  on  the  magnitude  of  the  ve- 
locities of  the  molecules  of  airwhich  strike  the  organs  of  hearing, 


586  OF  THE  PROPAGATION  OF  SOOWO. 

and  if  the  elevation  of  the  tone  in  reg^ulated  by  t 
strokes  in  the  same  time,  that  is  to  say,  by  the 
frequent  repetition  of  the  vibrations  of  the  air,  it  out  he  h^ 
manded  what  it  is  that  makes  the  diflTerence  bet wecti  oar  fvW 
lahle  and  another,  when  sung  with  the  same  fcrcr  and  oa  :k 
same  tone.  According  to  Euler,  this  difference  ouj^ht  to  W 
ascribed  to  the  form  of  the  function  which  eaprewKn  thr  Wv 
of  the  successive  velocities  of  air  durinf^  each  ribrar !•« :  « 
that  the  organ  of  the  voice  has  the  fiiciilty  of  ei^nf  ^ 
suitable  form  to  this  function,  and  the  on^an  of  heariae.  t» 
faculty  of  appreciating  the  different  forma. 

662.  The  origin  of  the  coordinates  may  be  trmmfrfni  i» 
other  points  of  the  fluid,  without  the  form  of  cquaticafit 
undergoing  any  change.  Hence,  if  r,,r,,,r,,  ,  &c.;  denocrik 
nif lii  vectores  of  the  same  point,  reckoned  from  these  difavn 
origins,  and  if  ^  be  supposed  to  be  succesairely  a  Amccka  d 
t  and  of  each  of  these  radii,  equation  (4)  may  be  sadftficd  W 
means  of  the  value  of  ^  of  No.  659,  and  of  the  ralon  «M 
may  ho  doduwd  from  it,  by  siihstitutiii^  r  , /■   .  r    ,  \v..    • 
place  of  r,  and  chan^in^  each  tiino,   the  arhiirarx  ri-v*;    • 
On  account  of  the  linear  form  of  ihi^  t'i}uatiiiii,  it  m  .v  :?  -^- 
fore  he  likewUe  satisfied,  hy  takiiiif  for  ^,  tho  *urn  i.t  j  .  ;:.'"*c 
partieiilar  value**,  this  ^ivi»s 

1   .    , 
1 

+  \e. 

Now,  it  folloAv««  fnun  x\\\^  formula,  that  ifihi-  a:-  .*  *■ 

taiii'oiisU  agitated  about  raeh  ot"  tbi*  i»iii:in^  i.t  r    r     r       \ 

I  ftp 

'.-  the  eoiHlfiiN,ttioii  at  any  |Miiiit  ami  iii^iai.t  v*b.itt\.. -.  j* 

is  aUay**  uiwn  by  r<|ua!ioii  (I),  ujil  ba\i   u*t   m^  *.».... 
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-:   mm  of  the  conclensations  which  would  h&ve  place  in  virtue  of 

i'   each  of  these  separate  agitations.     Moreover,  it  appears  from 

equations  (2),  that  the  components  of  the  velocity  at  the  end 

*  of  the  time  i^  and  in  a  point  m,  the  coordinates  of  which  are 

*  Xf  y,,z,  referred  to  the  origin  of  r,  will  have  for  expressions 

*  dx       drdx      dtidx       dr„  dx 

"  rfy  "  drdy^dr,  dy  "^  dr„  dy  ■*"*^' 

^     dz      drdz^dr,dz  ^dr„dz^^^" 

dA  d6    dd 
in  which  the  partial  differences  ^>  3^*  fl^^>&c•>  are  so  taken, 

that  r,  r^f  r,,,  are  considered  as  independent  variably.  But  if 
^ij  Pi9  ^19  he  the  coordinates  of  m  referred  to  the  origin  of  r^, 
and  to  axes  parallel  to  those  of  x^  y,  Zj  these  coordinates  x,y,z, 
will  only  differ  from  x^  y,  z,  by  a  constant  quantity ;  so  that 
we  shall  have 

dx      dx,      r/    dy      dy^      r/    dz      dz,      r/ 
we  shall  have  likewise 

dr^^^     d^n^Vti     dr,,  _  z,, 
dx       T,;     dy      r,/     dz       r,/ 

x^,  y„  9  z^^^  being  the  coordinates  of  the  same  point,  the  origin 
of  which  is  the  same  as  that  of  r^,  and  so  on.  Therefore, 
the  preceding  formulse  will  become 
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hcnco  it  fnllows,  thai  the  muluuit  of  (^  P, »,  «fll  W 
aa  that  of  the  vclowtii'*!  t-,  t^,  j-,  8«^  wUcb  «t  i» 
rectioTi»  uf  tlie  nul'ii  vrctorM  r,  r„  r.,,  &c.,  and,  co^ 
in  virtue  of  fannula(!)).  the  MUDr,  in  magnitndr  aaJ' 
M  if  all  the  ngitutions  alwiit  the  centrr*  of  time 
tuned  separalfly ;  tbiN  af^ree*  with  the  principip  at  t 
imposition  of  Hinall  raoti«i«i(7). 

G6.1.  By  mi-im*  of  tliia  fomiUa  (9)>  tb«  raAcsMs 
on  a  (ixeil  plane  ca»  be  detrrnunvd. 

For  this  purpose,  let  \»  MippoM  tluU  tbr  nav 
terminated  by  a  fixed  plane  ab  (Sg.55),  mad  thai  tfa* 
tive  agitation  ha4  place  about  the  point  c,  thv  otigia 
radiiu  vector  r,  and  that  it  doe*  not  extend  la  tk  p 
From  this  point,  let  a  perpendicnlar  cd  be  let  tJH 
plane,  and  prolonged  to  c,,  M  that  dc,  may  be  «^a 
let  c,  be  the  orij^u  of  r,,  and  let  the  line  CDC,  be  takn 
axis  of  the  ordinate*  7  atid  x,.  If  the  Irngtlt  of  ca  b« 
by  h,  we  shall  have  j  =  * 
the  plane  An;  therefore,  it 
X  and  Xi,  the  velocity  u  perpeadicolar  to 
constantly  cipher  (No.  6M).  Now  t 
initial  stale  of  the  Buid,  can  be  both 
equal  to  formula  (9)  reduced  to  its  two 


♦=;t/('-  +  »')  +  '('-«x)] +  r[/(f,+ •»)+»,('.• 


(  tbe  anutm^  f 


and  determining  in  a  suitable  i 

In  fact,  (lie  two  iiral  may  be  deteimiud,  ■•  I 
meana  of  the  initial  sUle  of  tbe  laU  abuul  ibe  potM 
the  points  which  rorrvapaml  to  r,Z  k,  do  tKM 

fluid,  we  ean  vngn  any  value  vnt  plinae  lu  each  of 

tlont  /r,  and  r/'„  without  changing  Ibis  initial  Male ; 
fore,  wc  can  aHune  for  Uw  Auwtiaaa  iirtirMirl  bf/i 
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tike  same  functions  as  were  found  for  those  of  which  the  indices 

X 


are/*and  f  ;  the  preceding  formula  will  then  become 


and  wilWio  longer  contain  any  unknown  quantity.  More- 
over, as  for  all  the  points  of  the  plane  ab,  we  have  r  :^  r; 

we  shall  have,  therefore,  -j-  =  ^ ;  and  since  we  have  likewise 

tat  these  same  points  x  ^  h,  and  a?,  =  —  A,  there  results  from 
this  tf  =  0 ;  so  that  formula  (10)  will  represent  the  initial  state 
of  the  fluid,  and  satisfy  the  condition  relative  to  the  points 
adjacent  to  the  plane  ab  ;  which  it  was  proposed  to  obtain(r). 
LetM  be  the  point  of  the  fluid  whose  radii  vectores  cm  and  c,m 
are  r  and  r, ;  in  virtue  of  the  two  parts  of  which  formula  ( 1 0)  con- 
sisis,  this  point  will  be  first  agitated  at  the  end  of  a  portion  of 

time  equal  to    '^*,  and  then  at  the  end  of  a  portion  of  time 

a 

equal  to  -^ — ,  in  which  c  denotes,  as  before,  the  radius  of  the 

primitive  agitaition.  The  first  motion  will  produce  the  direct 
sound,  and  the  second  the  reflected  sound.  This  last  will  be 
the  same  as  if  the  plane  ab  had  no  existence,  and  a  se- 
cond agitation,  identical  with  that  which  has  place  about  the 
p<nnt  c,  had  place  simultaneously  about  the  point  c^.  It  will 
be  propagated  with  the  same  velocity  as  the  direct  sound, 
namely  a,  and  will  have  an  intensity  corresponding  to  the  dis- 
tance c^M,  or  to  the  line  cem,  the  parts  of  which  are  ce  and 
■M,  B  being  supposed  to  be  the  point  where  the  radius  c^m 
cuts  the  plane  ab.  Finally,  as  ef  is  the  normal  to  this  plane, 
CK  and  ME  the  two  parts  of  the  sonorous  ray  which  is  reflected 
at  the  point  b,  will  make  cef  the  angle  of  incidence  equal  to 
mbf  the  angle  of  reflexion.  Thus  it  results  from  formula  (10) 
that  the  laws  of  the  reflexion  of  sound  from  a  fixed  plane,  are 
precisely  the  same  as  those  of  light. 

664.  Let  us  now  compare  a  the  velocity  as  given  by 

VOL.  II.  4  D 


IkMiT.  «hli  OM  wIMi  kM  tea 
ad  fa  <Ui  popaM'te  m  fm 
wMA  ttmt  i«  thh  iiiiMiiidi^i, 
ltMi|inaMiMo.6W,IWl 


L««belWii 


■»• 


•  •Ifak. 


■I" 


^^»^lM»^lfe^^^^>^N^l  I  .  *»»M*»i^rf*»i 
t.lmiitmm^m'iim.   AtiU|lMM,«apMpt|i 

taaoady;  Ikaifa*  ••  d>ll  Wn  kf  afiMka  (I)  af 
644* 

,  =  Vt>+«(»+»)]. 

JD  which  A  denotes  a  coeffident  indepeiident  of  the  fa 
and  tompa^ure,  and  •  the  co^CMot  0,003TA,  th« 
preaMs  the  dilatatimi  o(gme».  In  the  wtmbe  at  eqaiEU 
we  have 

p  ='gmk,     p  =  D,     4  =  0; 

therefere  the  preceding  eqnatioD  when  appbed  to  this  « 
wiUbe 

ffmk  =  ko{l  -f  •#): 

cofuequently,  we  shall  have  in  the  state  of  OMWioBfr), 

'=^'('+Tfa)' 

U(.),lka. 
0=i 


and,  by  comparing  this  value  of  p  with 
mmlt 


'(»+••>•• 
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^  N<nir,  if  the  oscillations  of  the  air  are  supposed  to  be  so 

'-  lapid,  that  the  condensation  a  has  place  without  any  loss  of 
heat,  9  and  f|  may  be  substituted  in  place  of  S  and  w  in  equa- 
tion (5)  of  No.  636 ;  this  gives 

y  expressing  the  ratio  of  the  specific  heat  of  air  under  a  con- 
stant pressure,  to  its  specific  heat  under  a  constant  volume. 
By  this  means,  the  value  of  a'  of  No.  657,  will  become 

j»  _  gmhy 

D 

If  A  be  the  density  of  the  air  under  the  pressure  gmh  and 
at  the  temperature  sero,  we  shall  have  (No.  624) 

D  = 


and,  consequently. 

Since  by  hypothesis  the  quantity  y  is  independent  of  the 
pressure  and  temperature  ( No.  637),  it  appears — 1st,  that  the 
Telocity  a  will  increase  with  the  temperature  0,  in  the  ratio  of 

V^  1  +  a0  to  unity ;  2ndly ,  that  it  will  not  vary  with  the  heights 
of  the  barometer,  since  h  and  a  increase  simultaneously  in 
the  same  ratio.  The  French  Academicians  who  were  sent  to 
Peru  to  measure  the  arch  of  the  meridian,  found,  in  fact,  that 
the  velocity  of  sound  at  Quito,  where  the  pressure  of  the  ba- 
rometer was  only  O^dd,  was  very  nearly  the  same  as  at  Paris, 
where  this  pressure  amounted  to  0"*,76.  llie  hygrometrical 
state  of  the  air  has  some  little  influence  on  the  value  of  a ;  for 
since  the  density  diminishes,  every  thing  else  being  the  same,  ac- 
cording as  the  air  contains  a  greater  quantity  of  vapour,  a  the 
velocity  will  increase  with  the  degree  of  humidity ;  but  from 
the  data  of  No.  631,  it  appears  that  the  density  of  dry  air  at 
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the  temperature  of  18^,  75,  for  example,  hardly  escreAi  kv  ^ 
that  of  air  loaded  with  the  greatest  quantitr  of  vapoor  tk 
can  contain :  and  this  only  causes  a  variation  of  ^f^  ia  tW  i 
city  of  sound  in  these  two  extreme  stales  of  the  hy^i  uatat 
It  has  been  found  in  the  latest  experiments  mmit  bf 
sons,  who  were  deputed  by  the  Bureau  of  Longitude*  tli 

a  =  340-,  89, 

the  second  being  taken  for  the  unit  of  time,  and  tlie 
ture  of  the  air  being  15%  9  of  the  centigrade  tl 
Now,  if  in  formula  (b)  we  make 

a  =  9-,  80896,    A  =  0-,76,     ^  =  10,462, 

a  =  0,00376,     8  =  15%9,     7  =  1,374«, 

we  obtain 

a  =  337-,  07; 

which  differs  ver}'  little  from  the  result  of  obsenratioo. 

assuming  (No.  637) 

7=  1,421, 

and  retaining^  all  the  other  data,  we  find, 

a  =  342-,  69, 

which  diffor*  from  tht*  valuo  givon  hy  ol>«»orvaliun  in  ^r  •'s 
site  way  from  the  prectMlinj^,  hut  the  ilitTereuce  i^,  :»^  v; 
very  small.  If  the  oUsitvihI  vehx'ity  is  ma«le  um-  fi  i.«  *it 
mine  the  value  of  y  hy  means  (»f  the  f«HinuI.i 

fi^A 

we  ohtain,  by  means  of  the  prectHlinjf  <Lila, 

7  =  l.40(il. 

Mr).  When  this  la^t  value  of  7  is  ef»m|Kin*«i  with  iht*  1 
eedini^,  ue  ««hould  reiM)llei*t,  that  in  eac*h  i»f  them  iheillAU' 
or  eonden^ation  of  the  air  is  Hup|H>Hitl  to  1h»  -mi  mpiii,  iW 
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quantity  of  heat  of  the  fluid  has  not  had  time  to  vary  in  a  sen- 
sible degree.  Now  in  the  propagation  of  sound  in  the  open 
ttr,  firom  which  the  value  of  y  =  1 9  4061  has  been  obtained,  it 
is  possible  that  the  heat  may  escape  or  return  with  greater  br- 
dlity  in  a  radiating  form,  than  in  the  case  of  sound  produced 
by  air  contained  in  a  tube,  the  consideration  of  which  has  fur- 
nished the  other  value,  namely  y  =  1»421,  and  in  which  the 
quantity  of  heat  of  each  stratum  of  air  can  only  vary  by  con- 
tact with  the  sides  of  the  tube.  This  remark  enables  us  to 
account  for  the  difference  between  the  two  results,  and  also 
induces  us  to  think  that  the  greatest  value  of  y  is  the  most 
exact. 

If  this  quantity  is  not  taken  into  account,  the  velocity  of 

sound  reduced  to  v  ?i~ ,  is  that  given  by  Newton.     It  is 

D 

too  small  by  about  a  sixth.  In  order  that  it  might  agree  with 
experiment,  Lagprange  remarked  that  the  pressure  must  be 
supposed  to  vary  in  a  greater  ratio  than  the  density,  and  to  be 
very  nearly  proportional  to  the  ^  power ;  and  in  fieu^t;  if  the 
square  of  «  be  neglected,  the  value  ofp  which  is  made  use  of, 
i9(r) 

for  the  density  d(1  +s).  But  he  did  not  assign  any  cause  of 
tliis  more  rapid  variation  of  the  elastic  force  of  the  air ;  and  it 
was  Laplace  who  first  attributed  it  to  the  variation  of  tempera- 
ture with  which  the  alternate  condensations  and  dilatations  of 
the  air  are  accompanied  in  the  phenomenon  of  sound. 

It  is  to  this  same  cause  that  the  propagation  of  sound  in 
vapour  produced  from  water  at  its  maximutn  of  density  is  to  be 
ascribed.  If  a  sonorous  body  is  made  to  vibrate  in  a  closed 
vessel  which  contains  this  vapour,  without  any  mixture  of  air, 
experiment  shows  that  sound  is  produced  in  this  vapour,  and  is 
heard  outside  it.  Now,  if  the  temperature  of  the  stratum  of 
vapour  adjacent  to  this  sonorous  body,  was  not  increased  when 
it  is  condensed  by  the  vibrations  of  this  body,  it  would  be  re- 
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AaeeA  to  waWr,   and  precipibiUnl  on   this   body,  ^Mvi 
aup|H»eii  to  be  M  its  maximum  of  tieniutjr  rriatarc  to  ifafl 
peraturo  of  Ihe  space  in  which  it  vxists ;   but  ^  its  tcMM 
ii  iiicrrtwod  by  (hi-  compreaMOD,  the  stimiuni  i 
snnorous  boily   miiy  mnintaiD  itKlf  in    ■  nmte  of  r 
ibc-n  coiuletiM-'M  ihv  following  caniifruou*  Mrmtuoi,  tb  i 
dcnses  (hu  stratum  \f\iich  i«  next  to  it,  and  «a  oo ;  t 
sound  in  pro]ui^u-d  m  in  a  oiMtJiiiti  of  pmnwnml 
inner  siilv  of  the  ve«M;l.     The  dilataliom  of  ibe  OnMa  d 
pour,  which  succmtl  thrir  conilttnaaiioiu,  ar» 
a  diminution  of  tempernturv,  by  which,  howewr,  thnm 
miucefl  to  water,  Bincc  llieJr  ckiwity  diraintabn  «  iW  « 
dme,  and  falU  bi-low  the  marimmm  rrUtive  IuUt«  b 
of  the  Hpoce  in  which  the  phcitonimaii  take*  placw. 

6f)6.  If  water  be  considered  as  a  fluid  a  little  e 
and  perftvtly  cliwtic,  sound  will  be  propiiffBtH]  in  It  a 
to  the  same  laws  tw  in  n  maw  of  air.     Wbrn  tkr 
n-ached  to  tbo  surface  of  the  water,  it  will  he  i 
mitted  into  the  i>xt<'mal  atr,  and  partly  rvflect*^  I 
water;  in  tJii^ditiribution,  thedirrction  of  lhe« 
both  transmitted  and  reflected,  wiJ]  be  d(.-lemtiM4a 
to  the  laWH  of  the  reflection  and  rvfradioa  of  ligbl. 
locitff  of  reflected  sound  will  b>.>  (he  ivune  m  thai  ei  th»4 
•ound,  luid  the  ration  of  the  mtem»Hifa  of  UwmwII 
flectMl  «ound  to  each  iiiher,  awl  ut  Ui«  iDtamdlj 
iound,  will  depend  on  (he  ratio  of  the  vvlocilies  at  4 
Ration  ofviund  in  (he  twn  «uperiinpoM!d  xtmiJtk,  ibktiva 
in  air  anrl  water.     Theae  [KMnta  are  cktoiloi  al  Wn|[tli  ia  H 
memoir*  cited  al  the  cummencwraeni  of  tliia  < 
we  shall  here  rectrict  oorsdres  lo  ibe  detemiaatiMi  nf  iW  ■ 
merical  value  of  the  Tvlodly  of  MiaiM)  in  a  -nm  nf  ■ 

It  appcan  fmm  what  ha*  been  nhMerr*!!  in  ike  e^tid 
I  •Itwiic  fluid,  that  thia  velocity  will  W  (be  sain.'  ai  V  iW  • 
[  VMS  contained  in  n  wry  lufinw  txtje,   the  dianetM-  «f  a 
■  the  same  ihn)U|{lm»i;  and  in  this  c«ae,  tkis  ««bEi 
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also  the  same  as  that  of  the  propagation  of  the  motion,  along 
the  length  of  an  elastic  rod  of  the  same  material  as  water. 
Now  let  us  suppose  that  a  column  of  water  contained  in  a 
vertical  cylinder  is  pressed  at  its  upper  surface  by  the  weight 
Aj  and  let  /  be  its  natural  length,  and  /  ^  S/  what  it  becomes 
by  the  effect  of  this  pressure,  so  that  S  may  be  a  very  small 
fraction  which  expresses  the  condensation  of  the  liquid ;  like- 
wise let  p  be  its  weight,  and  g  the  gravity ;  if,  as  in  No.  494, 
we  make 

A  gtq       % 

7  =  *'  T^"' 

a  will  be  the  required  velocity,  as  has  been  observed  in  No. 
497. 

Let  b  denote  the  horizontal  section  of  the  column  of  water ; 
then  if  the  pressure  A  is  supposed  to  be  equal  to  the  weight 
of  a  column  of  mercury  whose  base  is  6,  and  height  is  equal  to 
A,  we  shall  have 

A  =  gmhb^    p  =  gpW, 

m  denoting  the  density  of  the  mercury,  and  p  that  of  water ; 
and  there  will  result  from  this 


a^  = 


_gfnh 

so  that  in  order  to  calculate  the  value  of  a,  it  is  sufficient  to 
know  the  fraction  S  relative  to  a  given  height  A. 
The  English  philosopher  Canton  found 

S  =  0, 000046, 

at  the  temperature  of  10  degrees  of  the  centigrade  thermometer, 
and  under  a  pressure  equivalent  to  the  ordinary  pressure  of 
the  atmosphere,  lliis  result  has  been  confirmed  by  experi- 
ments recently  made,  under  more  considerable  pressures,  as 
has  been  already  observed  in  No.  575,  and  these  show  that  the 
condensation  is  proportional  to  the  pressure,  and  equal  to  the 
preceding  value  of  S,  for  each  atmospherical  pressure.    More- 
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tM%<»»<itlBilli«teT»""i'i'    «f«i^— IMH 

«b>  thn  h  no  nam  «i>  «ak  Am  tk>  fMfi^aa  if  ■■ 
hmvta  aMomriaM,  H  la  *•  iki  ailk  a  ivditfKrfM 
pMlan  wtUi  em  laliaiiii  tli  »lllJlj.  Ttb  1^4 
MM,  if  Ihb  nlM  of  iteiaMtali<falkp 
udifwaaake 

;=9-,80e9<,   »=0-,T«.   ^=lt,Mn^ 

«•  obttia  boa  it 


arOU  Ao  niorflj  cf  laaal  ia  watK  b  i 
diaple  of  ill  Tdodtr  la  rfi(>X 


CHAPTER  III. 

OF  THE  MOTION  OF  FLUIDS  IN  A  PARTICULAR  HYPOTHESIS. 

667.  The  supposition  which  is  made  in  this  chapter  is 
known  under  the  denomination  of  the  hppoihesis  of  the  pared- 
lelism  of  the  slices.     It  consists  in  supposing  that  when  a 
heavy  fluid,  water  for  example,  flows  out  of  a  vessel,  and 
issues  through  a  horizontal  orifice  made  in  the  bottom  of  the 
vessel,  the  infinitely  slender  horizontal  slices  continue   pa- 
rallel, while  they  successively  replace  each  other.     This  im- 
plies, that  the  differences  of  the  vertical  velocities  of  the  points 
which  belong  to  the  same  horizontal  slice  are  neglected,  so 
that  each  slice  may  be  regarded  as  composed  of  the  same 
points  of  the  fluid  during  the  entire  continuance  of  the  motion. 
Likewise,  the  horizontal  velocities  which  are  by  hypothesis  very 
small  with  respect  to  the  vertical  velocities,  and  which  have 
but  a  slight  influence  on  the  vertical  velocity  common  to  all 
the  points  of  the  same  slice,  are  neglected.     These  suppo- 
sitions always  agree  better  with  observation,  as  the  horizontal 
dimensions  of  the  vessel  vary  less,  and  as  their  differences, 
from  one  slice  to  another,  are  smaller,  with  respect  to  the 
height  of  the  liquid  above  the  orifice.    When  these  conditions 
are'  satisfied,  it  is  observed,  in  fact,  that  particles  of  any  light 
powder  thrown  into  the  liquid,  and  carried  along  in  its  motion, 
move,  very  nearly  vertically,  with  a  velocity  which  is  almost 
the  same  for  all  the  particles  situated  in  the  same  horizontal 
slice.     They  retain  these  directions  as  long  as  they  do  not 
come  very  near  to  the  orifice ;  when  they  are  at  an  inconsider- 
able distance  from  it,  and  the  area  of  the  orifice  differs  con- 
siderably from  that  of  the  lower  sections  of  the  vessel,  they 
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assunie  oblique  fUrections,  which  vhows  that  thca  ihr  f» 
nllelinn  of  the  slices  ceases  to  he  adnuflrihlcv  fer 
CTcry  reason  to  suppose  that  these  fight  partirbs  aie 
to  the  liquid,  and  exactly  assume  the  asotion  of  the 
wUch  they  belong. 

Thetefore  in  the  hypothecs  of  the  paralh  Baa  if  At 
slices,  such  as  it  has  been  now  exphuned,  there  aie  caly  $m 
unknown  quantities  to  be  determined  in  limctioas  «f  !■* 
Yariables;  namely,  the  Tdocity  of  any  aBee  whalrww,  mi 
the  pressure  to  whidi  it  is  subjected,  in  fanctioos  of  thr  J^ 
tance  from  a  horixontsl  plane  and  of  the  tiase.  The  qartrim 
will  be  thus  reduced  to  its  greatest  pnasibk  simplicity,  ml 
will  be  susceptible,  as  we  now  proceed  to  show,  of  a  mm- 
plete  solution,  in  the  case  of  a  homogeneooa 
fluid. 

668.  Let  ABCD  be  the  vessel  (fig.  56),  au  the 
orifice,  bf  the  lerel  of  the  liquid,  ox  a  vertical  axis,  oa  aUA 
the  cfi»tances  of  the  horixontsl  sections  from  a  fixed  pobc  ow  «r 
fn>m  the  horizontal  plane  drawn  through  thi^  poir*.  rr 
rockoiii'vl.  Likewise,  let  mnm'n'  Ih*  anv  !«lice  mh:Ut'^r?. 
eomprisiHi  U^tweon  mn  and  m'n'  two  htirizonral  section^  •4*^' 
vessel,  whtxi*  distance  from  the  point  o  at  the  end  of  si*; 
time  whatever,  such  as  /,  is  jr,  and  breadth  di.  L^t  r  iwr%<i 
its  velocity  at  this  same  instant,  taiAp  the  pressure  r^^btivY  U' 
the  unit  of  surface,  which  is  made  on  the  upper  sur£ice  mn.  aai 
is  tran^^mitteti  by  the  fluid  on  the  lower  section  m'n'.  and  i^ri  ax 
and  nn'  the  sides  of  the  vessel.  IjcX  jf  repre^^nt  m%  tht-  «« 
of  thestHTtion  MN  of  the  vessel,  which,  in  each  example,  •:!'.  ^< 
i^veii  in  n  function  of  x.  Finally,  let  </  be  the  irravt!\.  ^r^i  ^ 
the  coiiHtant  deuMty  of  the  fluiit ;  the  question  will  c««n«t«t.  t* 
has  Ihvii  stated,  in  detcrminini^  the  valuen  of  r  and  p  in  tunc- 
lion««  of  t  ami  x. 

The  ii'a«*"i  of  the  slicv  uliieh  i*  cfMiMdertNi  will  Iw  tJ>* 
pnniurt  t>t'  the  cK'ii*iily  p  and  of  it»  volume  yt/r,  aiHl  tht-vti*n 
e4|iial  lo«ii."/f.      If  it  wa«  friv,   the  iner\*mi'iit   i»f  it«  «iit^^t« 
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would  be  f/di  in  the  instant  eft,  it  actually  increases  by  dt\ 
consequently  the  velocity  lost  is  gdt  —  dv ;  and  we  have 


{g  -^)pydx 


for  the  force  that  is  lost,  that  is  to  say,  for  the  part  of  the 
weight  gpydx  which  is  destroyed  by  the  pressure  of  the  other 
slices.  Therefore  by  the  principle  of  D'Alembert,  there 
should  be  an  equilibrium  in  the  fluid,  if  all  its  slices  were 
solicited  by  similar  forces ;  in  this  state,  the  pressure  py  which 
acts  on  MN  the  upper  surfiice  of  the  slice  pydxj  will  be 
transmitted  on  the  inferior  base  m^n',  and  will  consequently, 
as  the  pressures  are  in  the  proportion  of  the  surfaces  (No.  577), 
become  p^,  ^  denoting  the  area  of  m^n'  ;  hence,  if  to  this 
transmitted  pressure,  be  added  the  preceding  motive  force,  the 
entire  pressure  exerted  on  m^n'  will  be  obtained ;  and  if  this 
pressure  on  the  unit  of  surface  be  denoted  by  //,  we  shall  have 


r^W  =py'  +  \ff--£)py^* 


Now,  as  the  quantities  p'  and  y'  are  what  p  and  y  become, 
when  X  +  cfcr  is  substituted  for  ar,  there  will  result,  by  neglect- 
ing infinitely  small  quantities  of  the  second  order, 

and,  consequently  (a), 

(p-p)y'  =  -£ydx; 

this  reduces  the  preceding  equation  to  the  following 

this  might  also  be  obtained  by  substituting  ^  —  -r-  in  place  of 
X  in  the  first  equation  of  equilibrium  of  No.  582. 


or  THB  MOTIOII  OP  FLO  IDS 


669.  The  lecood  eqnatiim  wUdi  is  iMeeanvy  Id 
the  two  onknown  quantities,  will  be  fimiiihiHl  bjr  the 
deration  of  the  inconipcMibility  of  the  fluid.     It  fallew 
it,  that  the  ndnme  of  the  liquid  whieh  pnaaeai 
instant  dl,  throngh  eadi  hoiiiontal  seictioo  of  the 
be  the  same  fiir  all  secthms;  consequcndj^  the 
the  floid,  whidi  eotrespond,  at  the  same  tiuiey  to  two 
sections  of  the  vessd,  most  be  redptoenllj 
areas  of  these  sections.    If  therefMo  «  deuoSco  the 
the  end  of  the  time  f,  at  the  horiaontnl  orifiee  ab, 
area  of  this  orifice,  tUi  vdocity  m  will  be  to  v  the 
MM  any  section  whatercr,  as  y  to  « ;  henee 


t'  =5  — .  A 


In  tlus  Talae  of  o,  n  is  a  function  of  I,  and  y  a  fundisn  sf «; 
the  lUflerential  may  therefore  be  tahen  with  respeet  la  ens  si 
other  of  these  two  Tariables:  the  diflcrential  rristisv  ts« 
expresses  the  diflTerence  between  the  velocities  of  two  cobmcs- 
tive  slices  which  have  place  at  the  same  instant :  k\  SMt^ 
rentiiitiiig  with  respect  to  />  the  difference  between  the  vYiob- 
ties  of  two  slices  of  the  fluid,  which  successively  ccnt*fem 
to  the  same  section  of  the  base,  will  be  ohtaininl:  hau  n 
onler  to  obtain  the  tlifference  between  the  successive  vvU«r.:an 
of  the  same  slice,  which  is  displaced  in  the  instant  •//•  thr 
value  of  r  should  be  differentiated,  at  the  same  time,  •:'*£ 
respect  to  the  variables  x  and  /;  this  give^ 

rfr  _  a  rfii       as  rfjr  dr 

7i  ^  y  di'^  y  dxdi' 

M«>riH>ver,  we  have  -p  =  r;  and  by  taking  init>  ao  -r: 

at 

iN|uaUon  (2),  there  results  from  it 

dv  ^  a  dm       oV  dy 
dt  ^yTi^    y'  dx' 
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It  is  this  value  of  -^  that  should  be  employed  in  equation 

(1),  which  becomes,  in  consequence, 

dp  ^  apdu        a  V  dy 

If  these  two  members  be  multiplied  by  dx^  and  then  in- 
tegrated with  respect  to  Xj  there  results,  by  observing  that 

the  quantities  u  and  -jr  must  then  be  considered  as  constant(A), 

€  being  an  arbitrary  constant,  which  may  be  a  function  of  t. 
In  order  to  determine  it,  let  n  represent  the  atmospheric 
pressure,  which  we  suppose  to  be  that  which  has  place  at  bf 
the  upper  sur&ce  of  the  liquid.  Previously  to  the  com- 
mencement of  the  motion,  this  surfiu^  is  horizontal,  and  as 
each  horizontal  slice  is  assumed  to  be  constantly  composed 
of  the  same  points  of  the  fluid,  it  follows  that  the  surSftce  bf 
will  remain  horizontal  during  the  entire  continuance  of  the 
motion.  At  the  end  of  the  time  ^,  let  0  denote  the  distance 
of  BF  from  the  point  o,  and  w  the  area  of  this  variable  section 
of  the  vessel,  so  that  w  may  be  the  same  function  of  9,  as  ^ 
is  of  X ;  we  shall  have,  at  the  same  time, 

Cdx 
and  if  the  integral  \  —  be  supposed  to  commence  when  x  zzOy 

the  preceding  equation  will  give 

^  =  ^  +  ^-9pOl 

in  consequence  of  which,  this  equation  will  become 

„  /         ox  duCdx      pM*/a*      o'\      ,«v 
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By  naeus  of  equatumi  (S)  and  (3)p  the  rwimmmlAtwm 
unknown  qnutities  v  and  p  mil  be  givoiv  whca  tk  frivrf 
«  shall  hare  been  detemuned. 

670.  For  this  pnrpoae  it  is  to  be  oheennid,  tbat  tht  |n^ 

sore  which  has  place  at  the  orifiee  ab  will  begivco;  fcrtfii 

liquid  flows  into  the  open  air,  it  will  be  tlie  anaaeaachei 

pherical  pressure,  wUdi  presses  at  its  levd  bf  ;  aad  ifil 

into  a  Tacnum  it  will  be  cipher;  fiir  greater  gencraEljv  we  i 

suppose  that  it  flows  into  air  whose  rfaatic  flotee  b 

the  pressure  11  diminished  by  gpe^  the  pwssuiw 

to  c,  a  given  height  of  the  liquid;  so  thai  if  I  immm  Ai 

distance  of  the  orifice  AB  froas  the  point  o»  weaball  haiee^ 

stantly 

p  =  n-9pe, 

foTx^l.  Likewise^  let  A  denote  the  height  of  BF,  the  kid 
of  the  liquid,  above  this  orifice,  or  the  Jftsemie  1^$,  mi 

J  the  value  of  the  integral  V  —  extended  to  the  caliie 

of  the  liquid ;  so  that  X  is  a  line,  the  length  of  which  »  a 
function  of  A,  depending  on  the  figure  of  the  veMel,  and  |n«<« 
in  each  example.  Therefore,  at  the  orifice,  wo  shall  hsfr  tf 
the  same  time,  the  preceding  value  of  p,  and 

conscciuontly,  equation  (3),  applieti  to  this  !«oction  of  the  «v^ 
»el,  will  iHHromo(r) 

in  which  wo  make,  for  conciseness, 

Wi*  may  remark,  that  thi%  numerical  quantify  p'  ei..  s 
aluniyi  [M>>itivc  and  K*m  than   unity  :    for,   in   c»nirr  thu  ?* 
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should  become  negative,  the  area  of  the  least  section  of  the 
vessel  should  surpass  that  of  the  orifice,  and  the  liquid  should 
be  detached  from  the  vessel  at  the  place  of  this  least  section, 
which  will  then  become  the  true  orifice  through  which  the 
flowing  takes  place. 

When  the  level  of  the  liquid  always  remains  at  a  constant 
height  above  the  orifice,  the  three  quantities  A,  9,  /,  will  be 
given  constants,  and  equation  (4)  will  suffice  to  determine  the 
value  of  ti  in  a  function  of  /.  When  the  level  ef  is  depressed, 
during  the  flowing  of  the  liquid,  h  will  be  a  variable,  which 

must  be  also  determined  in  a  function  of  t.     Now,  at  this 

rffl 
level,  y  =:  di  and  v  zz  ---,  and  because  the  sum  9  +  A  is  equal 

at 

.      dd  dh      . 

to  /  a  constant  quantity,  we  have  also  "^  =  ""  "yj  5  there- 
fore, in  virtue  of  equation  (2)  we  shall  have 

^+-  =  0;  (5) 

at       (o 

and  thus  the  values  of  u  and  h  will  depend  on  the  two  diffe- 
rential equations  (4)  and  (5),  which  are  of  the  first  order. 
The  two  arbitrary  constants  which  their  integrals  will  con- 
tain, can  be  determined,  by  means  of  the  initial  height  of  the 
liquid,  and  by  observing  that  ti  =  0,  at  the  commencement  of 
the  motion. 

Whether  the  level  is  depressed  or  does  not  vary,  if  q  de- 
notes the  volume  of  the  liquid  which  has  issued  from  the 
vessel  at  the  end  of  the  time  t,  its  differential  will  be  equal  to 
audty  the  volume  of  the  slice  which  traverses  ab  the  orifice 
during  the  instant  dt ;  therefore,  we  shall  have 

dq  =  audtj     q  zz  a^udt^ 

the  integral  being  taken  so  that  it  may  vanish  when  ^  =  0. 

We  now  proceed  to  apply  these  different  formulae  succes- 
Nvely  to  the  two  cases  of  a  constant  and  variable  level. 
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G71.   In  the  first  case,  equation  (4)  gireMfi) 

hence   we   deduce,    by   integrating   and    4ub»ticuciac  ^  ^ 

h  +  r(«^),  

it  is  not  necessary  to  add  any  arbitrarr  constant,  for  ««  ■■< 
have  K  =  0  when  f  =  0.     We  are  at  liberty,  without  daariC 

this  formula,  to  consider  f3  and  ^2gkj  ms  either  foaasn 
or  negative ;  we  shall  suppose  them  to  be  positive.  TWfP 
results  from  the  preceding  expre^i^ion. 


•2£/A-/3w  =  {v^2£/A  +  /3ir)e         *     •  it 

e  denoting,  as  usual,  the  base  of  the  Naperian  «ysicB  of  luf^ 
rithms.     According  as  t  increases  the  ^^Hrond  im-niber  of  ;k» 

equation  will  diminish  ;  m>  that  atUT  the  laj»<*»«»:\i  c»  rt.i.-  :•> 
it  will  be  >on>ilily  cipher;  ami,  reckoiiiuir  tV«»m  tiii*  ri-r^.   "• 
vclocitv  u  will  be  very  nearly  constant  aihl  i-*i<i.il 

I 


'*=  jV^-ivA. 


In  eaeli  p««int  ol'  the  ve«»H^'l,  iho  prv^^^ure  /»  aii-i  i:.k-  *.  .x  ' 
r  will  yary  with  the  velocity  «,  and  lHVi»nii'  ^-n^irlx  r  r<x- 


ffu 


at  the  '^mie  time  a*i  w.      It'  in  torniuia  *  .'<  i,  !k    in.iu   •'  — 

to  cipher,  there  will  ri^sult,  by  *»ub«»tituiiMj;  it**  pri  ci«ii-.^'  -i  • 
in  phuv  «»t*  M, 

I'  =  II   ^  Vim  r    —  Wj    -r 

wliicli    wil!    Ih-    the   ti»ial    value   «»t  /<ril.iti\(     f..    \|     .    .     - 
w  ha»i  \  t-r. 

|j«    tjii     vt.tii    iif  «Mpiili)»riuni.    ihi    prr-^ir. 


.»■    • 
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would  be  n  +  9f>  (^  ~"  0)f  therefore,  it  will  be  increased  or 
diminished  by  the  motion  of  the  liquid,  according  as  the 
last  term  of  this  formula  is  positive  or  negative ;  that  is  to 
•ay,  according  as  the  horizontal  section  mn  or  y  is  greater  or 
less  than  the  section  bf  or  w. 
Equation  (6)  gives  (/^ 


11  = 


/3         I      fii^fVUh  _gMj/2gh 


'"      +  c       •• 


and  as  9  =:  ajt^ft,  and  j  =  0  when  f  =  0,  we  shall  therefore 
have(^) 

for  the  volume  of  the  liquid  that  has  issued  from  the  vessel 
during  the  time  L  After  the  lapse  of  a  certain  time,  the 
second  exponential  may  be  neglected  relatively  to  the  first, 
and  we  shall  have 

1      

The  first  term  is  the  volume  corresponding  to  g  v/2^A,  the 

constant  velocity  with  which  the  liquid  flows  out ;  the  total 
volume  is  less,  since  at  the  commencement,  the  variable  value 
of  u  is  less  than  this  final  velocity. 

672.  In  the  case  of  a  variable  level,  u  should  be  con* 
sidered  as  a  function  of  A,  and  by  eliminating  dt  between 
equations  (4)  and  (5) ;  there  results(A) 

the  constant  c  being  always  supposed  to  be  comprised  in  h. 
If  «  denotes  the  height  due  to  the  velocity  r/,  ^o  that 
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the  preceding  equation  mil  be  diuged  into  die  falfaniif  i* 
near  equadon. 


the  integral  of  which  may  beobtained,  at  ia  wdl 
a  finite  form(j). 

When  z  and  h  are  known  in  fiinctioiia  of  A,  ignafiM  (3) 
will  give  f  in  a  function  of  A  by  an  immeiEate  tatcfmHa; 
80  that  the  time  which  has  lapeed,  when  the  lerd  of  the  Efal 
is  at  a  oertun  height  A  above  the  orifice,  will  be  kaown,  mi, 
conversely,  A  the  hdght  of  the  level  bf,  at  the  cad  off  mn 
time  whatever.  The  entire  time  :vhidi  all  the  laqoid  toba 
to  flow  out  will  be  obtuned,  by  intq;radiig  Ae  valae  if  A 
from  the  initial  value  of  A  to  A  as  0.  With  reaped  to  f  ike 
volume  of  the  fluid  that  has  flown  oat,  it  will  be  eqaal»  U 
each  instant,  to  the  portion  of  the  vesitl  oontaiaed  beftaa 
the  variable  and  initial  level. 

673.  Let  us  suppose,  for  example,  that  the  veM^l  U  a  r^r- 
tical  cylinder  terminated  by  a  segment  of  sur€Me«  the  «^Ri 
of  which  is  very  small,  and  in  which  the  horiiontal  orihcr  ti 
is  piorce<l.  Let  a  l>e  the  constant  area  of  the  horii4»nul  «^* 
tion  of  the  cylinder,  and  n  the  ratio  of  a  toa«  so  that  «e  v*i 
have(A) 


a  =  -,     p  = s— 


If  the  inferior  segment  of  the  vos!M.'1,  which  t^  by  h\|ii>(k>^« 
very  small,  is  not  taken  into  account,  we  nuy  a»i<»ume 

I       A 
Art 

ill  r(|Uiitioii  (7),  which  will  tluMi  hvcomi*(/) 
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Its  complete  integral  is(fn) 


z  =  cA*^'— 


2» 


2-II 

in  which  c  denotes  the  arbitrary  constant.  If  the  initial  value 
of  A  be  denoted  by  h,  it  is  necessary  that  z  should  vanish  for 
A  =  H ;  this  requires  that 

hence  there  will  result,  at  any  instant  whatever, 

We  shall  have,  at  the  same  time, 

«  =  nV2ffhy  5— -5 , 


(8) 


2- ft 
and,  in  virtue  of  equation  (5)(n), 

* = -  7r»^i4p5irT-  W 

It  is  this  formula  which  should  be  integrated  in  order  to 

obtain  <  in  a  function  of  A.     In  the  case  of  ft  =  I,  we  shall 

have 

dh 

y/2gy/H^h 
hence  we  obtain 

Y   ^yn     A, 

and,  consequently, 

H-A=  Ji7^, 

as  we  know  it  ought  to  be,  since  the  orifice  being  then,  equal 
to  the  base  of  the  cylinder,  the  motion  of  the  liquid  ought  to 
be  the  same  as  that  of  a  heavy  solid  body  that  descends  in  a 
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vacuum.  Fonnula  (9)  may  also  be  intcgiated  in  a 
when  fi?  zz  3,  and  it  can  only  be  effected  in  diis  case  mk  tm 
M  =z  1.  But  its  definite  integral  taken  frooi  A  =  ■  to  A  si 
which  expresses  the  time  that  the  entire  liquid  takes  It  lie 
out,  may  be  always  reduced  to  the  transcendental^  iktf  X. 
Legendre  has  denominated  definite  Euleiian  integiali 
second  species,  and  of  which  he  has  given  numerical 
This  reduction  has  been  also  effected  bv  the  author  n  Ar 
third  volume  of  the  correspondence  of  the  Pdytcduiic  Mh«i: 
here  however  he  restricts  himself  to  apply  formula  (9)  It  Ar 

case  of  V?  =:  2,  in  which  it  occurs  under  the  form  -. 

0 

Its  true  value,  as  furnished  by  the  common  rule,  b(t) 

dk      /        H\-« 

Now  if  we  make 

A  =  He-*'*,    dh  =  — 4H«-»''xrfr. 

there  will  result  from  it 

dtz=2y/^e-^djt. 

V 

The  limits  relative  to  t,  which  c<>rri^}H>iul  to  A  =  ii.  i**- 
h  =  0,  will  he  r  —  0  and  .r  =  x  .  If  tlioretoro  ihe  tiriK*  oi  '^ 
entire  flowing  out  be  denote*!  by  t,  we  shall  have 

since  the  intoj^ral  \     e'^* dx  is  half  of  \_  ^^  r    '*«i^.  «-■»  *> 

lue  of  which  is  v^ir,  as  w;is  i»l)sorved  in  No.  r»Pi.      1:  :.*!.•  «• 
therefore  that  the  time  t  is  that  in  which  the  «mall  i*^iiAi^<".« 

of  a  simple   |HMululum,  the  length  t»f  which  i«       .  Ar\  :«?• 

formiHi. 

074.  When  ah  the  orifici»  is  very  Mnall  rvlativviv  to  t^* 
horixontal  sections  of  the  vessi*!,  the  term  multiplied  \^)  «  * 
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equation  (4)  iray  be  neglected,  unless  the  iactor  —  is  not 

very  great ;  this  is,  in  fact,  what  has  place  at  the  commencc»- 
ment  of  the  motion,  when  the  velocity  u  varies  with  great 
rapidity.  We  may  also  substitute  unity  in  place  of  /3 ;  and 
then,  whether  the  level  falls,  or  remains  stationary,  equation 
(4)  is  reduced  to 

from  which  we  obtain 

tt  =  \/2^(A  +  c). 

It  follows  from  this  theorem,  that  the  velocity  of  a  liquid 
which  issues  from  a  vessel  through  a  very  small  orifice,  is  equal 
to  that  which  a  heavy  body  would  acquire  in  falling  in  a  va^ 
cuum  through  a  height  equal  to  that  of  the  level  of  the  liquid 
above  this  orifice,  (when  the  superior  and  inferior  pressures 
are  equal),  or  more  generally,  of  the  height  of  the  level,  in- 
creased by  the  constant  c,  when  these  two  pressures  are 
unequal. 

In  the  case  of  a  constant  level,  this  theorem  results  from 
the  final  value  of  m  found  in  No.  671,  by  making  in  it  /3  ==  1. 
It  results  also  from  formula  (8)  applied  to  the  case  in  which  ft 
is  a  very  great  number,  in  order  that  the  orifice  a  may  be  a 
very  small  part  of  a,  the  horizontal  section  of  the  cylinder. 
We  can  then  substitute  n^  in  place  of  n*  —  2 ;  this  at  once 
changes  formula  (8)  into 


«=  \/2gh 


^/•-er- 


Now  as  A  is  evidently  less  than  h,  the  n^  power  of  — 
will  be  a  very  small  fraction,  and  this  value  of  u  will  be  re- 
duced very  nearly  to  ti  =  i/2^A. 

As  the  orifice  ab  is  very  small,  if  the  section  mn  is  not 

very  near  to  this  opening,  the  ratio  -^,  which  occurs  in  for- 
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mula  (3),  will  be  very  snudl ;  the  nuio  -^  b  so 


b«  «uj 


liut  term  of  ihls  foimuln  n 

the  term  multiplied  liy  «  be  aha  neglected,  U  will  W  n 

to 

hcncti  it  fallows  that  tn  the  caae  of  a  very  « 

prcsHure  in  all  point*  of  the  voasel  at  i 

aperture,  is  senNiMy  the  samcduritijir  the  omNhmi  aa  m  dMiK 

of  equilibrium. 

615.  Tlii>  hypothesis  of  the  paraUelUts  at  ihn  a£m  r 
quires,  in  general,  that  the  orifictt  should  tw  hiwiwiial.  k- 
whcn  the  orifice  is  very  small,  tliis  may  be  alao  waaacd  v^*- 
whcn  the  liquid  flows  throujch  a  tatpraJ  u|iet]iiif(,  tke  jitm  f 
which  may  hare  any  inclination  whatever,  and  aay  e««a  - 
vertical.  It  appears  from  obaervalMm  lliu  the  Uqind  ■•■»* 
n  »hort  distance  below  this  imall  o|MiiiB^  imaui^  saH^V' 
and  that  the  horixontal  sUcet,  irittiated  at  m  aqari  A^kt 
above  thin  sitme  opening,  descend  parallel  lo  iW^aalfv^  * 
that,  aa  in  the  caw  of  a  small  horixontai  orifcee,  tW  pvar 
lelism  of  the  slices  is  not  disturbed,  except  for  tbe  p«t«f  •« 
liquid  which  is  very  near  to  the  orifice.  •Sjr.(*-4-r'j  •aj 
therefore  be  assumed  to  be  the  velocity  with  vhidi  the  h^ 
flowB  tfarou|(h  a  very  mull  opttung,  wbalever  ibc  iB<fiiMin 
of  lhi»  orifice  may  be ;  A  bcin|[  the  eoniliBI  at  vatisbfe  h^[k 
of  tite  level  of  the  liquid  above  the  eeativ  at  the  otiiea,  md  t 
the  constant  arising  from  the  diflefcoee  of  the  r  rlrrinf  ^m- 
surei  which  convapood  to  tliif  Unl  mad  ddt  opsaiag.  If  ik 
vessel  is  situated  in  a  vacuom,  in  wU^  cmm  the  tw  f 
and  thta  couatant  are  cipher,  the  molemlea  of  the  II 
be  actuated  aa  thvy  issue  from  the  reaael,  by  the  i 
\/'igh  which  is  due  lo  tbe  height  A,  wUch  ia  ako  th«  * 
with  whidi  a  body  sbouM  move.  In  i 
jecled  in  a  vacuum  npwards,  it  may  sacwid  tm  this  I 
(No.  130).     CottMKiuoitly,  ifavrrtieal  dirvdinB  k  fb«  *■   ' 
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the  fluid  by  means  of  a  pipe,  it  will  reascend  in  the  tube,  to 
the  height  of  its  interior  level ;  which  is  in  iact  conformable  to 
experiment.  In  general,  the  molecules  of  the  fluid  will  de- 
scribe, in  a  vacuum,  after  a  very  short  interval  of  time,  parabolas, 
the  tangents  to  which  at  their  point  of  issuing  from  the  ori- 
fice, will  depend  on  the  direction  of  the  jet,  and  the  parameter, 
on  the  height  A  or  A  -^  c,  if  the  constant  c  is  not  cipher. 

The  pressure  p  will  be  sensibly  the  same  as  in  a  state  of 
equilibrium,  except  at  the  orifice,  where  it  will  be  equal  to 
n  — gpc  instead  of  n  -k-gph.  Now  if  it  was  also  equal  to  n  +  gph 
on  this  part  of  the  vessel,  the  horizontal  pressures  will  destroy 
each  other,  and  the  vertical  pressures  will  be  reduced  to  the 
weight  of  the  liquid  increased  by  IIiii,  the  pressure  which  has 
place  on  the  surface  of  the  level ;  hence  it  follows,  that  in  the 
state  of  motion,  the  entire  load  which  the  pressure  will  have  to 
sustain,  will  be  made  up  of  the  vertical  pressure  which  would 
have  place  in  the  state  of  equilibrium,  and  of  a  force  normal  to 
the  plane  of  the  orifice,  acting  from  without  the  vessel  inwards, 
and  equal  to  the  excess  of  the  pressure  (n  +^/oA)a  over  the 
pressure  (n  — gpc)ay  or  to  gp{h  +  c)a,  in  which  a  denotes,  as 
before,  the  very  small  area  of  this  orifice. 

676.  In  the  case  of  a  constant  level  and  of  a  very  small 
orifice,  either  horizontal  or  inclined,  the  consumption  in  the 
dme  iy  that  is  to  say,  the  volume  of  liquid  which  issues  from 
the  vessel  with  the  velocity  V^2^A,  will  be 

gzzat  \^2gh ; 

this  also  results  from  the  final  value  of  ^,  which  was  found  in 
No.  671,  by  neglecting  the  square  of  a.  But  it  should  be  kept 
in  mind  that  the  hypothesis  of  the  parallelism  of  the  slices, 
on  which  this  value  of  q  is  founded,  is  only  an  approximation, 
the  accuracy  of  which  cannot  be  estimated  a  priori^  and  of 
which  therefore  the  results  should  not  be  employed  without 
restriction ;  for  it  is  well  known  that  this  theoretical  value  of 
the  consumption  of  the  liquid  docs  not  always  accord  with  ex- 
periment. 


If  tlie  side  of  the  rmol  m  not  very 
o|>eiiing  wrougbt  m  U  wickiis  intomally;  w>  that  A«l 
which  flows  out  of  tbv  rrMvl  nutjr  W  a  veftic«l  ryUa^  r  ' 
curv<!d  cylindirr,  the  rertical  Mcticrtu  of  wbiefa  an  «■»>. 
and  equiil  to  a,  tlic  area  of  the  orifin*.  iDc«0urMl  oo  ihm  mmku 
surfuce  of  the  vessel ;  in  thii  caw  it  may  be  »^■^ilt^^d  ika  » 
observeil  conttumpcion  agrees  with  tht  pr«c«diag  lalw  ■  i 
But  if  the  sidtf  he  very  thin,  th«  iitwi  ii  mI  eaana^ut  • 
always  proportional  to  the  area  of  the  orUov  amd  9a  tfe  *^^* 
root  of  the  elevation  of  the  level,  aa  ia  tke  thcandeal  fai^H 
but  though  it  lA  in  thi«  proportion,  ii  iblbM*  6«a  th«  ■>■«» 
in  its  absolute  value,  by  a  factor  which  hi  oosriy  tmmttmi,  ^ 
less  than  unity.  It  appean  ftota  the  moat  an  wiili  ^*- 
mentB,  that  thlt  factor  i*  0,S3 :  M  that  tbe  value  (rf  f  whM  > 
made  use  of  in  practice  is 

when  the  orifice  is  a  very  small  one  wroufthi  to  •  ihg«  mh- 
und  the  height  of  the  level  mntulCTable  with  mprct  la  ik 
dimenHionK  of  this  opening,  whctbrr  horiiootal  or  ii 

This  difference  is  a^crilH-d  to  tbe  tnclinrd  i 
the  molecules  of  the  liquid  naauine,  at  the)*  approach  |i 
which  fur  (greater  cleamcM  we  soppoae  to  be  I 
which  they  retain,  after  having  traVMied  tW  I 
the  vessel.  It  appears  firom  this,  that  tbe  etierinr  I 
contracts  to  a  small  distance  from  the  vesael,  wbc*c  k  ■ 
it«  minimum  breiulth,  which  it  afkerwarda  rctataa.  TUi  fi 
nomeiion  i*  termed  the  contraetioit  tfftAtJtuid  verm,  TW I 
flows  out  in  precisely  tlte  Mune  tBanner  aa  if  the  i 
orifice  wiu  (be  same  as  tliat  of  the  teciiiui  of  tike  virfa  at  ^ 
place  of  its  greatest  ennlraclian,  mi  that  if  the  aiaa  of  ^ 
sectiou  be  drnnted  by  o',  and  ii«  fnnslanl  distaaar  froa  ^ 
l4^vl^l  of  tbe  liquid  by  A',  the  qiuntily  nf  the  liquid  whic4  wS 
have  fliiwifl  out  will  bo  drnnit^i  hy  at  V^S^A',  ur  «vn  ai*^ 
hy  a'/V^^A,  tiecause  A  and  A'  itiflirr  nay  GitW  baa  • 
other.     Now  it  is  foam),  in  ha,  br  i)ifw4  mimmtnmmm 


V. 


\ 


\ 
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the  section  a^  compared  with  the  orifice  a,  that  these  two 
quantities  are  to  each  other  in  a  ratio,  which  is  very  nearly  in- 
dependent of  A,  and  that  we  have  constantly  o!  =  (0,62)  a. 

It  appears  from  experiment,  that  if  to  an  orifice  in  a  thin 
side,  a  cylindrical  adjutage  be  fixed  without  the  vessel,  perpen- 
dicular to  the  plane  of  the  orifice,  the  quantity  which  flows 
out  through  it  will  be  increased,  and  may  amount  to  four- 
fifths  of  the  result  of  theory.  On  the  contrary,  if  this  adju- 
tage is  fixed  in  the  interior  of  the  vessel,  the  quantity  which 
flows  out  is  diminished  to  one-half  of  the  quantity  which  is 
given  by  theory,  so  that  in  the  preceding  value  of  7,  the  factor 
0,62  should  be  replaced  by  0,80  in  the  first  case,  and  by  0,50 
in  the  second. 

lliese  results  of  observation  have  been  here  only  briefly 
pointed  out,  as  they  have  not  as  yet  been  reduced  to  any 
precise  theory. 

677.  The  hypothesis  of  the  parallelism  of  the  slices  is 
also  assumed  in- the  motion  of  an  elastic  fluid  which  issues 
from  a  vessel  through  any  orifice  whatever ;  and,  when  the 
sections  of  the  vessel  parallel  to  the  plane  of  the  orifice,  do  not 
diflfer  much  from  each  other,  and  the  length  of  the  vessel  is 
considerable  with  respect  to  their  dimensions,  this  hypothesis 
is  not  far  from  the  truth. 

In  this  case,  the  weight  of  the  molecules  of  the  fluid  is  not 
taken  into  account,  so  that  the  motion  is  solely  due  to  the 
greater  or  less  elastic  force  of  the  fluid,  in  the  interior  of  the 
vessel  than  outside  it.  Therefore,  the  term  depending  on  y  in 
equation  (1),  which  is  applicable  both  to  liquids  and  elastic 
fluids,  must  be  suppressed.  Moreover,  as  the  diiferential  of  v 
which  it  contains,  must  be  taken  with  respect  to  t  and  the 
variable  x,  considerecl  as  a  function  of  t^  we  shall  have 

dx 
and  as  we  have  also  —  zz  «?,  this  equation  will  become(/7) 
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dp  tip  *  - 

Am  tlio  fluid  H  coijiiirvH.tibU',  the  tmate  vulm 
Inrigcr  pnM,  al  rach  instuiit,  ihrou^fh  all  the  ■c'ctKMM  oflfc*  J 
wl,  un<l  vc{Uurioii  (2)  will  not  luirr  plitcr.  The  t 
whicii  paflsofl  ill  the  in&tant  til,  through  the  • 
be  I'qiinl  to  pyviU,  tin-  aiunc  miMi  will  |iiim  tW  follovw^  I 
Mtant  Uiruughtlio Motion  n'n',  iU  vnluim- tnnngrlttnf^nl;  i 
durin)j^  tbe  entire  rnntlnuanri.-  nf  iIh'  mn 
will  not  vary,  'nitri-forc  ihr  diffiiviiluil  (if  the  praluil^ 
taken  with  rfaiKft  tii  /,  niitl  lh«  nmjiblc  r  nHM)aWn-4  i 
functiiHi  of  I,  will  ho  cipher ;  and,  hccauM  f  ia  *nM\  •  ft 
tioii  of  J-,  niu)  thill  ^  =  t?,  w«  obuoii  from  il(f  > 

Finally,  if  the  teroperatuK  mnnin  cnnataal  4mn 
motion.  In  the  ontirv  mim  of  tbr  fluid,  we  almU  ^mn 


k  being  R  given  constant  cocActetiL 

This  bein|{  rfttabli)ib«1,  if  ^  be  HilMtiraitffl  in  plw  * 
in  equations  (a)  anil  (b),  we  ahall  obtain  Iwo  rqaulMM  «f  fl 
tial  iliffercnci-A  of  the  first  nrder,  by  bimu«  of  wUch  r  ■ 
the  two  unknown  quantitim  of  the  proltkm,  «b  far  J 
mined  in  fuiiclionn  off  and  x.     K%  they  air  no(  iniai 
a  iiuili.-  furm,  the  value*  of  yi  and  e  c>ui  otily  b*  o 
approximation.    Tbe«e  values  will  raniuii  Iwo  a 
tioHH,  whii-b  can  be  <k-(ernirtied  by  tno  particalwfl 
for  thin  pur{HNe.  we  ^all  uMppuu*  tlwt  |h«  e 
into  the  opi-n  air,  «» thai  if  II  denote*  the  alOM 
on  the  unit  ufaurbre,  we  may  have  n>n«Unily^—  n.MlWfl 
fin*  Mi.     We  khall  uIm*  MippiNe  that  the  vewel  c 
with  a  ipiMroetvr  iff  grtat  npaeilyfr),  by  i 
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BF  a  section  of  the  fluid  parallel  to  ab,  and  fixed  in  position, 
sustains  a  constant  given  pressure,  so  that  if  this  pressure  on 
the  unit  of  surface  be  denoted  by  ^^  we  shall  also  havep  =  11^ 
in  this  part  of  the  vessel,  during  the  entire  continuance  of  the 
motion.  If  therefore  the  distance  x  be  reckoned  from  the 
plane  bf,  and  if  /  denotes  the  distance  comprised  between  ab 
and  BF,  we  shall  have,  whatever  i  may  hey  p^  IV  for  x  =:  0,  and 
|»=  n  for  x=s  /;  this  will  enable  us  to  determine  the  two 
arbitrary  functions,  and  thus  completely  solve  the  problem. 
But  this  solution  is  so  complicated  that  it  cannot  be  reduced 
to  any  useful  result ;  and  in  practice  it  is  sufficient  to  know  the 
constant  velocity  with  which  the  fluid  flows  through  the  ori- 
fice ab,  when  the  pressure  p  and  the  velocity  v  become  con- 
stant in  each  point  of  the  vessel ;  this,  in  general,  takes  place 
after  a  very  short  interval  of  time. 

678.  If  therefore  we  make  -3-  =  0,  and  ^  =  0,  in  equa- 

tions(a)  and  (b),  they  will  be  reduced  to  two  differential  equa^ 
tions,  namely, 

because  p  =  kp. 

The  integral  of  the  second  of  these  equations  is(«) 

tfpvzzc; 

c  being  an  arbitrary  constant.  If  the  orifice  ab  be  always 
denoted  by  a,  and  the  velocity  of  the  fluid  at  this  orifice  by  ti, 
•o  that  we  may  have  at  the  same  time,  y  =  a,  1;  =  ti,  /i  =  n, 
and,  consequently,  c  =  allK,  there  will  result  from  this,  at 
any  point  whatever  of  the  vessel, 

alia  ,j. 

V  = .  (d) 

yp  ^  ^ 

By  substituting  this  value  of  v  in  the  first  equation  (c),  it . 
becomes 
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pax         py       ax 

hence,  by  integrating,  and  denoting  the  arbitrmry 

e'y  we  obtun(£) 

Therefore,  if  the  area  of  the  Motion  bp  be  dlenoted  bv  a, « 
that  we  may  have  at  the  same  time  jr  ^  a  and  p  s  IT,  w 

shall  obtain 

and,  by  subtracting  this  eqoation  from  the  preeedingt 


*iog£,  +  i..n'«'(^-jj^)=o. 


♦  » 


By  means  of  equations  (d)  and  (e),  the  velocity  and  pn«- 
sure  in  any  point  whatever  of  the  vessel  will  be  known*  «hr« 
u  the  velocity  relative  to  the  orifice  in    knoun.       N.«   * 
making />  =  n,  and  y  —  a,  in  cijuatlon  ^e),  ue  aUain 


from  which   the  value  of  w  can  be  detiuceti.      In  thi*  i.»rT:.,i 
we  suppose 

y  denoting  the  gravity,  and  r  the  ratio  ot  ihe  don-^Mv  ,  r  •  - 
mercury  to  that  of  the  interior  fluid  under  a  Utf\»mttruM.  :  *'»- 
sure,  the  height  of  which  is*  /i,  hence  the  value  of  thf  \*-.  .rr.t 
the  fluid  which  issui^s  from  the  vessel  in  the  lime  /,  u...    • 
atit. 

It  may  l)e  remarkinl,  its  in  Ni>.  (>7r>,  that  when  tht  »  "'.* 
is  very  small,  it  is  no  longer  nci^essary  that  it  nhouUi  U  ;*Ar*  ^ 
to  the  section  ef,  that  is  to  say,  it  may  Ik*  made  in  the  -itrrx. 
part  of  the  ves>tl,  and  have  any  inclination  whatv^ir  o: 
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plane  of  this  section.  We  may  then  neglect  the  term  depend- 
ing  on  -^  in  the  first  member  of  equation  (f ),  which  will  be- 
come 

tt'z=2^rA.log— ; 

consequently,  the  velocity  with  which  a  fluid  issues  through  a 
▼ery  small  orifice,  will  be  that  which  is  due  to  a  height  rA, 

multiplied  by  the  Naperian  logarithm  of  the  ratio  — •     The 

supposition  that  the  temperature  is  invariable  during  the  en- 
tire continuance  of  the  motion,  implies  that  the  velocity  u 
should  not  be  very  considerable,  otherwise  the  temperature 
would  vary,  as  in  the  propagation  of  sound. 
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679.  Turn  eoodidoiis  of  the  «|uiUbriaai  of  tmtm  m 
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The  connexion  of  the  parts  of  a  machine  is  such,  that  it 
can,  in  general,  only  assume  two  motions,  directly  opposite 
the  one  to  the  other ;  it  follows  therefore,  that,  when  the  di- 
rection of  the  motion  which  it  actually  assumes  is  known,  one 
equation  is  sufficient  to  determine  this  motion  in  a  complete 
manner.  This  equation  is  that  which  is  obtained  by  inte- 
gyrating  the  two  members  of  equation  (a)  of  No.  564,  namely, 

J  d .  Swr'  =  Sm  {xdx  +  Ydy  +  zdz).  j[a) 

After  the  lapse  of  /,  any  time  whatever,  reckoned  from  the 
commencement  of  the  motion,  v  denotes  the  velocity  of  the 
pcHnt,  and  x,  y,  z  its  three  coordinates  referred  to  fixed  rect- 
angular axes ;  m  is  the  mass  of  this  point;  dxy  dy^  dz  are  the 
projections,  on  these  axes,  of  the  space  which  it  describes 
during  the  instant  dt ;  itix,  itiy,  mz  denote  the  components  of 
its  entire  force  parallel  to  these  same  axes,  and  the  sums  2 
are  supposed  to  extend  to  all  points,  such  as  m,  of  the  system. 

681.  Before  we  proceed  farther,  it  will  be  useful  to  distin- 
guish, in  the  second  member  of  equation  (a),  between  the 
terms  which  arise  from  the  moving  forces  and  those  which 
result  from  the  resisting  forces,  and  to  assign  another  form 
to  them. 

For  this  purpose,  let  p  be  one  of  the  moving  forces,  and 
a,  /3,  y  the  angles  which  its  direction  makes  with  lines  parallel 
to  the  axes  of  ^,  y,  z ;  we  shall  have,  relatively  to  this  force, 

mx  =  pcosa,     wiY  =  Pcos/3,     wiz  =  p  COS7. 

Likewise,  if  ds  be  the  space  described  by  its  point  of  ap- 
plication during  the  instant  dt^  and  A,  |i,  v  the  angles  which 
the  direction  of  ds  makes  with  its  projections  rfx,  rfy,  c/r,  we 
shall  also  have 

dx^  ds  cosX,     dy  =  ds  cos/i,     dz  ^  ds  cos  v. 

Finally,  if  dp  denotes  the  projection  of  ds  on  the  direction 
of  the  force  p,  and  a  the  angle  contained  between  djj  and  ds ; 
we  shall  have 
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r/p  =  ds  cos<r,  cos<t  =  coao  cosX  -+-  cosj3  co«ii  +  c»7  c^9 

ami,  from  these  different  equations,  we  <ieduce(A) 

tnlxdx  -h  \dtf  -h  zJz)  =  p#/^, 

for  that  term  of  the  second  member  of  equation  i  a  u  vun 
corresponds  to  the  force  p. 

If  one  of  the  resisting  forces  be  denoted  by  q,  bjoA  the  pcv 
jection  of  the  space  descril>e4l  during  the  in<«tant  r//«  by  it%  f^ia^ 
of  application  on  the  production  of  its  direelion,  h\  ^\  t 
may  be  shown,  in  the  same  maimer,  that  —  Qi/y  i^  the  irrm  < 
this  second  meml>er,  which  arises  from  the  fan.v  q.  In  u* 
manner,  equation  (a)  will  assume  the  form 

in  which  one  of  the  sums  S  contained  in  it^  second 
supposed  to  extend  to  all  the  moving  forces  of  the 
and  the  other  to  all  the  resisting  forces.      Aci*t>rdini;  to  t^ 
hypotheses  that  have  been  made  respecting  the  dirtvtMut*  .< 
these*  two  descriptions  of  forct»s,   relarivtdy  to  the  m«Kitir«    f 
till*  points  \\htTi*  llu'V  act,    the  (juaiirii'u-^    /y  *i'.  :    ;'  .    ■. 
r  and  ti  art»  jHwilive,   coiiM'^jui'iitly  tlu*  ^u.ii«»  i.  ^  ■  .•  *• 
of  po>ilivo  tiTiii*!. 

t»s2.    If  X- «li'iu>ti'>  till*  initial  vrhtoirx  i»tM  :i'\   ;    .    r  -i    .. 
evtT,  or  till'  Value  of  r  corri"»jMMulin;^   to  t  ir  »*,    ti..  r.   -i-  •  . 
oi>tain,  l>y  inteirralini^  the  two  nienjInT**  uf  i  in:.i*:  •:: 

in  \\hieh  the  intei^raU  are  taken  in  ^.icU  a  n  a:  in  r  :    .*   '' 
niav  va!ii«»h  at  the  eoninieneenient  of  rlu-  ni«i::«'::.       I*    *    . 
thi«»  form  that  the  ts|iiatio!i  of  liviiii;  fi»ree^  ^Ij-m,".:  •».  in 
in   ortier   to    caleiilafe    the    rlhvt'*   «»t  iiiaeMiK  >•    1:1    n:  -'. 
i'oinei»lf«»  w  itii  i'tjn.iM«»n  (  Im  oi  N«».  .'*■' 1,  u!n:i  rh-,    iiiti^-^       • 
in(iieair<i  in  it^  M-eoiitl  incnilMT  eaii  he  «'tfeet«-il. 

The   pn»iluet'»  yii/t  liuA  w'7.   the  '»nm^  ni  »**..   :=    i-     •    - 
jiM'ted  to  tliiM*  inte^ratitMi^,  have  r»erive»i  •iiJh-.-t  ••:  .;.  • 
ti«»n«» :   tliiN    \\A\t'  heen    t.-rnu  il  //•#    ^fatntt.'tt*  %   ../   ...     t. 
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moments  of  activity  y  the  dynamical  effects  of  the  forces  p  and 
Q.  It  would  be  useful  if  they  were  always  designated  by 
the  same  term ;  the  denomination  of  quantities  of  elementary 
workf  which  was  proposed  to  be  given  to  them  by  a  French 
author  of  the  name  of  Coriolis,  is  the  one  that  will  be  here 
adopted.  Consequently,  the  sums  ^vdp  and  ^Qdq  will  be 
the  quantities  of  elementary  work  performed  during  the  same 
instant  by  all  the  moving  forces  and  all  the  resisting  forces ; 
and  their  integrals  ^  ^vdp  and  ^  ^Qdq  will  express  the  entire 
wuUive  work  and  the  entire  resisting  work  of  the  machine, 
from  the  commencement  of  the  motion  to  the  instant  in 
question. 

Hence,  equation  (c)  indicates  that,  in  any  machine  in  mo- 
tion, the  increment,  during  any  time  whatever,  of  the  semi- 
sum  of  the  living  forces  of  all  its  parts,  is  always  equal  to  the 
excess  of  the  motive  work  over  the  resisting  work,  during  the 
same  interval. 

683.  If  the  moving  force  p,  or  the  resisting  force  q,  is  a 
weight  n,  which  descends  in  the  first  case,  through  a  vertical 
height  A,  or  which  ascends,  in  the  second  case,  to  the  same 
height,  the  product  Hh  will  be  then  the  value  of  the  motive  or 
resisting  work,  whatever  be  the  route  traversed  by  this  weight, 
A  being  always  the  vertical  projection  of  the  right  line  or 
curve  described  by  its  centre  of  gravity.  If  there  are  points 
of  contrary  flexure  in  this  line,  or  if  it  returns  into  itself,  the 
motive  work  and  the  resisting  work  will  alternately  succeed 
one  another;  and,  as  A  is  the  difference  of  level  of  the  points  of 
departure  and  arrival,  riA  will  be  the  excess  of  the  first  work 
over  the  second.  In  the  case  in  which  there  are  no  such  suc- 
cessions, the  quantity  of  work  corresponding  to  a  weight  n 
raised  to  a  height  A,  is  equivalent  to  the  quantity  of  work 
which  belongs  to  another  weight  n^  when  elevated  to  a  height 

A',  which  is  such  that  h'  =  — . 

Whatever  may  be  the  force  p  or  q,   the  integral  \vdp  or 

VOL.  II.  4  H 


•f  M. 


and  this  sum  is  of  the  sane  nature  as  tke  integtak 
$0^,  or  as  the  product  HA. 

684.  When  the  nMchine  sets  out  ftmrn  a 
equation  (c)  b  redneed  to 

As  its  fir&t  member  is  always  po^iive,  it  is 

the  fint  instants,  the  motive  work  should  exceed  tke 

work.     But  as  the  velocities  of  the  points  of  tke 

cannot  increme  indefinitdy,  this  fint  member  attains  ii» 

mam  after  the  lapse  of  a  certain  time»  which  is  Car  the 

part  inconsiderable.     By  a  means  which  will  be  poiaMd  ml 

fitfther  on,  the  semi-sum  ^  Smr*  of  the  living  ioRcs  is 

remain  constant  from  the  instant  the 

at  lea^t  it  then  only  experiences  very  small  Tariarin— .  te  tkai 

the  machine  b  «aid  to  have  attained  to  iu 


t« 
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In  this  constant  state,  we  obtain,  by  differentiating  the  pre- 
ceding equation, 

80  that  the  effect  of  the  machine  is  then  to  change,  at  each 
instant,  the  elementary  motive  work  into  an  equal  quantity  of 
resisting  work.  But  it  is  important  to  observe,  that  I  ^Qdq 
the  quantity  of  resisting  work  into  which  the  motive  force 
$  SPdjp  is  changed,  during  any  time  whatever,  does  not  ex- 
press solely  the  work  proposed  to  be  done  by  means  of  this 
instrument,  for  the  integral  l^Qdq  also  contains  the  resisting 
woric  that  arises  from  the  friction  of  the  parts  of  the  machine, 
either  against  one  another,  or  against  extraneous  bodies,  and 
mlso  that  which  is  produced  by  the  friction  of  the  medium  in 
which  the  machine  moves  (cQ. 

For  example,  in  order  to  take  into  account  the  frictions,  it 
is  necessary,  agreeably  to  what  has  been  observed  in  No.  568, 
to  add  to  I  2q(^,  the  integral  arising  from  the  resisting  work 
properly  so  called,  another  integral  J^nc/^,  in  which  y  is  the 
coefficient  of  the  friction,  n  the  mutual  pressure  of  the  parts 
which  rub  against  each  other,  and  ds  the  element  of  the  curve 
described  by  their  point  of  contact.  In  consequence  of  this 
addition,  equation  (d)  will  be  changed  into 

i  Smr'  =  S  2pdp  -  $  Sad?  -  $  S/n&.  (e) 

Hence  it  follows,  that  when  a  machine  has  attmned  to  a 
permanent  state,  l^vdp  the  quantity  of  work  performeil 
during  a  given  time  by  the  moving  forces,  is  not  altogether 
represented  by  I'StQdq  the  effective  part  of  the  resisting  work, 
for  this  part  is  always  less  than  the  motive  work  ^  £pdp,  by 
the  entire  quantity  of  work  that  corresponds  to  the  frictions 
and  the  other  resistances.  A  machine  b  more  perfect  the  more 
the  effective  work  lI,Qdq  approaches  to  an  equality  with  the 
motive  work  ^2p</y>;  but  the  first  integral  can  never,  how- 
ever the  parts  of  the  machine  are  combined,  be  equal  to  the 
second,  much  less  surpass  it.     As  an  example  of  imperfect 
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macfautery,  in  wliich  Uie  dTcodve  work  ■•  only  a  vwy  f 
fraction  of  tb«  motke  wurk,  or  raUtor  in   wlb<^  ika  ^ 
part  of  thi:*  in  absorlx!*!  I>y  ifae  fricdotw,  w«  May  cnv  At  4 
macbinevet  apin  Marly  j  in  this  the  motjre  wm 
tbr  fall  of  a  coiiftiilerable  Iwily  of  the  waier  of  ti 
t)i«  effective  |>urt  was  tlie  cleratioo  of  a  qnantity  of  «aMr4 
height,  whicli  wu  &ir  from  being  an  equiTalenl  Cor  iba  m 
noHs  of  its  c|iuintity. 

685,  Thp  r^aential  parts  nf  a  maijiioe  mtK,  tlw  f 
which  the  moving  lorce  ia  applied,  that  i 
with  the  body  which  it  is  propowd  aJtlMr  la  oMtra  m  m 
and  the  iiiterraediale  port  wbidi  Uanamita  tlk«  acb^  rf  4 
moving  forces,     li  is  of  consequence,  io  av4«r  ta  tmtt 
pcnoe  in  the  construction  of  macfaitie 
the  frictions,  that  the  solid  mass  should  be  at  ««a^  aa  f 
consistently  with  the  solidity  of  Jta  parts  i  but  darre  ia  a 
circumstance  to  be  coti^ideml,  in  coaseqoeocc  of  wUcJ 
necessary  to  iiicrea»c  tfatn  mas«.  and  to  add  to  tbc  l&me 
tial  parts  of  which  it  consists,  a  jiiecv  called  mjfy,  tad  m 
in  general  consists  of  a  solid  body  iwolriag  aboa 
horizontal  axis. 

As  the  motions  of  the  ibrce  6nt  jiarta  of  a  aa 
either  such  us  an>  allenialvly  thosr  of  the  laotin  a 
ing  kind,  or  such  as  prodoce  a  revolutiim,  )  XBtv*,  tlw  a 
of  living  forces  relative  to  them,  benNn«e  a  f 
after  it  attains  its  MaWnaai;  nMueqnently,  this  wU]  had 
with  respect  to  iIm  second  member  of  e(|nation  (*)  ;  | 
the  machine  wan  rvducrd  to  ir^i  three  e«MmiiaI  parta,  l| 
wurk  and  the  misting  work,  in  which  last  the 
(ions  are  supposed  lu  be  included,  a  mild  altcmuciv  ■ 
naie,  tlte  one  over  the  other :  and  if  the  alternate  v 
ihe  motive  work  ^Xrdp  aad  of  the  part  ^t/xiU  nl  tj»r  a 
t  lag  woric.  Were  not  exactly  regulalMl  aMmrdiRg  to  iha  a 
'  of  the  machine,  JSuif^  ibe  quandtv  of  effet-tiw  i 
continually  vary.  Now.  in  order  to  seettra  the  foot  a 
ancc  of  the  ttorkins  of  llic  machine,  it  ii 
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aary  that,  for  the  most  part,  the  effective  work  should  ap- 
proach as  near  as  possible  to  uniformity ;  and  the  chief  use  of 
the  fly-wheel  is  to  accomplish  this  object.  In  fact,  if  dm  is 
an  element  of  the  mass  of  the  fly,  r  its  distance  from  the  axis 
of  rotation,  w  the  angular  velocity  about  this  axis,  common  to 
all  the  elements  dmy  and  which  may  vary  from  one  instant  to 
another;  rw  will  be  the  absolute  velocity  of  dm;  consequently, 
^t^w^dm  will  be  the  value  of  the  sum  of  the  living  forces  of  the 
entire  mass  of  the  fly,  or,  what  comes  to  the  same  thing,  the 
product  fib>',  in  which  fi  denotes  the  moment  of  inertia  of  the 
fly  with  respect  to  its  axis,  that  is  to  say,  the  integral  ^r^dm 
extended  to  the  entire  mass.  If  therefore  ifccu'  be  added  to 
the  first  member  of  equation  (e),  and  if  the  semi-sum  i  Smv* 
be  supposed  to  refer  to  the  three  other  parts  of  the  machine, 
we  shall  have 

from  which  we  obtain 

S  SQrfy  =  R  —  i/uoi?, 

in  which  we  make,  for  conciseness, 

R  =  SSPflTp  —  SS/Nrf*  -  i  :2.mv\ 

Now,  we  may  conceive  that  the  variations  of  oi  can  be 
so  regulated  by  those  of  this  quantity  r,  that  the  entire 
variation  of  r  —  ^  fiw!^  may  be  reduced  to  very  small  ampli- 
tudes, and  that  consequently,  the  resisting  work  may  be 
very  nearly  invariable  in  the  permanent  state  of  the  machine ; 
we  may  likewise  conceive  that,  every  thing  else  being  the 
same,  the  variations  of  w  the  velocity  of  the  fly,  will  be  so 
much  less,  as  ^  its  moment  of  inertia  is  greater. 

686.  The  quantity  of  motive  force  necessary  to  put  the 
machine  in  motion,  and  to  increase  the  total  living  force, 
until  it  reaches  its  mcucimum^  is  found  to  be  augmented  by  the 
addition  of  the  fly ;  but  after  the  machine  has  attained  to  its 
permanent  state,  the  masses  of  its  different  parts  no  longer 
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which  produce  this  gradual  exhaustion  of  living  force,  the 
€M>mmuiiication  of  a  part  of  the  motion  of  the  machine  to  its 
supports,  which  part  is  then  transmitted  and  lost  in  the  ground 
where  the  machine  is  placed.  This  communication  does  not 
arise  solely  from  the  defect  of  solidity  in  the  supports ;  it  is 
also  produced  by  their  elasticity,  in  consequence  of  which  the 
motion  is  propagated  in  the  same  manner  as  sound ;  and  there 
may  result  from  this  propagation  a  diminution  of  the  velocity 
of  the  parts  similar  to  that  which  is  produced  by  the  resistance 
of  a  medium.  An  example  of  this  remarkable  effect  is  furnished 
in  the  motion  of  a  pendulum  suspended  at  the  extremity  of  an 
elastic  horizontal  rod  of  an  indefinite  length.  The  details  of 
this  discussion  are  g^iven  in  the  additions  a  la  Connaissance 
des  temps  pour  Fannee  1833,  page  26. 

When  the  action  of  the  moving  forces  is  suppressed,  and 
the  effective  work  of  the  machine  has  likewise  ceased,  the 
equation  of  living  forces  becomes 

Hmk*  being  the  sum  of  the  living  forces  of  all  the  points 
of  the  system  at  this  instant,  ^mv^  this  sum  at  a  subsequent 
epoch,  and  J  ^fsds  is  supposed  to  comprise  both  what  arises 
from  frictions,  the  resistance  of  the  medium,  and  also  the 
loss  of  motion  by  the  supports.  Now  this  last  term  very  soon 
becomes  equal  to  ^SniA^;  so  that  the  living  force  of  the  ma^ 
chine  will  be  completely  exhausted,  and  it  will  cease  to  move, 
as  has  been  already  stated  in  No.  568. 

688.  When  a  man  carries  his  own  weight,  or  himself, 
which  we  shall  denote  by  u,  to  a  place  the  vertical  height  of 
which  above  the  point  from  whence  he  set  out  is  A,  the  quan- 
tity of  work  performed  is,  by  the  rule  of  No.  683,  expressed  by 
uA ;  but  this  quantity  will  give  us  a  very  imperfect  notion  of 
the  muscular  efforts  that  have  been  made  by  him,  and  of  the 
entire   muscular  force  which  he  has  developed.     Indeed  it 
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would  be  difficult  u>  obuin  aa  eiact  auMurt  of  it;  ««i 
only  aIiow  that  it  cxch-<U,  for  tbe  moHt  put  fOMJdiWyj 
prece<)in}(  quantity,  which  would  be  apbcr,  if  Uw  i 
was  zero,  although  there  can  b«  no  liaaKi,  bat  l&at  •• 
walking  on  a  boiizouUit  planr,  excrta  a  qaaotily  of  b 
work. 

If  as  he  walkx  tho  man  ha*  fint  th«  Ic-A  fcot  k 
riicbt,  bis  ceulre  of  ((ravUy  i*  then  de^mawd  b«4t>w  Hi  ■ 
position  by  a  quantity  which  w«  thai)  draoir  by  t.  TWa  •• 
leaninf^  on  his  U>fi  foot,  the  nuui,  by  meUM  uf  tbr  pw »  ^ 
this  foot  a^nst  tlip  groaod.  bring*  up  faui  rij^t  Iba*  I*  •  1| 
with  the  loft,  aflerwanis  thr  right  foot  i»  adnncvd  h«te 
left,  and  |ilace<l  on  the  ground ;  in  ihiA  oprratioB  he  ■ 
entire  step,  which  U  thus  nuidv  up  of  two  parts.  Nww,  H^ 
firat  part,  the  man  rniseft  hi*  centre  of  ffrarity  by  Ar  k 
and  thus  [wrfonn^  a  quantity  of  work  equal  lo  Vti 
pr(»i>ie«  !it  th!»  •inme  initlnnt  on  this  point  a  b 
which  we  Hhall  denote  hy  a,  at  the  end  of  tht  I 
this  corresponds  lo  nnolhfr  qiianliiy  of  worit  < 

semi'living  force  (  — ,  in  wtiich  y  denote*  tb*  gvmvitf,  ' 
should  be  also  added  lo  ^  — -,  tfac  part  iif  tbc  •«>(-«■■  rf4 

living  force*  ariMing  from  tberrliuive  velocitiet  of  all  lk« 
pointii  of  the  body  (No. 069) :  hut  it  ia  not  iiniMaij  li 
these  into  account  in  this  e^tintaiioo,   whicfa  cmi  bt  i 
mere  rouirh  sketch.     We  shall  Hkewtw  asauiBe  tlni  tW  | 
cond  half-step  ha*  place  in  virlue  of  the  nlucily 
the  end  of  the  firtt,  nod  of  the  wi-ighl  of  tli*  btwly  wbi 
back  on  the  ground,  so  ihai  daring  the  «eeaD>l  hallUiep,  iW  ■ 
rJterU  no  eRort  whalcrer,  and  thu«  the  rertksl  and  IiiiiIm 
velocitie«  with  which  his  centre  of  grarlty  are  «till  actaaasri 
tJie  end  of  tin-  entire  step  must  be  deatroyvd  by  tWtapaeta 
rrietion  nf  his  foot  against  the  ground,     la  Uaa  bn 
ibe  quantity  of  work  exerted  by  ibe  man  dimac  tW  « 


IN  TUB  CALCULATION  OF  MACHINES  IN  MOTION.         629 


ua* 


Step,  will  be  the  sum  Uc  +  i or  u  (c  +  a),  in  which  a  de- 

notes  the  height  due  to  the  velocity  a,  so  that  a^  =  2^a. 

It  follows  from  this,  that  in  a  number  such  as  n  of  equal 
and  similar  steps,  the  value  of  the  quantity  of  work  performed 
by  a  man  or  animal  carrying  a  load,  and  advancing  on  a  hori- 
zontal route,  will  be  nK{t  +  a),  in  which  k  denotes  his  weight 
u  increased  by  that  of  the  burden.  If  the  entire  weight  was 
raised  vertically  to  a  height  h  about  the  point  of  departure, 
kA  should  be  added  to  the  quantity  nK(€  +  a) ;  and  if  the 
load  is  drawn  along  a  route  on  which  it  experiences  a  resist- 
ance denoted  by  f,  which  is  a  certain  fraction  of  its  weight, 
there  will  result  another  addition  of  work  to  be  done  equal  to 
yI,  in  which  /  denotes  the  length  of  the  route(/). 

689.  In  calculating  the  effects  of  machines  in  motion,  it 
is  frequently  usefril  to  distinguish  the  velocities  which  are 
common  to  all  its  points,  and  also  those  that  are  relative  to 
their  different  points.  For  this  purpose,  let  x^pyZ  he  always 
the  coOTdinates  at  the  end  of  the  time  /,  of  any  point  whatever 

whose  mass  is  m ;  -rri-TT^  -tt  will  be  the  components  of  its 

absolute  velocity  at  this  instant,  and  the  coordinates  of  this 
same  point  will  become  x  +  dXyy  +  dyiX  +  dz^  at  the  end  of 
the  time  i  +  di.  Now,  the  motion  of  the  system  during  the 
instant  ift,  may  be  decomposed  into  a  motion  of  translation 
and  rotation  common  to  all  its  points,  in  which  their  distances 
are  invariable,  and  into  particular  motions,  in  which  these  dis- 
tances undergo  suitable  variations.  Let  d^x^  d%  d'z  denote 
the  increments  of  or,  y,  z,  which  arise  from  the  common  mo- 
tion, and  dfly  dj/^  d^z^  those  which  result  from  the  relative 
motion  of  m,  then  we  must  have 

dxz^d'x  +  rf/t,     dyzzid^y  +  rf^,     rfz  =  dz'  +  d/i. 

Likewise,  relatively  to  this  same  point  m,  let  ufj  i/,  u/  be  the 
three  components  of  the  common  velocity,  they  will  be  given 
functions  of  f ,  Xy  y,  z,  and  will  be  respectively 
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IP 


thow  of  in  reUdve  rdodty  will  be  likewi 

^     <y     <£ 
dt'    dt'    dt* 

to  that  the  components  of  its  abeolnte  vdocitj 

«*'_«..''/'     '^-wj.^''     ^--^j.**^ 


dt  * 


and  by  differentiating,  there  will  reanlt 


**• 

d»  ~d*  "^ 

*•* 

d*z      db' 

dd^ 

if. 


which  will  be  the  accelerating  forces  of  tfab  point  at  b  tbr  «* 

rection  of  the  axes  of  the  coordinate^ ;  the  diffcrentLiI^  rroi^r 
to  t  being  taken  with  respect  to  thi^^  variablt*  Ami  to  ihe  o 
ordinate*  jr,  y,  r,  considered  as  functions  of  f . 

If  this  point  m  is  constrained  to  more  on  a  «urta«7r.  vL*^ 
mav  bo  either  fixed  or  moveable,  but  whose  form  i*  inraru:^- 
it  should  remain  constantly  on  thi«  surfiic«\  in  virtue  o:  lv 
motion  common  to  all  the  points  of  the  '*y^tem.  If  i  =  •'•  '• 
the  equation  of  thi<  surface,  L  will  be  a  given  functi.-*-.  r: 'iv 
coordinates  of  m  referred  to  the  moveable  axe^,  whi*:*i  p*.-:x-.- 
pate  in  the  common  motion,  and  this  quantity  mav  Iv  irhir^- 
into  a  function  of  the  time  and  of  the  coordinates  i^i  m  rtfVr-t«. 
to  fixetl  axe*,  that  is  to  say,  into  a  functitm  of  r  r,  f.  : 
Equation  i.  =  0  ought  to  subsist  when  tht*^^  hnir  vv^a:^ 
are  replaced,  either  by  /  4.  r//,  x  +  rfx,  y  +  <fy,  c  -f  cir.  ;=  :^ 
ab>olute  m(»tion  of  w,  or  by  /  +  c//,  x  +  «''''*  p  -+■  «f^.  -  -*►  -'•'• 
in  the  omunon  motion  of  the  system.      Thereforv,  il  i-.i:. :«  ^ 
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small  quantities  of  the  second  order  are  neglected,  we  shall 
have  simultaneousIy(^) 

dt  ^  dx       ^  dy    ^^  dz  ' 

and,  consequently, 

dhjdL.dLj         ^  .  . 

This  being  established,  we  now  proceed  to  investigate  the 
sum  of  the  living  forces  due  to  the  relative  velocities  of  all  the 
points  of  the  system,  and  to  compare  it  with  the  sum  of  living 
forces  which  result  from  their  absolute  velocities, 

690.  For  this  purpose,  let  us  resume  the  general  formula  of 
No.  531,  from  which  equation  (a)  of  No.  680  has  been  de- 
duced, and  let  us  successively  arrange  the  terms  of  this  for- 
mula with  respect  to  the  different  descriptions  of  forces  which 
may  act  on  the  system  that  is  considered.  In  the  first  place, 
let  p  be  one  of  the  given  exterior  forces ;  as  Sp  is  the  projec- 
tion of  the  displacement  of  its  point  of  application,  on  its 
direcdon,  which  projection  is  considered  to  be  positive  or  ne- 
gative, according  as  it  falk  on  the  direction  itself  of  m  or  on 
its  production,  we  shall  have,  as  in  No.  681, 

m{xBx  +  YSy  +  zSz)  =  pSp, 

for  the  part  of  the  above  cited  formula,  that  results  from  this 
force  p. 

Likewise,  let  r  be  the  mutual  action  of  two  points  of  the 
system,  whose  masses  are  m  and  nt^  r  the  distance  fnm\  of 
which  R  is  a  certain  frinction ;  then  as  x,  y,  z,  a/,  ^,  z'  are  the 
coordinates  of  m  and  m\  we  shall  have 

and  if  Sr  be  the  variation  of  r  which  results  from  their  incre- 
ments Sx,  Sy,  Szy  ixfy  S/,  dz'y  wc  shall  have  likewise 
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rSr  =  (x  -  xO  (Sjt  —  ?'') 

+  (y  -  yO  (8y-  Sy')  +  (•'  -  «0  (?-  -  *-'»• 

The  compoiieuts  of  the  force  r  i4>plie(l  to  thr  poiat  ■.  «-j 


be 


i»z  =  ±  (--7— )■» 


and  those  of  the  same  force  applied  to  the  pout  in'. 


hence  there  results 

m{\cx  +  Ycy  +  zcr) 

for  the  part  of  the  general  formula,  nhich  ari§r^  fmnn  th** :  •.** 
R  ;  in  this  the  superior  or  inferior  sign  ha^*  pLice,  accv>rTi:*x  *« 
this  force  is  repulsive  or  attractive. 

If  the  point  m  is  constrained  to  remain  on  tfao  %^:^^-ir. 
whose  equation  was  denott^d  by  l  =  0  in  the  prtvt^ir.^  r-s- 
ber,  and  if  w  Ik*  the  element  of  this  surface  com'*|>»»r.tiin;  •• 
the  point  m  at  the  end  of  the  time  f,  and  n^i  th<^  ^-«i«u::or 
which  it  experiences,  this  force  will  be  norinal  to  ihr  irti*^ 
position  of  111 ;  therefore  its  components  will  lie 

m\  =  wrv-y-,     m\  =  mi  v  -—,     mz  n  wi  ^  --. 
dx  dti  ,:z 

in  uhich  \vc  make,  for  conciM?ne»*, 
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=m^m<^)r 


and  if  we  also  assume 


(S** + !»' + S »-) = ««■ 


there  will  result  oiuStt,  for  the  term  of  the  general  formula  that 
arises  from  the  resistance  oiu.  The  £Etctor  u  will  express  this 
resistance  on  the  unit  of  surface ;  and  Sk  will  be  the  projection 
of  the  displacement  of  m  on  the  normal  to  the  element  w ;  the 
sign  will  be  doubtful  in  consequence  of  the  radical  v,  and  Sk 
is  to  be  regarded  as  positive  or  negative  according  as  the  pro- 
jection of  the  displacement  of  m  falls  on  the  direction  itself  of 
the  resistance  oiu,  or  on  its  production. 

Besides  the  normal  resistance  of  the  surfieu^e  on  which  the 
point  m  is  constrained  to  move,  it  likewise  experiences  a  tan- 
gential resistance,  that  arises  from  the  friction  against  this 
surfieu^ ;  if  this  force  be  denoted  by  oiF,  and  the  projection  of 
the  displacement  of  the  material  point  m  on  its  trajectory  by 
S»,  faYis  will  be  the  corresponding  term  of  the  formula  of 
No.  531. 

In  consequence  of  this,  the  formula  may  be  written  as 
follows : 

in  which  the  sum  2  of  the  first  member  belong^g  to  all  the 
points  of  the  system,  and  the  sums  2  of  the  second  member 
extend,  the  first  to  the  points  which  are  subjected  to  the  action 
of  the  extraneous  motive  forces,  the  second  to  the  mutual  ac- 
tions of  all  the  points  of  the  system  taken  two  by  two,  the  third 
and  fourth  to  all  the  elements  of  the  surfaces  that  in  moving 
resist,  and  produce  friction.  This  being  established,  if  the 
sole  condition  that  restrains  the  motions  of  the  entire  system, 
be,  that  a  part  of  the  points  of  the  system  are  constrained  to 
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exist  on  these  surfaces,  all  these  poii 
as  entirely  free,  and  Sj,  iif,  Sz,  the 
nates  of  any  point  whatever,  may  be  s 
we  pli-ase. 

691.  In  till'  first  plate  we  will  mi 

in  which  carc  the  displaeement  of 
that  which  has  actually  place  during 
have  at  the  wme  time  ir  =  dr,  and  < 
bv  dp,  du,  dt,  which  denote  the  pr 
placement  of  the  point  m  on  the  d 
wV,  wF.  If  the  velonty  of  any  pmi 
denoted  by  r,  then  since 

d*i.       d*u.        rf*j 

«''''  + 5?* +  5?" 

equation  (b)  will  become 

i  d.  Swir*  =  2P»//f  :*:  SkJ/-  + 
IK-nce  we  -ihall  obtain,  l>y  intcgratii 
ii:»ir'—  ?.  2<hA' =  SSV'//'  -^  I'^tidr 
in  wliicli  tilt*  iiileffnd*  an"  MipjviMii 
commeiK'i-inciit  of  the  motion,  k  Ik-ii 

Tlio  ti-rm  5Sl'<//<  fOinpri*".*s  the 
tbiit  iH'lonj;*  to  the  wcittln  of  ih*-  - 
be  dcnott-tl  by  n.  and  the  vertifal  1: 
centre  of  ^[ruvity  fall-*  in  the  time 
tipml  to  IIC- 

Wbi-n  tbediManivH  ol'tbc  jMiint^ 
■tillered  eontinue  invariable  during  tl 
am)  the  term  J^n/r  will  disitp|H'ar  fi 
ra<M-of  II  rtin<l.  tiiioterrn  eompri>H,->  X. 
repuUioii-  of  ii*  [xiinl*.  whit-h  ex 
lanec-:  it  iiUo  i-ornpri>fs  iKom-  mui 
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perly  denominated  molecular  Jbrces  (No.  588),  which  extend 
only  to  insensible  distances,  and  which  produce  those  interior 
pressures  of  which  no  account  was  taken  in  forming  equation 
(i).  The  value  of  this  integral  jSR^/r  depends  on  the  change 
of  form  and  on  the  condensations  or  dilatations  of  the  fluid 
during  its  motion ;  and  for  the  very  small  variations  of  density 
which  have  place  in  the  liquid,  it  may  vary  very  considerably, 
on  account  of  the  molecular  forces  or  interior  pressures  that 
result  from  it  (No.  576). 

The  sums  Scuutfti  and  SoiFiff  that  occur  in  the  two  last  in- 
tegrals, are  themselves  double  integrals,  which  extend  to  all 
elements  such  as  oi,  of  the  resisting  and  rubbing  surfaces.  If 
the  part  of  the  system  which  produces  friction  by  moving 
against  one  of  these  surfaces  is  a  solid  body,  the  force  oif 
will  be  independent  of  the  velocity  of  this  body,  and  propor- 
tional, for  each  element  such  as  oi,  to  the  corresponding 
pressure,  which  is  equal  and  contrary  to  the  resistance  oiu. 
If  this  part  of  the  system  which  produces  friction  is  a  fluid, 
the  force  wf  will  depend  on  its  relative  velocity,  and  will 
be  independent  of  the  pressure  (No.  456).  When  the  surfiice 
of  which  L  =:  0  is  the  equation,  is  immoveable,  the  projection 
of  the  displacement  of  m,  on  the  normal  to  this  surface,  will 
be  cipher,  since  the  point  m  b  constrained  to  exist  on  this 
sur&ce ;  therefore  we  shall  have  du^O;  in  consequence  of 
which  the  integral  ^S^vdu  will  disappear ;  and  if  besides,  we 
do  not  take  into  account  the  friction,  equation  (i)  will  be  re- 
duced to  the  ordinary  equation  of  living  forces. 

692.  LfCt  us  now  assume 

in  which  case  the  displacements  of  the  points  of  the  system 
implied  in  equation  (h),  are  their  relative  displacements.  Let 
dfif  d;Uf  d^  be  the  projections  of  the  relative  displacements  of 
the  points  to  which  the  forces  p,  u,  f  are  applied  on  their  di- 
rections ;  dj>f  d/Uj  dfi^  will  be  the  values  of  Sp,  Sti,  S«,  which 
correspond  to  those  of  St,  Sy,  S^r  that  are  employed.     More- 


|l  TUB  rRINCIPLS  or  LITIKG  roscsa 

0«W(  an  lli«  other  parU  <f  J",  ttp,  tfs  of  the  toMl  4 

ill,  4§,  lis,  arc  8uppo««<l  nol  to  iaflnence  the  i 

ef  th*  poiats  of  the  HVAlnn,  Ir  will  be  changed  inca  lfc>4 

natU  lir.  m  in  th«  prrcvdinj;  number.     Cootcqaenlhr.  4M 

liM(A)«iUbMOM 

If  tk>  nWn  >dad<r  If  tk>  pifal  a,  *■  a^M* 
»Mcli«w^^.^.te<iMti*tr»„  Willi 

«ad,  by  affwditiiy, 

Hnwe  we  shall  have  in  ^rtoe  of  eqaidaai  ^ 
S^d^  +  ^rf^+^rf^ 

Moreorer,  if  w«  subatitate  d^,  dg^  i^  a  the  vxfnA 

for  %%  of  No.  690,  in  order  to  <d»tufi  that  of  4,n,  we  aUI  ki 

which  will  be  cipher  in  rirtue  of  M)natioii  (g).     EqoitiM  ( 
will  luume,  by  mewu  of  these  raluct,  Um  faiw 

/dW  dr'  ^^      \ 

irf.2-.r;  +  E«(^ ''''  +  ST^-*  +  ^0 

=  rpdj»  ±  S«dr  —  ZKTd^ : 
and  by  tiilegratinff,  there  will  result 
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'Smv*—  I  Ymk*  =  $  Spd,p  ±  $  SRrfr  -  $  S«Fd>   ] 


(1) 


in  which  the  integrals  are  reckoned  from  the  origin  of  the  mo- 
tion, ki  being  the  initial  value  of  r^ 

693.  This  equation  (1)  will  make  known  the  increment, 
during  the  time  t^  of  the  semi-sum  of  living  forces  due  to  the 
relative  velocities  of  all  the  points  of  the  system. 

If  in  the  general  formula  of  No.  531,  we  make  the  hypo- 
thefflfl  which  has  conducted  us  to  equation  (e),  that  is  to  say,  if 
we  substitute  d^^  d^y^  d/s^  instead  of  Sx,  Sy,  iz^  we  shall  have 

CM*,  in  consequence  of  what  precedes(A), 

»^.,-=  X.  [(x  -  ^^  *{^ -%)<•,*  {^-''^;\ : 

in  wliich  2,  the  sum  that  occurs  in  the  second  member,  is  sup- 
posed to  extend  to  all  the  forces  that  act  on  the  points  of  the 
system,  with  the  exception  of  those  forces,  that  arise  from  the 
nofinal  resistances  of  the  fixed  or  moveable  surfieu^es,  and  which 
are  made  to  disappear,  by  means  of  the  values  assumed  for 
&r,  5jf,  &r«  Now  if  u  denotes  the  force  whose  three  compo- 
nents are 

^      (       du'X        (       dv'\        (       dw'\ 

^l^-5r>  H^"5r>  "^v^irh 

and  dxh  the  projecdon  of  the  relative  displacement  of  its  point 
of  application  on  its  direction,  we  shall  have 

the  upper  or  lower  sign  has  place,  according  as  this  projection 
d^  fidls  on  the  direction  itself  of  the  force  h,  or  on  its  produc- 

VOL.  II.  4    K 


oM  TU>  rsiMCtrLt  or  uviko  foiicm 

lion.     Thcn*»«.tfUilbe6ntCT»«B«MiW>b» 
iivtadJ^ht  eoiplayed  in  th«  MWOiul,  we  thall  ota» 

in  «Ud  tbe  nun  ^udjk  b  lai^oMd  to  extend  M  iC  &■ 
Wiving  Catcn  of  the  sy^Uin,  ud  Uw  wm  Xi^/  u  all  At  »^ 
rislu^  forces. 

1^  last  e<{uatiiiti  i«  in  &ct  eqoation  (1),  tmMnted  air 
a  diflercDt  form.  It  ft|>p««n  from  >  eootpariaan  af  it  «A 
cqoatloi]  (d),  thai  th«  principle  of  fivitig  fcrccs  HImwm 
taim  witb  respect  to  the  reUtive  Tvlodtics  of  tKc  pou 
sj-^ten,  such  m  thry  ban  been  defined  in  No.  6*^. 
ihnt  the  given  fonc«  f  ond  a  m  rvpboed  bj-  otb« 
and  L,  wbii^  depend  on  the  Sr<  and  on  tbe  notiaa 
to  all  tl>e  poinu  of  the  syMem.  W«  are  indeblad  tt 
riolis  far  tbis  tbeomn.  It  may  be  uMfolIy 
^neatjooi  wUdi  do  not  bU  under  tk«  Imd  of  I 
and  for  nrbicb  tbe  reader  i*  refertvd  to  a  ■ 
twent^MbMntnaberaftbeJoama]  of  (be  riljTiifcJi 
•a  tbe  piindple  of  UHn^  (ana  In  the  relative 


<94.  JSwIr  the  term  that  rcnhn  ftoa  tbe  aetiaa  «f  ■ 
adtar  fareet,  is  tbe  sane  In  tbe  two  eqaatloaa  (I>  aad  fT)2j 
AaWMtpnt  ibe  term  that  ariaet  ft—  the  Hetlaa  in  a 
Mme  in  tbe  absolute  and  rclatiee  notioB  nf  tbe  tj 
contequentlf,  it  doe«  not  nndogo  any  Aaage  a^ 
from  one  eqntioa  to  tbe  Mher;  in  tin*  eaae,  tbts.  if  it 
cood  of  tbew  cqnatians  be  tiken  fron  tbe  finl,  w«  Aal 


is.(c--r,')-a.(*'-V)=S»(*- <*)        1 

If  the  forc««  r  an  ladooibU  10  tlw  ai%bti  sitba 
parte  of  tbe  ■yatem  i  and  if  n  denoUi  tbn  entiiv 
C  the  venicnl  hrifchl  dcwribed  bjr  tta  eeativ  of  pvritT 
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the  tune  ty  in  the  motion  codunon  to  all  its  points^  it  b  easy 
to  perceiye  that  we  shall  likewise  haTe(t) 

Moreover,  if  there  is  only  one  resisting  surfiace,  and  if  it 
be,  for  example,  a  plane  that  moves  parallel  to  itself,  the 
given  motion  of  this  plane  may  be  assumed  for  that  of  the 
eommon  motion  of  the  system,  for  it  satisfies  the  two  condi-* 
tidns  of  No.  689 ;  it  will  not  produce  any  change  in  the  mu- 
tual distances  of  the  points  of  the  system ;  nor  will  it  prevent 
the  points  that  are  in  contact  with  this  moveable  plane,  from 
raudning  on  its  surfiu^  Besides,  it  is  evident  that  as  this 
motion  is  perpencUcuIar  to  the  moveable  plane,  it  will  not  have 
any  influence  whatever  on  the  relative  velocities  of  the  points 
which  slide  on  thk  plane,  nor  on  the  trajectories  that  they 
describe ;  hence  it  follows,  that  the  resisting  work  arising  from 
the  friction  against  this  plane,  will  be  the  same  in  the  absolute 
and  relative  motion,  as  is  implied  in  equation  (m).  In  order 
to  amplify  sdU  more  this  equation,  the  motion  of  the  I'esisting 
(dalle  is  supposed  to  be  uniform ;  so  that  all  its  points  describe 
perpendiculars  to  its  initial  position  with  a  common  velocity, 
which  should  be  rendered  invariable  and  independent  of  the 
action  of  the  system  on  tins  plane*  Its  components  i/,  t/,  uf 
will  be  constant,  and  we  shall  have 

If  this  vdodty  be  denoted  by  a,  and  the  angle  that  its  direction 
makes  with  that  of  gravity  by  a,  we  shall  have  also(A) 

Z'  SI  oleosa. 

Moreover,  let  q  denote  the  pressure,  at  the  end  of  the  time  /, 
on  the  entire  sur&ce  of  the  given  plane,  and  acting  in  tlie  di«> 
rection  of  the  velocity  a.  Then  the  resisting  work  corres- 
to  this  force,  taken  in  a  direction  the  opposite  to  that 


640 


ON  THE  PRINCIPLE  OF  L 


in  which  it  acts,  that  is  to  say,  to  t 

■will  bo  —  5q«'//.  iluring  the  cnntini 
tegral  being  suji[h>so(1  (o  raiii>h  witl 
if  the  factor  a  be  taken  from  under  i 
S£wl-(/«  =  -  € 
for  the  value  of  the  last  tcnn  of 
become 

lEw»(jf -*,»)  —  iSM(r»-  r,*)  - 
The  velocity  r,  is  the  resultant 
estimated  in  a  direction  contrary  t 
therefore,  t  denotes  tlie  angle  that  t 
r  makes  with  that  of  a,  wc  »hall  hu' 
r,'  =  r'  —  2acca 
and  if  £  denotes  the  initial  ^'alue  of 

hence  there  result* 

this  itiaiiee-*  oiiii.itixii  ftu  iiit<i  thr  J 

ivhen  ri  the  t'aetor  ei<mni«ii  t<>  al!  ii< 

memi-ment  aiul  fml  nf  ilie  linn-  ;,  i 
all  llie  iN.im<  i'tl!ie»y-iim.  .-(itn.i 
dieular  tn  tin-  ::ivfii  jiKirir  :   ih.-  jir 


tity  III 
..t'll..-. 


Ill)), 


|.r..l,.,v,l  i, 
,|.irl,.i..  ll,.- 


inl.--v.ll    (,|.ft  i.  111,. 


^ 
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first  sum  oyer  the  second,  increased  by  the  quantity  n/cos  a ; 
80  that  the  preceding  equation,  which  expresses  this  equality, 
may  be  r^^arded  as  a  verification  of  our  analysis. 

695.  When  h  the  velocity  of  each  ptnnt  of  the  system  is 
suddenly  changed  into  the  velocity  v,  the  action  of  the  system 
on  the  given  plane  will  become  a  percussion ;  during  an  ex- 
tremely short  time,  n^  cos  a  the  effect  of  the  gravity  may 
be  neglected ;  so  that  the  quantity  of  motion  destroyed  by  the 
plane  will  be  the  excess  of  SniA  cosS  over  Sun;  cosc. 

If  the  system  is  a  solid  body  situated  above  the  plane,  and 
which  continues  in  juxta-position  with  its  sur&ce  after 'the 
shock,  roose  the  component  of  the  velocity  v  will  be  the  same 
at  this  instant,  for  all  the  points  of  the  body,  and  equal  to  the 
eonstant  a ;  therefore,  if  equation  (o)  be  differenced  with  re- 
spect to  ^,  we  shall  have 

ncosa=:  q; 

and,  in  &ct,  as  the  velocity  of  the  plane  is,  by  hypothesis,  in- 
variable, the  accelerations  produced  by  gravity,  which  would 
have  place  in  a  direction  perpendicular  to  its  surface,  must  be 
continually  destroyed  by  its  resistance;  consequently,  this 
force  must  be  equal  and  contrary  to  the  component  of  the 
weight  n  in  this  same  direction,  to  which  component  the 
pressure  q  should  be  equal. 

We  may  remark  that  when  the  angle  a  is  obtuse,  the  sign 
of  the  preceding  value  of  q  is  minus.  But,  it  was  supposed 
above,  that  the  direction  of  the  pressure  exerted  on  this  plane 
was  the  same  as  that  of  the  velocity  a ;  and,  if  the  contrary 
was  the  case,  the  sign  of  q  should  be  changed  in  all  the  pre- 
ceding equations.  Now,  as  the  pressure,  in  fact,  takes  place 
in  a  direction  contrary  to  that  of  the  velocity  a,  it  follows, 
that  when  the  angle  a  is  obtuse,  the  value  of  q  must  be 
—  ncosa;  or,  in  other  words,  this  value  must  be  always 
equal  to  n  cos  a,  abstracting  from  the  consideration  of  the 
sign. 


Mt 
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G9G.  (^ualiDn  (o),  wUck  b  vrideat  ia  UmeU,  viB  m 
■tlodrivnatne  tbc  pm«iR on  r pUoe  as  (!^.S7K«fi 
rein  which  u  nctoatcd  bjr  a  vdtwity  e<|«al  la  «.  in  a  d 
pcipendiculv  u>  tbi«  pUuie,  and  wUcb  AraetiotmaltM  I 
cqnal  to  a  with  that  of  gnfity. 

For  p«»UT  doamcM,  wo  tliaU  wppoao  Am  iki 
liici  from  a  TOMel  tbrouffh  a  horiaoatKl  orifieav  tmd  i 
fomu  bdow  the  oonUaetioa  of  the  vdn  (  No.  S*S\  a  ■ 
cyliiuicr,  all  wboM  pointa  ue  octnalMl  by  a 
TeWily,  which  w«  shall  dcaote  by  t>     We  i 
that  the  level  of  the  liquii)  as  kept  at  ■  e 
VMAel ;  by  which  mean*  the  Telocity  y  k 
of  th«  time. 

Tlie  voa  retains  its  cyliulriad  form  and  die  i 
as  br  aa  cd,  a  horizontal  »«ciion  I 
distance  aborc  thv  pbnc  ab  ;  it  will  tbni  i 
plane,  ami  will  CTcntually  flow  orcr  it.  After  iW  lifv^ 
certain  time,  the  fluid  will  attain  to  a  | 
which  the  velodiy  of  each  molecule  will  only  depend  tm  i 
pUce  that  it  occupies,  and  where  the  | 
whatever  of  the  plane  ab,  will  be  al»o  liiili  \n  aihal  if  | 
time.  It  is  in  this  state  tiiat  it  is  ptopoaul  to 
the  total  prrssnrc  that  is  cxetled  on  the  entire  aofta*  «Ci 
plane. 

Tbtf  part  of  this  prcMorr  that  k  due  to  ibc  wrfgfct  ttM 
liquid,  will  be  the  eompoaeat  of  tbit  welf[fal  cMharieri  b  • 
rection  petpendicnhr  to  th«  plane  ab,  with  Ibr  < 
the  part  of  thii  oBe  we^hi  that  ts  mniaei  by  iW  ■ 
the  reaael  (ma  wUcfc  tbe  liquid  flitwi.  Aa  il  w^  ho  i 
easy,  in  each  partkolar  caae,  in  take  )i  iato  at  lu— i,  m 
here  abatmot  froai  the  oansidrntiaa  of  it,  Md  ea^iqa^tff 
make  (I  a  0  in  eqaattoo  (o).  It  is  fvideM  thai  in  ifce  i^v 
IbmkcMf  and  Zmvcosi,  we  may  also  omit  tlw  ewawki^Bw 
•ftbemoleealeaoftbeliqaidthal  an  sitiuicd  afaava  cai,  m« 
they  alwaya  retain  the  «me  rcknly. 
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fiMrenoe  of  these  two  sums  to  disappear.  Finally,  if  the  dia- 
meter of  the  fluid  vein  is  very  small,  the  thickness  of  the 
liquid  stratum  will  be  also  very  small,  to  an  inconsiderable 
distance  about  the  axis  of  the  vein.  At  this  distance,  the 
relative  velocities  of  the  points  of  the  stratum  will  be  sensibly 
parallel  to  the  plane  ab,  throughout  the  entire  thickness  of 
the  stratum,  or  what  comes  to  the  same  thing,  their  compo- 
nents perpendicular  to  this  plane  will  be  equal  to  a.  More- 
over, this  part  of  the  fluid  that  is  comprised  between  ab  and 
CD  will  be  much  more  considerable  than  the  part  adjoining  to 
the  axis  of  the  vdn,  if  the  sur&ce  of  the  plane  ab  is  very 
great  relatively  to  the  section  cd  ;  we  may  therefore,  without 
sensible  error,  assume  a  to  be  equal  to  the  vcosc,  the  compo- 
nent of  r,  the  velodty  of  each  point  of  the  fluid  contained 
between  ab  and  cd. 

Hiis  being  established,  let  c'd'  be  another  section  of  the 
fluid  vdn,  made  above  cd,  and  such  that  the  volume  com- 
prised between  cd  and  c'o'  may  be  equivalent  to  the  volume 
of  the  fluid  contained  between  ab  and  cd  ;  and  let  the  time 
that  the  first  volume  of  the  liquid  takes  to  traverse  the  section 
CD,  and  to  occupy  the  place  of  the  second  volume,  be  denoted 
by  0,  then  if  the  sums  2mA  cosS  and  Smv  cosc,  of  equation  (o), 
extended  to  all  the  points  of  the  second  volume,  be  supposed 
to  refer  to  the  beginning  and  end  of  the  time  9,  since  at  the 
eommenoement,  all  these  points  were  situated  above  cd,  and 
consequently,  are  actuated  by  a  relodty,  which  makes  an 
angle  a  with  the  velocity  a,  we  have  for  any  point  whatever, 
such  asm, 

kifiyf    S;=o»    AQosS;;;7eoaa. 

At  the  end  of  the  time  f,  we  have,  as  has  been  already 
stated, 

t;cosc  so, 

for  any  point  whatever  such  as  m,  of  the  liquid  contained  be- 
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!;  the  upper  sign  has  place  when  the  plane  moves  in  the  di- 
rection of  gravity,  and  the  lower  sign  in  the  contrary  case. 
If  a  =  0,  and  -y  be  the  velocity  due  to  the  height  h,  and  g 
the  g^vity,  we  shall  have 

Q  =  2gpch ; 

60  that  in  this  case  the  pressure  q  will  be  equal  to  the  weight 
of  a  portion  of  the  cylindrical  vein,  the  length  of  whu.*h  is  A. 
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NOTES. 


CHAPTER  I. 

(a)  From  equation  (1)  we  obtun 

f  J  — jpjghdt  =s  mdv  —  mfdv', 

which  becomes,  by  reduciug  the  6rst  terms  of  the  first  member  to  a 
common  denominator,  and  putting  dv  for  —  dt/  in  the  second, 

——-ghdt  =  (m  +  fn')dv,  •,-^^-^—^^gh: 

now  if  in  the  equation 

dt) 
we  substitute  this  value  of  -j-^  there  results 

at 

which  is  equal  to 

''— V  (m  +  wO//'  j^        m  +  m'      //'     ^    * 

mfl 
and  when  m^/  =  m/',  this  expression  becomes,  as  /^= — , 

(6)  The  quantities  of  motion  lost  are  m .  (a  —  c)  =  m'  (a'-f  c), 
from  which  we  obtain 


NOTES.  (549 

couseciucntly, 

2  mvdv  +  2  m'v^dv'  =  2  Rf/r,  •/  ?/ii;*  +  wV  =  2  ^  Kdr  +  c'. 

(  f)  By  the  law  of  Mariotte  we  have 

R  :  A'w  ::  a  :  r,  •.•  R  zz . 

r 

[fj)  As  in  general y(r,  a)  =  ^  ftdr  +  c',  in  this  case  we  shall  have 

C*  dr 

f{r,  a)  zi:  —  V  kujn  .  —  +  c'  =  —  Afw  log  r  +  c'. 

Now  when  r  =  a,./'(^i  a)  zz:  0,  •.*  —  A'a;  log  a  +  c/zz:  0,  and  c'  =z  Aw 
log  A)  consequently* 

{h)  See  the  discussiun  of  this  point  of  the  question  in  the  21st 
Number  of  the  Journal  of  the  Poly  technique  School,  page  191. 

(i)  From  the  equation  mv^  wVinO  we  obtain  v'^: ^,  and 


inv 

at  the  mouth  of  the  piece  where  r  =  v,  v^  =  V,  and  r  =  /,  we  have 

f;**v* 
%'-  = 

i«"  iiv  nv  ^  a. 


-  ,'.•  mv»+m'v'*z=mv«H =  ^ ; — -  wv*  =  2Ara;a lo":  - . 

(A)  The  diiTorential  of  v-  relatively  to  a  is  evidently  equal  to 

f^liicli,  since  in  the  case  of  a  maximum  it  is  equal  to  cipher,  giv(>s 

I        I      • 

log-iz:  1,  •/  -=iff,  ami  as  c  ir  2,71828,  it  follows  that  a  is  some- 


°a 


what  greater  than  ~. 

(/)  When  mMs  at  rest,  tt  is  equal — : ;,  and   if  m'  be   consi- 

^  ^      wi  +  m' 

dcred  as  infinite  relatively  to  m  this  expression  is  cipher. 

(/)  In  the  first  case  the  actual  motion  impressed  on  m'  is  equal  to 


tiim'v 


J,  which   becomes,  when  m'  is  so  small  that  it  may  bo  ne- 


tn  +  m* 

glectcd  relatively  to  tn,  equal  to  f/iV;  in  the  second  case  the  actual 

motion  impressed  on  m'  is ; -,  which  becomes,  in  the  sanio  sup- 

position,  equal  to  2m'i\ 
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then  Uken  between  the  limits  r,  —  r,  is  reduced  to  ^5rr%  and  con- 
sequently, 

which  becomes,  by  substituting  for  i^  its  value  6* ^ifi,  and  re- 
ducing f— 5-(oV— ar*)cLr,  the  integral  of  which  is  L---f  _ —  V 

and  when  this  is  taken  between  the  limits  jt  =  a,  x  =  —  a,  there 
results 


■^V8  "  6J"""~15 


(c)  -7T^«  +  day  =  — ^  ^ -^ ,  the  other  terms  of  the 

series  being  neglected  as  infinitely  small. 

(<0  (r  +  c/r)«  -  r»=  2r«/r  +  c/r»  •.•  ^(r  +  dr^dx  -  5rr»(f*  =z 
2wrdrdx  +  wdr^dx ;  this  last  term  is  of  the  third  order,  and  may  be 
n^ected. 

(e)  See  No.  84. 

(/)  In  this  case  we  have 

|x  =  ^S  (2«*  -  **)*cLr  =  ^  S(4aV-  4ax»+  ar*)  dx  = 


^^4aV-flar*+:J)  +  c, 


which  when  taken  between  the  limits  xzrO,  jr^a,  and  reduced,  be- 
comes the  expression  in  the  text,  and  when  «  =  2a,  it  is  equal  to 


2  \3 


,^  .  ,  32o»\       8iroo» 


(^)  By  multiplying  and  dividing  the  value  of  |x  by  fi  ^  a,  we 
obtain 

(/3*  +  a/3»  +  a«j3*  +  «»/3  +  a*)  =  (as  a«  =  a,  fl^  =  6), 
the  expression  in  the  text. 

(A)  /)"  =  d"—  (dcos3)*  =  jr"  +  y  +2f*  —  (xcosa  +  ycos/3  +  xr 
cosy)"z=jr»(l  — co8a^)  +  y(l  — co8'/3)  +  2f*(l— cos'y)  —  2jr^cosa 
cos/3— 24r;arco8a  cosy—  2y^ cos/3  cosy,  which  is  equal  to  the  expres. 
sioa  in  the  text. 


(I)»«i»iyiiil|  II  <i<«q— ii 
Ikaa  (I)  b«  xillipliaa  br  a,  I,  o,  ia| 
rma  «iB  b«  mMllnM  (1), 

(t)  B;No.S77ntan>,  =  a 
taliaf  fet  %  a',  «*!  thoit  imm.lin  i 

wkU  i>  nMMlj  Ika  amli^  a 
(Jrewllia4>  ■f.ycMICM^'  -  sifal) 
s=  by  ntaitDtiag  z  nd  T  fcr  IWr  < 
»"•♦+■ 
lh«  liiniiMiiM  far  jr,  nd  *,  Htj  W 
hcMS  w«  «nd<BUj  obtab 


is  wfakb  if  ««  nbililato 


^ 


Cara 


■in*^  we  ebtun  MjnalMHi  (b). 

(0  y  =  xcosCtiniJ' 4-^ 

£,  =:  jriinlsini^  -|-^: 

--■  Yi,  =  a^iii*co»6iin'iJ.  +  -*3'«t''S- 

-|-«jrc«s'tMni^4-  ^cos*! 
=  jH.iiii#co»jtin'<{f -t-2v<^MDf  cotja 

consequently  if  we  HikHtilule/Tor  i**i 
all  the  terms  into  two  expracsiom,  o 
cos),  *.nA  the  other  the  factor  coil- 
in  the  lest,  will  be  obtained. 

(m)  DtTtdtng  both  side*  of  thb  U 

(A'  (cos*  ^  -  sir."  i;-)  +  u-r)  "•":'«' 

in  which  if  we  suhslitute  for  cot  iti,  sii 
fV.(l-.,-)+[/-/)... 
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t^xt.;  and  if  in  the  first  equation,  their  values  be  substituted  for 
sin  ^{r,  cos\f/i  it  becomes 

and  if  all  these  terms  be  divided  by  cbs*  0,  there  results 

=[(/-*)«^+2A'«+«'-&]-4^^+(?'«+/)=Cy'«+/)-»«"g'<'). 

V  1  +«• 

and  by  substituting  for  °      ,  there  results, 

/!  +  «• 

[(/-A)u'+2A^«+jr-A](/'«-^)  .  ^„  .  ,, 

_  (^««+y*)'(/'«-y)'- (!  +  «*)  . 
[*'(!-«') +  (/•-«')«]•        ' 

multiplying  both  sides  by  the  denominator  of  the  6rst  term  of  the 

first  member,  ind  -we  obtain 

[C/-A)ii'+2V«+(^-A).]C/»«-/)+(/««+/).[A'(l-ti')+(/-^)«] 


_  i9'^  +/')  if^-s/y-  (»+»•) 

-       h'(\-u*)  +  (J-g)u      ' 


now  It  is  evident  from  inspection  of  this  equation,  that  its  first  mem- 
ber can  be  resolved  into  two  factors,  one  of  which  is  1  +  ^'y  from 
which  it  is  easy  to  obtain  equation  (d). 

(»)  In  this  case  we  have  by  equations  (1). 

=  (as  Sjr/rfm  =  SifJ'dm),  (aaf+  W)  ^x^dm  +  c&^si^dm, 

now, by  equations  (4),  we  have  aa'-|-  66^  = — cd^  consequently,  ^rydm 
becomes  equal  to  c&i^x^dm  —  ^x,*dfn). 

(o)  A  =  |m(^4.c')  No. 870,  *.'  when  6=:c,  as  in  the  presait 
case,  we  have 

A  =:  1  m6»,  and  a«  = =  m  ^— =  — = — . 

•  M  5m  5 

(/i)  The  distances  of  the  sides  of  *the  parallellopiped  from  the 
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consequently,  the  two  other  principal  axes  are  respectively  parallel  to 

those  passing  through  the  centre  of  gravity. 

(d)  X  and  y  being  considered  as  functions  of  the  variable  /, 

cLp  dy  dx  dy 

dx^z-^dtf  dysz  -jdt^  and  as  -^  =  — ^a;,-^  =  *ai,  •.•iafi/y=**tt;df<, 

ydx  =:  ^f^wdty  and  consequently,  xdy-^-ydx  =  (jH+y)  co^  =  f^wdt* 


"•*  S^ = J(t^)  '''"' 


df^x 
there  results,  by  substituting  for  --r^  and  observing,  that  in  the  in- 
tegral relative  to  cfm,  -j  must  be  taken  firom  without  the  sign  of  in- 
tegration, 

u  =  Sx</m  +  w'^xdm  +  ^{^^^\dm^dm, 

hence,  as  ^xdm  =:  ux^  and  ^ydm  =:  ^i  M,  we  have  evidently  the 

expression  in  the  text. 

,^.   dx  ^d6    .  dQ  d$ 

(J)   ■5^  =  «cosO^.  i.e.,  -y,a,  =  y^.  Va;  =  -^. 

{g)  From  the  value  of  /  it  appears,  that  when  the  axis  of  rota- 
tion passes  through  the  centre  of  gravity,  I  must  be  infinite,  and  con- 
sequently the  time  of  vibration,  in  fact,  the  oscillatory  motion  is  then 
changed  into  one  of  revolution. 

(A)  See  Philosophical  Transactions,  year  1818,  and  Whewell's 
Dynamics,  page  SMO. 

(t)  By  dividing  both  numerator  and  denominator  by  a,  the  value 

^,_Mfl^+A   ^  *««  +  ^        dl      ■■-^     ....  . 

of  #^  f  becomes  ,  •.•  t-= >  which  m  case  of  a 

Ma  u  da         H 

minimum  =  0,  from  which  there  results  a'  =:  - ,  this  value  is  evi- 

m' 

dently  that  of  the  minimum*    It  is  easy  to  show,  without  having  re- 
course to  the  calculus,  that  /  is  the  minimum  in  this  case,  for  as  it  is 
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DOW  as  o*  +  &•  =  1  -  c«,  (a'*  +  ft'*)  =  1  —  (/«,  a'^+  ft''*  =  1  -  c'^, 
2(aa'  +  W)  =  -  2cc^  2  (flo'^  +  W)  =  -  2cc",  2(0^0"  +  W^)  = 
^  fic'c'^  the  expression  given  above  becomes 

(/>"  +  /)  rf/»  =  cfc*  -  (fdd'  +  dc"  -  c«'cfc«  +  d&f*  -  c''«rfc''<  - 
2c&dcd&  —  2cc^dcd&'  -  2&&'d&d&'  =zdd'  +  dd^  +  rfc/^  - 

(cwTc  +  (/<fc'  +  c'Wc'O'- 
(«)  By  making  this  substitution  there  results 

dx  da  ,         dh   ,         dc 

dt  *  di  ^^Ui  ^      'dt 

consequently  by  adding  them  together  we  obtain 

now  the  first  term  of  the  second  member  of  this  equation  is  cipher, 
the  second  term  of  the  second  member  is  equal  to  —  r^y^y  and  the 
third  term  of  the  second  member  is  equal  to  qz, ,  consequently  we 
shall  have 

the  two  other  values  may  be  obtained  in  the  same  manner. 

(/■)  If  qXf—ryf^  '^'t'-P^^y  py^^^^n  *"d  their  values,  be  re- 
spectively multiplied  by  a>  6,  c,  there  will  result 

a«  —  -I-  aa»-^  +  aa''  —  =  a(^5r,-»y,) 
consequently,  by  adding  these  equations  together,  we  obtain 
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dc  =:  i/6cos48in\t/  -^  d^ %m^  cm^y  h  :=  cos^8in\t/cos4>  —  cos\t/sin4> 
—  hdc  =  —  ^O.(cos*^  siDS[;  cos<^  —  cosfl  sin\t/  cos\{/  sin<{>)  —  (/\{/(sinflcosd 
siotJ^  cos^^  cos^  —  siD9  cosS[^  sinij)),  (/c^  =:  (/^  cos^  cos^/  —  ^4^  sinO  .8iD\[f, 
6^  zzi  cos  ^  cos  4^  cos  ^  -}"  s^n  4^  s^i^  <N  ~"  ^^^  ^  ^  d$,(cos*i  cos*\{/  cos  4> 
-|-  cosd  8iD\{/  cos\t/  8in4>)  -f  ^/^{'(sin^  cosO  a\n^  cosx}/  cos4>  +  sin  9  sin*\[f  sin 
4>),  ifc^'sz  -  ^«.sin«,  6"  =  —  sin^  cos4>  •.•   -ft^'dc''  =  -</*.8in«0. 

CO80* 

Hence  we  obtain  by  adding  these  quantities  together,  and  ob- 
literating those  that  destroy  each  other, 

pdtzz^hdc^  Vdcf  -  V'dd'  =  -  i/0.cos<{>  +  i/\f/.sin0.sin4> ; 
the  values  of  qdt  and  rdi  may  be  obtained  in  the  same  manner. 

Qq)  For  example,  if  these  three  equations  be  multiplied  by  a,  6,  c 
rcipectively,  we  obtain 

i^dc  -f-  aa'dd  -f-  aa"dcf'  =  o^c^^ 
\^dc  +  W'A/  +  Wrfc''  =  -  hpdi 
(?dc  +  ccfdcf  +  c&'d&'  =  0 
\*^  +  a^  +  a''*)dc  +  (aa'+  66'+  cc?OrfC+  (aa''+66"  +  c&')d&^= 

dcz=,{aq  --  hp)  di. 
(/)  If  in  equations  (8),  doy  dh^  dcy  and  their  values,  be  respectively 
nultiplied  by  />,  q,  r,  and  then  added  together,  the  result  is  evidently 
equal  to  cipher ;  and  it  is  evident  from  the  equation  pda  +  qdb  -|- 
rdt  =  0^  that  when  py  qy  r  are  constant  quantities,  the  numerators 
of  equations  (4)  are  constant,  for  their  differentials  are  cipher. 

(m)  The  first  of  these  equations  is  evidently  equal  to 

substituting  forp,  and  q,  their  values  given  in  No.  408,  we  obtain 

y,p/ii  =  z^/dq  -  y,Vr  +  (py;  -  qx^,)  qdt  +  {py^,  -  rx^s)rdt 
x^4i-=z*;dr-^z^4p  +  (yjr^y-  rx^,)rdt  +  (qx/  -px,y,)pdt 
*.'  as  Sp  y/,  ^/  are  supposed  to  be  principal  axes,  the  value  of 

dr 

(n)  X,  =^'',  Y»  =^6"  •.•  S(*/Y/-y/X,)rfm=.R=^[6"Jjr^m  - 
a"^4m\  =  y(6''a  -  a''j3)  M. 

(o)  If  A  =  B,  then  the  value  of  dt  is 

X  kcdr 


dtzz 


^_aA  +  (a-.c)c>-' 
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the  integral  in  the  first  case  is 

f  =  ^lngy^*'+^"^-,  or  t  =  log^-^gEf, 
•  n«+r»+i»  n+v/n>— »* 

(/»)  In  consequence  of  the  three  first  equations  (8),  we  have 
dc  =r  {aq~-bp)dU  dh  =  (cp^ar)dty  &c.,  •/  substituting  dc  for  (a^  — 
hp)dt^  &C.,  we  obtain 

(rtfr  +  r£/c)  c  +  {hdq  +  y<^)  b  +  (iidp  +  pda)k  =  0. 

(^)  By  taking  the  squares  of  equations  (h),  and  then  adding  them 
together,  we  obtain 

C»f-(c*  4-  c«  +  c''*)  +  By .  (6«  4-  y*  +  6"«)  +  A«/>« .(a«  +  a'*  +  a''*) 
+  2cr.By.(c^  +  eft'  +  &'W)  +  2cr.A/>.(ca  +  c/a';+  d'a") 
+  2By.A/>.(6a  +  ft'a'  +  V'tt")  =  6*  +  6«  +  6"*, 

which  asc»  +  c«  +  c''  =  l,  &«  +  6«  +  6"«  =1,  a«  +  a'*  +  a''*  =  1, 
cb  +  cfh^ -{^  d'lf' =  0,  ca  +  c'a'  +  c'VszO,  6a  +  fc'a' +  6"o'' =  0, 
becomes  the  expression  in  text. 

(r)  If  the  first  equation  (7)  be  multiplied  by  sind.8in4>,  and  the 
second  by  sin ^. cos ^,  there  results 

sin  4 .  sin  0pdt  -f  sin  0 .  cos  ^  qdt  =:  sin*0.i/\{/, 

L  e.  by  substituting  for  sin d  sin  ^,  sin 0. cos ^,  their  values  given 
above, 

{$)  By  neglecting  the  products  ^x^/lniy  ^z^/inh  ^y/^/drih  this 
sam  is  evidently  equal  to 

that  is, 

^.B  +f*C4-/>*A. 

(0  By  No.  407  we  have 
uf  coBioz  =  a^'p  -f.  6^'^  -}-  &'r^  =  in  this  case  iy  and  by  substituting 

for  a",  6",  c",  their  respective  values  -^,  ^,  -^  we  obtain 

_  A/p*  +  By*  +  ci^  _  A 
A:  ""A" 
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•   t    —   •   1/5        a«.A^A-c) 

Sin*  £  =  810' 6  =: —-re — . 

Now,  w  =  V^/>*+  ^+^  =  (^y  substituting  for  />,  y,  r,  their  values 
given  by  equation  (2)),  V^«*.a  (a  —  c)  -f-  n*,  =:  (as  a*A.(A  —  c)  = 

^ — 2^-5 j,  the  expression  given  in  the  text. 

(d^)  It  is  evident  from  the  value  of  S  given  in  No. 420,  that  when 

A^B,  1  —  ^  =  -,  and  as =  — ,  when  these  values  are  sub- 

A  cos  e         c 

ttituted  in  the  expression  for  ^,  we  shall  obtain  the  value  given  in 

the  text. 

(e')  By  multiplying  the  two  first  equations  (7)  by  sinfi.cos^, 

sin^^sin^y  respectively,  we  obtain 

pdt  AinQ,cos<p  =  sin^.cos^  sin'$(f\l/  —  sind.cos'^0 
^<f<.sind.sin^  =  sin^.cos^  sin*tf(/\{/  -f-  siQ^Ain^(p,di ; 

now  it  is  evident  that  if  we  divide  these  equations  by  dt,  and  then 
take  the  second  from  the  first,  we  shall  have  the  value  of />sin$.cos^ 
—  ^sind.sin^  given  in  the  text.  In  like  manner  if  the  two  first 
equations  be  muhiplied  by  sin 9  sin ip,  sin 0. cos ^  respectively,  we  shall 

obtain 

pdiMnisin^  =  sin'^.sin*dc^\{/  —  sin^cos^.sinSefO, 

^c^.sin^.cos^  =  cos'^sin'd(A{/  -f-  sin^.cos^sinfic?^; 

if  thene  equations  be  divided  by  dty  and  then  added  together,  we 
shall  obtain  the  \a^ueofpsiBQs^n^~^-qaln9co3^gl\en  in  the  text. 
Also,  as 

f^dP  =:  sin'^  sin*fl(f\{;'  —  2sin^.cos^  sin$.dylfd$  -f-  cos*^(/d* 
^i/C  =:  cos'^sin^^e/iff*  +  2sin^.cos^.sind(3?\{/</6  -f-  sin*(pd^; 

there  results  by  adding  these  equations  together,  and  dividing  by  cU^, 

^  +  ^  =  sin«.^+5^. 

(J^)  In  the  general  expression  of  b  of  No.  281,  c^o,  t'^za  -f 
90,  i'^  ^  90,  consequently,  the  value  of  B  or  /  in  this  case  is 

/  ^  cncosa  +  f^cos(a  -f-  90)  +  m  cos 90  =  cti.cosa— jx  sin  a. 

(^)  As<  is  the  independent  variable,  if  this  multiplication  be  per- 
formed,  we  shall  have 
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sin  udu  XI         1  •  X  ^ 

=:  (by  making  cosu  :=  —  x)- 


V^l-(l+/3*)co8H*  v/l-(l  +  ^«).;i^' 

i.  e.,  by  makinff  Jc  =     ,  ^       ,     ,  ^       ,   of  which  the 

inteffral  is  — .  arc  sin  z=  v  -¥  c;  i.;  e.  — ,  arc  sin  = 

1/ 1  +  /3'*  cos  tf  +  c.    It  b  to  be  remarked,  that  when  dt  is  ex. 
pressed  in  a  function  of  9,  that  the  signs  with  which  the  numerator 
is  affected  are  the  opposite  of  those  by  which  it  is  affected  when  dt 
is  expressed  in  a  function  of  u,  because  the  d  cos .  ti  =  —  sin  udu. 
(I')  From  the  preceding  equation  we  obtain. 


Sin 
i.e. 

sin 


,t/SIS)=>/li±v/(?ireo. 


bence  we  obtain  the  value  of  d';  now  when  ^  =  a,  tzizO,  and  when 

6a 
6  :=     _  y  <  =  T,  therefore  we  have 

V^l  +  jS* 
,.»in»TV^gg>  =  l,andT,V^^^ 

A  \  Z 

'.*  T  =  the  expression  given  in  the  text. 

(fviO  It  is  evident  that  the  value  of  0'  may  be  made  to  assume 
the  forna  

a«/3«  +  a«.(l-sinWv/«^) 
in  like  manner  we  have 


a'  —  ©•  =:  1 XT  sin 


^^ — -XT  Sin'  <  V  ^-^^ ^-t 


therefore,  if  these  values  of  ^  and  a*  -  d*  be  substituted  in  the  second 
equation  (9),  we  obtain,  by  multiplying  it  by  rf<. 
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intervals  t  are  obtained,  and  it  appears  that  they  are  all  equal,  and  that 
their  common  value  =^x.f —  —J,  which  by  multiplying 

iM>th  numerator  and  denominator  by  j3  +  V^l  + /3*  becomes  the  ex- 
pression in  the  text. 

((/)  Since  in  this  case  cos  u  =  1  —  -^,  sin  ti  =  t«,  we  have 

sin  9  =  sin  a  cos  t«  —  cos  a  sin  t«  =  sin  a  f  1  —  -^  j  —  cos  a .  u. 

nn*6  =  sin*  a  (1— !«•)— 2  sin  «  cos  ai.*u  '\'  cos*a.u* ;  zz  sin'a  -f-  (cos'a 
—  sio*  «)  u*— 2  sin  a  cos  aM  =  sin'  a  +  cos  2  a»u*^  sin  2a,M  ;  cos  9  = 

eosacosu  +  sinmsinuzz  cos«f  1  —  -^  j  -f- sin  a.ti,  *.*  cosO  — cosa 


8ina.M—  -^cosa. 


(j/)  Now  if  these  values  of  ^,  sin^,  cos^,  be  substituted  in  equa- 
tion (7),  there  results 

(»n* a  —  « sin  2a  +  w* cos 2a)  -r-  =r  —  [(stn'«— ti sin2a-f-u*cos2a). 


(usin  a  —  -5-  cos  2a)— 2/3*  (u  sin  a—  —  cos  2a)'], 

and  as  powers  of  u  higher  than  the  second  are  neglected,  the  second 
member  of  this  equation  may  be  reduced  to  the  form 

-^usina  (sm'a  — tism2a) ^( — 5 — 8in'a+  2p*ti'sin*a j, 


-«(8iii'«  —  ii8in2«  +  ii'cos2a)--r;  =  2tisina.(8in'a  — tisin2a)  — 


consequently,  we  shall  have 

A  .,  .  .    ^     .     .       ^  .</»' 

8 

u*  sin*  a  (cos  a  +  4  /3') ; 

now  if  both  members  of  this  equation  be  divided  by  sin'a— u  sin  2« 

•        to 

+  ti'cos  2a,  it  b  evident  that  the  first  member  will  be  --7-  ,   and 

we  must  divide  the  first  term  of  the  second  member  by  sin*  a  — 
•  sin  2^9  and  we  must  divide  the  second  term  by  sin' a,  in  order 
that   no  powers  higher  than  the  second  may  occur;   when  these 
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€U         '^   ^     \   sina 
ow  if  in  this  equation  there  be  substituted  the  value  of  ti,  given  above, 

^e   obtab  the  expression  of  -^  given  in  the  text ;  and  the  value  of 

'4^  is  obtained  by  multiplying  both  sides  of  this  equation  by  dt,  and 

oUng  that  sin«  fii  V  ^  sr^ - icos2i3*  V  ^. 


CHAPTER  V. 

(jd)  When  the  same  face  is  always  presented  to  the  central  body, 
le  angle  which  the  moveable  describes  about  its  axis  of  rotation 
lust  be  equal  to  the  angle  described  about  the  central  body ;  in  ad- 
itioD  to  the  condition  of  equality  between  the  motions  of  rotation 
ud  revolution,  it  is  also  necessary  that  the  axis  of  rotation  should 
•  perpendicular  to  the  plane  in  which  the  body  moves. 

(6)  As  jii*+  5^+  *^=  w*>  we  have  by  equations  (3)  of  No.  405, 

OS  lOJTi  (:=  in  this  case  co8a)=:^,  and  by  equations  (I)  of  No.  418, 

re  haTe,  (as  cos  jro^r,  =  in  this  case  cos  #),  /»=  (w  cos  a)  := ; 

low  it  is  evident  from  the  equations  aoi  cos  a  =  Ap  cos  a,  Bo;  cos  /3  =: 

rcoa^  ca;cosy:=Xpcosc,  that  when  a=:90Oy  6=:90«,  c=:0,  then 

k 
i^:90^f  /BrrOOy  y  =r  0,  in  which  case  the  value  of  oi  is  — ,  in  which 

f  we  substitute  uvf  for  k,  we  obtain  w  =  — ^. 

(c)  lo  fiict,  if  the  body  when  it  commences  to  move,  satisfies  the 
»iiditioiia  here  specified,  either  all  the  three  principal  moments  a,  b,  c, 
mat  be  equal,  or  the  perpendicular  to  the  section  hbk  must  coin- 
ade  with  one  of  the  three  principal  axes,  and,  therefore,  the  other 
wo  mutt  exist  in  the  plane  hbk,  i.  e.,  we  must  have  assaszdO, 
)=»  =  90,  y=e=zO. 

(d)  Since  the  instantaneous  axis,  if  it  does  not  exactly  coincide  with 
lie  axis  of  Sgnre,  deviates  very  little  firom  this  axis,  whieh  is  that  of  the 
rtminimomwit  of  inertia,  the  constant  i  of  No.  490  must  be  real,  and 

▼OL.  II.  4  o 
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motion  of  rotation  is  towards  the  horizon,  consequently,  in  this  case 
the  curve  described  will  have  a  point  of  contrary  flexure.  The 
case  is  that  in  which  the  bullet  turns  about  the  diameter  which 
vrith  the  direction  in  which  it  moves,  or  with  the  line  of 
Kfjtki,  in  which,  as  is  stated  in  the  text,  the  resistance  has  no  effect ; 
Um  advantage  is  secured  by  rifle -barrelled  guns,  whose  effect  is  to 
render  the  axis  of  rotation  of  the  bullet  coincident  with  the  line  of 
fight. 

CHAPTER  VI. 

(a)  By  substituting  for  ^,  ^,  z  their  values  given  in  equation  (6), 
there  results 

jTcosX  =:  JTy.cosX  +  aa.cosX  +  /SftcosX  -f-  yccosX, 
ycoBf^  =:  y/C08^  -f  a.a^cosft  -f-  ^J/co&^l  -f-  ycf cos ft^ 
M.coBy  =  z,cosv  +  a.a''.cosy  +  fiJ/'eosv  +  yc^'cosy, 

eoDseqaently 

JTCOSX  4>^C08/ii.  +  xrcosy  =  ^^cosX  +  y,C08ft  +  ;cr/:osy  +  a.(acosX 
+  afco^fu  +  o"co8y)  +^  /3.(6.cosX  +  ^'cos^  +  fc^cosy)  +  y.(c.cosX 

+  c^cosjt^  +  c"  cosy), 

which,  by  putting  cosX^  cosjx^  cosy',  for  their  values  furnished  by 
equation  (4),  is  evidently  reducible  to  equation  (7). 

(b)  Since  when  the  moveable  is  terminated  by  a  point  that  touches 
the  given  plane,  the  coordinates  a,  /3,  7  are  constant,  there  are  only 
ten  anknown  quantities  to  be  determined,  which  can  be  obtained  by 
means  of  the  nine  equations  (1),  (2),  (3),  and  equation  (7). 

(c)  When  the  given  plane  is  fixed  and  horizontal,  and  b  taken  to 
be  that  of  the  axes  of  the  coordinates  x  and  y,  as  we  have  then  also, 
A  =  90,  ^  =  90,  also  ^  =  0,  we  must  have  (  =  0;  and  as  in  this 

case  we  have  also  m  -t--,  m  -^  respectively  equal  to  cipher,  there 

dir        ar 

resolts  M  -r->  M  -7-  equal  to  constant  quantities,  consequently,  the 
at       dt 

m 

luniaontal  motion  will  be  uniform  and  rectilinear,  and  the  velocity 
must  depend  on  the  horizontal  percussion  that  the  moveable  expe- 
riences at  the  origin  of  the  motion. 

(d)  As  A  =  B,  c"  =  cosO,  and  r=i»,   the  value  of  /  becomes, 
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lis  equation  will  enable  us  to  determine  the  factor  tf^  which  iu  ge- 
neral depends  on  t ;  however  in  the  present  case,  as  m  is  constant, 
dik  equation  is  satisfied  by  making  d$^  =  0,  m(l  + 1|')  =  0,  by 

means  of  this  last,  we  obtain  $^=:  ±  >/~l,  consequently,  by  sub- 
slitatii^  this  value  of  0„  there  results 

d»  zp  mV^~^dt  =  (T  ±  v/^T'>ft ; 

hence  in  the  case  of  the  upper  signs  we  obtain  by  substituting  their 
▼alues  for  t,  t^ 

dM^^m^'^x'dt  = -2^[Psinn^+ Qcosn<  +  Q  v/HTsinnl— 

PV/'^cosn<]rf< 
=  ^[P.(sinii<-y'^IT.cosnO  +  Q.(cosn/  +  y/'^.s\nnt)]dt, 
\'  by  substituting  their  exponential  values,  there  results 

Jj/-  m  V^^di  =  ^\f^\r=\. rf< .  (0  -  l/^.  ?)], 
consequently,  by  integrating,  we  obtain  (Lacroix,  No.  562) 

M'  =  «-*t/=r.  [J  5: .e— n^=»'.(0-  /3I.  p)  e"<l/=r.  A+const)] ; 
the  value  of  the  integral  under  the  sign  $  is 

A  (fi «  m)  •  \/irT  * 

now  if  R^  P^y  Q^  denote  what  b^  p>Q  become  when  I  =  0,  we  shall  have 

bV  (/"^.p'— oO 
const  =  — ^  ^ '  *- 


^    (n  —  m) .  V  — 

contequently,  the  value  of  «^  will  be  equal  to[  because =:  —  ) 

^         '  ^  V  n  — m      cny 

■y  A   ^y^(Q>-l/^P)  .  By  A   ^^,rn(V^^>P^-QO 
A  en  v/  — 1  ^   ^**'  V^ 


In  the  same  manner,  if  we  suppose  0,  =  —  v  — 1,  we  have 

dx*'  +  m y/'^z^'di  =  (t  -  V^HTtO  <// 
=  ^  [(P(no  »<  +  V^^-  cos  lU)  +  o(cos  iir  -  v/irr.  sin  nO]  flft, 
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coosequently  if  we  take  the  difference  of  the  preceding  values  of  z' 

and  z^'^  and  then  divide  by  ^  ^\y  we  shall  obtain  the  value  of  2p 
given  in  the  text. 

(K)  Dy  substituting  for  p  and  q  their  respective  values,  we  obtain 

/isiniil=  -^B'LP'sini '  ntsmnt  +  Q^cos^ -nt^innt  — 

Cl^  A  A 

R(Psin*ii<  +  QsiD'^^*  cosnt)] 

^.cosnl  =  —  bTp'.cos^ ^.n<.cosn<  —  Q'sin^ ^n<.cosn/  — 

'  c»    •-  A  A 

R  (p  cos^nl  —  Q.sinn< .  cosnt)] 

.       7    ,    /       en/  ,         ,    cnt 

•.•  0«8inn/  +  9Cosn/  =  -^b'.p'cos 1-  Q.sin r.p; 

^  '  en  A     '  A 

for 

cnt 
coat mccosnt+sinf ]nt.sinnf=cosl  i int=cos — ; 


cos 


[ ]n/.co8n/4'8in( )n<.sinn/=cosf  1 jn<=:( 

( jn/.sinn<— .smf jn<cosn/=sin(  1  —  ^ ^  Jn<=8in — ; 

it  may  be  shown  in  the  same  manner  that  the  value  of  d^  is  that 
given  in  the  text. 

(t)  By  substituting  for  cosy,  cosjx,  cosX,  in  the  values  of  P'  and 
<^y  we  obtain 

p'  =  cos  ¥.  sin  «.  sin  %'  sin  ^'  +  cos  1^.  sin  «.  cos  s'  cos  ^  —  cos  f .  sin  ^^ 

<^  =  sins,  sins',  cos  4/  —  sins,  coss^sin\{/, 
which  are  evidently  reducible  to  the  expressions  for  p'  and  q'  given 
in  the  text. 

(h)  Since  the  sine  of  an  angle  is  the  same  as  that  of  its  supple- 
ment, we  have  in  this  case  sin  I  very  small,  consequently  sin*tf  and 

*.*  0*  may  be  neglected ;  hence  we  have  cosd  =  —  (1—  —  +  &c.  j 

=  —  1,  the  value  of  cos  0  is  affected  with  a  negative  sign,  because  it 
is  by  hypothesis  an  obtuse  angle. 

(J)  Since  cos  'X  -f-  cos'/x  -f-  cos'y  =  I,  and  b  is  nearly  vertical,  the 
squares  of  cos  X  and  cos^  may  be  neglected,  and  therefore  cos  'y  =  1 . 

(m)  If  we  substitute  for  d$  and  sin  l<f\|;  in  the  value  of  cic,  and 

observe  that  -^^  =  m,  we  obtain 

en 

dc  ^  ifi[cosX  sin\(f  cos\(f  *  cosflsin^{^  +  >>"$  cos\|;  *  cos X sin 4/  cos 4/ 

—  cosfi.  cosS{/]  dt::zm  [sin  9.  cos\|;  —  cos  fji)  dt  ^  m(c'  -^  cos  /ut)  dtf  by 


en 

irtillliillin  ¥tmim  ntlmi  Urn  —A  m^/i^ttm  0S^ 

to  Mte  (fX  it  «ai  Mi  toMMMiJ  iMMto 

doMd  to  aa  taUfribto  teum,  ht,  ttm  •  coHiiHiitfM  •(  lAil 

(hM»  itaMi  it  k  cfidwl  daft  ttqr  Mgr  ■»  niHii  •• 

A' 4- 4A! + «.  (e^^eOA  s  (*  Hr  M0^« 
CflH  them  pontod  0*1,  m  e«  obtda 

ftod  ihcrafora 


.*  fay  Mdntiliiti^g  fbr 


equal  b  j  perferming  the  raolUpKcatioa 

;r'=:m.co8ifi/5cosm/.cosXd!f— m.cotm/JcotMl^^l. 

4-  m.cosifU5  V^—  l.sinmtcotXi 

—  •»  V^^l.siQml5co8ml.coftAil<'m.tbflil$eoti 

4-  ffi. sin m^Sfin ml. cos Ai//  —  msinailSiuiMl  ^^.emftJi 

%/3rT.coe^>lr 

+  M%/  —  l.sinm/^cosm/cotXilf  —  m-suiflilJeeeMl 

+  iii.sio.Ml.$sifi ml. cotA^  4- mMJN#5raai#V^.cot^; 

now  Mc'zz — ^ — ,  if  these  Tallies  of  e' and  j!^  be  eMi4 14 

it  appears  from  an  inspection  of  the  precedii^  9Mftmmmm^  thai  ^ 

terms  multiplied  by  %^^»  destroy  each  other,  te  that  th«e  re- 


mains 
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^ —  =:m.  coflmlJcosm^co8X•(/l-4'  fti.cosmijsinniicos^/ 

in  like  mmnner  as  c  =  — 7=='»  ^y  taking  the  difference  of  the  pre- 
ceding Talues  of  M^  and  ts^'^  and  dividing  by  2  ^  ^  1,  we  obtain  the 
▼nine  dcyor  8in0.8in\(f|  given  in  the  teit.  With  respect  to  the  va- 
lues of  the  arbitrary  constants,  as 

jr'=«-»n^'=T[Jm€«'V^.(cosA-  /^ . cos f*) di  +  c"], 

z''=«««t/^[5m^-«'V^.(cosX-h  ^^^ .  cos  f^)  dt  +  C], 

if  A|  and  b,  denote  what  cos  X,  cos  jx,  become  when  <  =  0,  we  shall 
have  (as  m'^m"  zzO  when  ^  =  0,) 

•.•  CS-^^^+  C»«— "'1/^=  A,  («^t/^-|-«— "'I/-*) 

+  B,  V'"^  (.sr-^'V^^  —  «-^~)  =  2a,.  cos  mt  4-  2B,.8in  iw<. 

(o)  In  this  case  we  must  have  d'  =  0,  consequently  the  terms 
multiplied  by  Ar,  A/,  in  the  values  of  siuO  cos\(f,  sindsin\|;  must  dis- 
appear, and  as  m  is  very  small,  the  variations  or  deviations  from  the 
iiorisontal  plane  must  continue  very  small  during  the  continuance  of 
the  motion. 

(jii)  This  series  is  that  which  arises  from  integrating  5  cosX  cosmi<f< 
by  parts,  for  if  we  put  ds  for  cos  Xdt^  we  have,  by  partial  integration, 

$coe  midlr  =  cosmtr-f-  mjsin  mixdt  =  (msin  nU  ^di—m^cosmt^xdi) 
^cosm^cosXdt  +  mmmi^cosX^f^fK^cosnU^^^cosXdf'  —  &c. ; 

and  it  b  evident  from  its  form,  that  when  the  variations  of  cosX  are 
very  rapid  relatively  to  those  of  sin  nU,  cos  m/,  that  this  series  must 
converge  rapidly,  and  may  thus  be  reduced  to  its  first  term ;  but  this 
is  the  same  thing  as  if  cot  m<  was  regarded  as  constant  in  the  integral 
$cosXcotmi.ift. 

Now  when  Ar,  k'y  are  respectively  equal  to  cipher,  we  have,  by 
considering  sin  mi,  cos  mi,  as  constant, 

sin  9  sin  \(f  =  «  m-nt^mi  $  cosimH  +  m.sin  mi.cosutt  $  cos  xdt 
—  mcos'in/$cosju^—  m.  sin  mi  cos  mi  J  cos  X  J/ 
=  —  m.  $  CQSf»di  • 
The  value  of  un  lco8\(^  can  be  obtained  in  the  same  manner. 

VOL.  II.  4  r 
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and  siuce  jt  =:  (^  when  <  =  0  we  have 

(v)  And  since 

therefore^  dividing  by  /S,  we  obtain  the  value  of  y,  given  in  the 
text. 

(jr)  Since  all  forces /ii^  act  in  parallel  directions,  it  is  evident, 
as  they  cannot  impress  any  rotatory  motion  on  the  body,  we  must 
have  ^*p^9  SX^^y  respectively  equal  to  cipher,  and  as  the  moment 
of  the  resultant  is  equal  to  the  sum  of  the  moments  of  the  compo- 
nents, we  have  ns^  =  ^hxpd^t  and  *.*  x^  =  0. 

(y)  It  is  evident  from  what  is  established  in  No.  57,  that  when 
^jcdff  =  0,  ^dc  =  0,  the  origin  of  the  coordinates  jt  and  ^,  coincides 
with  the  centre  of  gravity  of  b. 

(jg)  When  the  two  centres  of  gravity  exist  on  the  same  vertical, 
Jjn/tf'  =  0,  ',*  p  must  be  a  constant  quantity,  consequently, 

p 
p^dr  =  p,  i,e,  pb  zz  py  and  *.*  P'^^t* 

(a')  We  have 

which  by  substituting  for  P  its  value  My,  gives  the  expret»sion  in  the 
text. 

(I/)  In  this  case,  if  each  of  equations  (1)  be  squared  and  then 
added  together,  we  shall  have 
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(J"')  Since  cosj3.  cosS,  cos  a.  sintf  ==  by  putting  for  cosj3,  cos  2 
their  respective  Yalues, 

\dy       ^  .    1     fdx       .^  ,   dv    .    .        Adx    rdb 
-^cosfl  +  -.(5j..co8.*  +  j^.«n9.co.«j5^.^ 

f  we  substitute  these  expressions  in  equations  (3),  we  obtain  (as 

=  u^'-S-^^^W^b ^Tt  = 'he  exprewioD  .n 

;he  text,  by  substituting  u*  for  do'  -|-  ((y*,  and  —  for  — . 

(g^  It  is  evident,  from  a  consideration  of  equations  (4),  that 

---  divided  by  -7-  being  equal  to  —  -^,  is  also  equal  to  -rr  divided 
n"  ar  t*  or 

dy  ds  dy 

i>y  -^9  consequently  we  have  ;^=  tans.^  «  being  an  arbitrary  con- 

(tant,  and  «  =  -^(1  +  tang's/,  hence  there  results 

!f5!cf/=  ^-^         and     •^  =  -^iZ^:i-. 

<*•  (l  +  tmD>«)*  A       (l+tang»«)*' 

n  the  same  manner  it  may  be  shown  that 

d!jr  ^  (a  —  hg,t)  tangs 
A""  (l+tang>«)*    ' 

rhese  values  ^^"ip  "^^^  evidently  equal  to  those  given  in  the  text, 

rnd  by  squaring  them,  and  then  adding  them  together,  we  obtain  the 

ralue  of  u  given  in  the  text. 

(h')  If  both  sides  of  thu  equation  be  multiplied  by  di^  we  shall 

lave 

^  _      y^     hg.dti     d9 

di  ""      1?'(a^hgtydi'* 
lence  there  results 


NOTES.  683 

(d)  From  the  three  first  equations  (4)  we  obtain,  by  multiplying 
tbem  hy  eoBOf  cos|3,  cosy  respectively, 

—  +  ifcosa  +  veoBfi  +  wcoty  =  ucosa  +  vcos/3  +  wcosy = 9,co8  hg/, 
that  is, 

«     ,(^C0SH0L  +  yC08H'0'L')    ,     ,  .  . 

-  2m'^ 4 ; +  9. COS  HOL  =  O.COSHO/. 

(tf)  In  the  first  equation  (7),  when  V  =  0,  we  have 

,        Ml  cos  HOL 
0,  cos  HO*  = ; 7-  , 

*  M  +  M' 

now  if  Uf  in  consequence  of  its  density,  may  be  neglected  with 
respect  to  m^,  the  denominator  of  the  preceding  fraction  may  be 
considered  as  infinite,  relatively  to  its  numerator,  consequently,  we 
shall  have  0|=:O;  when  the  bodies  are  perfectly  elastic,  the  first 
equation  (8)  ^ves  in  this  case, 

,       (m  — mO^'COSHGL 

0,  cos  ho/  =  ^^ T — ; ; 

and  the  second  member  of  this  equation,  when  m  is  neglected  rela- 
tively to  M',  is  reduced  to  —  0 .  hgl  ;  the  value  of  the  second  equa. 
tion  (8),  is  in  this  case 

«.  ,    n,  2mO.COSHOL 

0/  cos  H'o'r  = — ; — , 

*  M  +  M' 

:=  to  cipher  when  m  is  neglected  relatively  to  m^  The  preceding 
cases  strictly  obtain  when  m,  whether  perfectly  elastic  or  soft,  im- 
pinges on  a  fixed  obstacle. 

(/)  Since  Mo'zr  Ma  —  2uhb,  consequently,  a'=  a  ^  2A6,  and 
by  what  b  established  in  No.  886,  we  have 

|Mc'a  =  Mac,  jMc*fl/  =  Ma'c,  •.•  I  Mc*(a— a')  =  Mc(a— a')  =  2AM6c, 

hence  we  obtain 

a's  a ,  and  •.•  a'+  ca/^a  -^ca,^  7hb, 

c 

(g)  When  the  absolute  velocity  of  the  point  k  is  comtanUy  ne- 
gativOy  its  initial  velocity  a  +  ca  and  its  final  velocity  a'  -{-  ca'  are 
both  negative  ;  consequently,  as  a'  4-  ca'i=  a  -f-  <?ft  +  ^^^>  a  -|-  ca 
most  exceed  Ihb. 

(h)  Since  the  final  velocity  of  r  is  supposed  to  be  equal  to 
cipher,  we  have 


i 
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(t)  By  «<|iutioiis  (6),  «nd  on  tlw 

—  •^llCCMa  + VCM0  — WfCMCt— ff,( 

+  ic'co«y'  — !«,'«»•  a'— •,'! 
ifhich,  combined  with  thb  e^uslion 
text. 

(k)  By  multiplfing  tlw  Ihrao  firs 
cosy,  rnpectiTBlj,  wa  oblaio,  bj  add 

-N(co^«  +  co^/ 

from  which  by  aubilituliiig  A  for  it*  t 

thf  iijirnMJnn  in  the  tuL     In  tiki  i 

tiou  (a)  bo  mulliptied  by  coio,  eo»$ 

■ddod  together,  there  reRdu, 

N{co»'«+coe'j3 +co^)+ K'^coia  CO* 

^ .  ((«,  cot «  +  V,  cof  ^ 

i.  e-  K  +  N'  COS  J  —  fi  (■,  CO*  a  4 

Hence  the  first  equation  (b)  becomes 

N  +  N'cosi  K  s 

=  * ,  and  — 

[I,  M 

therefore,  from  the  firal  c<iuation,  «e 


and  from  the  terond. 


-\     --  +  , 


nice,  by  comparing  iheie  (wo  value* 
piven  in  ihe  tcit. 

CHAITKll 
(fl)    If  Ihi-  wei):lil  of  ihc  siring  be 

I  hy  llitcc  forn-*,  iianii'k.   the  tno  ii 
i.  »eii;iil.  a,-tt.ipat  llii-  .cntrr  .ifim 


^ 
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(b)  Since  the  elements  are  proportional  to  the  lengths,  if  the 
element  at  the  point  m  be  denoted  by  f*,  we  have 

g  ^' 

(e)  By  substituting  in  the  first  equation  (1)  its  value  for  t,  we 

obtain,  as  err  =:  ^-r-i  and  d(jc  +  u)  ^  ds, 

iiid  in  the  second  equation  (1),  as  rf.T-^z=rfT-~  4.  t  -^,    there 

^  as  as  as 

results,  by  substituting  for  t  and  c/t, 

that  is, 

^        \dx  dsj  ^      ds      gl  dt*      ' 
lience,  as  by  hypothesis,  we  may  neglect  'j'-r'*  ^^  obtain 

dy       dy 
IS  we  may  substitute  ;7^for  •—,  this  equation  is  evidently  the  same 

IS  the  second  of  equations  (2). 

(d)  See  Lacroix  Traite  EUmentaire^  No.  319,  the  equation  may 
>e  reduced  to  an  integrable  form,  also  in  the  following  manner  : 

Since  -:i^  =  «*T^>  if  to  each  member  there  he  added  a -3 — ^, 
aP  aJT  ax .  at 

ve  have 

lence,  if  we  suppose  ~  +  a  -^  =  z,  we  have  evidently 

dz         dz        dz  ,.      dz     . 

'  to  each  side  there  be  added  -r-.</«r,  there  results 

dx 
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(g)  III  this  case  it  is  evident,  that  the  ordinate  uf  the  (urve 
must  be  a  maximum ;  and  when  the  initial  velocity  is  cipher,  i.  e. 

when  A'jr=0,  -5—  =  -^ — ,  \'  fy  zzvx,  and  the  value  of  1/  in  equa- 

aJC         dz 

tion  (3)  becomes 

anid  the  function^expresses  the  original  form  of  the  string,  i.e.  ihc 
form  when  <  =  0,  consequently  f  is  known,  and  from  equation  (5) 
wehave/?+/(-^)  =  0. 

(h)  In  like  manner,  after  the  time  equal  to  -,  the  form  of  the 

a 

curve  is  the  same  as  at  the  commencement,  with  its  position  inverted, 

3/   bl 

and  after  the  lapse  of  the  times,  — ,  — ,  &c.,  the  figure  will  be  the  same, 
if  we  suppose  a^  ==- we  have  the  figure  the  curve  assumes  in  tlie 

mi 

middle  of  the  times  between  the  extreme  positions,  which  have 
been  just  discussed;  in  this  case  when  there  is  no  initial  velocity, 

jf=j[/f  JT  +  -J  +/^ar  -  -j J,  and  since  by  equation  (3)y*^x--j 
=  •"•/*(  o~*)  there  results 


^=C/('  +  0-/(^— ). 


the  abiciflsse  indicated  by  ;r +  »  tnd  ^  —  '  refer  to  points  at  equal 

distances  from  the  middle  point  of  ab,  if  in  the  original  form  of  the 
curvey  the  ordinates  for  the  portion  between  the  middle  point  and  b 
be  greater  than  the  ordinates  for  the  portion  the  middle  point  and  a, 
L  e.  if  it  is  not  symmetrical,  then  the  part  of  the  curve  which  is  to  the 
left  of  the  ordinate  that  passes  through  the  middle  point,  will  bo 
above  the  axis  ab,  at  the  middle  of  the  time  of  a  vibration,  and  the 
position  of  the  portion  which  is  at  the  right  of  the  middle  point  will 
be  below  ab,  and  similar  to  the  other  portion  inverted,  so  that  in 
this  case  the  string  is  never  rectilinear.  If  the  ordinate  raised  at  the 
middle  of  ab  divides  the  curve,  in  its  original  position,  into  two 
equal  and  similar  parts,  then  the  ordinates  corresponding  to  the  ah- 


NOTES.  689 

(0  — g^  =  5j=  ^q:^  =  MT-«')(A  +  M-,  which  when 

I*  18  neglected  becomes  the  expression  in  the  text,  and  as  by  No. 

d>u 
48^  T—w^zq—f  by  substituting  this  value  of  t  —  w  we  obtain 

i 
1  ^^9^f  consequently,  when  9  =:  1,  ^  =  A.  in  which  case  the  ratio 

1  +  ^:1  becomes  that  of  2 : 1. 


Notes  to  Paragraph  II. 

(m)  As  $1  is  by  hypothesis  the  entire  increase  of  length  of  the 
rod  when  subjected  to  tension  A,  ^^is  the  increase  of  length  of  the 
part  dx  of  the  same  rod.  No.  288,  therefore  we  must  have  t  :  A : : 

du :  ixts,  *.*  T  =  J .  — ,  and,  consequently,  ^  =  -^;  now  when  x=0, 

the  eqnaUon  of  motion  is  -^ ~  •  -^  =  by  substituting  g .  -7— ,  for 

dh$      pdhi 

(»)  That  thb  value  of  u  satisfies  equation  (1)  is  apparent  at  once 

rfHi  dH$ 
by  taking  the  values  of  — ,  -jj^^  as  in  note  (i),  and  substituting  them 

in  equation  (1) ;  it  is  likewise  evident  from  inspection  of  this  equation, 

Uut«=Owhen,  =  0..nd^  =  0,when,  =  /. 

OX 

du .       . 
(o)  In  taking  the  value  of  -j-  in  this  case,  it  is  evident  that  the 

two  first  terms  in  the  value  of  u  need  not  be  taken  into  account, 
and  the  thirB  term  becomes,  when  differenced  with  respect  to  t, 

=  .C   yjg^dx,  and  the  fourth  term  when  differenced  with  respect 
to  this  same  quantity  is 


•ZlWcos—T-A'a^  )-r.  costirxcos— r-: 


.,^  .,»,=.  u ...  ^  .»„  ,. ... ,-» ,r*. 


690  NUTKS. 

(p)  Beyond  a  the  exlenl  of  the  on 
*— B,  the  functioiii/(*— alX  F(*— « 
the  qnantitiea  o  uid  t,  they  have  •  fiui 
<  —  O)  then  ibej  become  cipher  ags 
the  agitatioa  of  the  pmnta  Ntuated  oi 

mencee  when  <  = ,  nd  il  hMt  tl 

2a 

during  ui  inlerral  of  time  ^  — ,  ud 

at  the  Min«  time,  is  caatpriied  belwe< 
so  that  its  length  is  2a.  *.*  u  iheeite 

time  the  same  in  all,  namelji  —  the  i 

cities  will  depend  on  the  equation  v= 
Nee.  660^1,8,3,4,5, 6. 

,  .  „.       <fo      d»  dm 

exact  differential.     Lacrois,  261. 

yoltg  to  Pitnttn 

(i/)  As  i'J'  =  h  froiD  J-  =  0,  to  J-  : 
ihis  interval  ^hc,  snrf  aa  from  j*^ 
Hr^l  ^.-Vi/j-'  ill  this  same  inl.-r^al  is  A 
from  x  =  0  lo  .r  = /,   ^J.'jVr' =  A. 

iiilofral  of  ;V  cos—  ./r"  from  j-=iO 
from  J*^c  In  j':^/,   ifaii  iiilegral  is  . 


(i)  .Sou  llio  cipruuion   for 

.i.,T  =  ,,4'i,>.iiir,.,..,„;. 
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(#)  Jjr'.cos— J-. — J—  =  or* sin —J 254:^. sin— r—. lu/,  now  — 

SJTSin— 7—. oari^-r-*  Jr COS — s -r-«ScoB    ■   aJri  := — -r-i.sin — j—  ] , 


^  II  i         tit  I         i^v*         I 

which  when  taken  between  the  limits  of  {  and  0,  is  reduced  to 

ftp 

7— costVy  /  being  substituted  for  je'^  hence  bj  putting  this  value 

in  the  preceding  equation,  we  obtain  or  =:  ->  ^ .  £  -  cos  tV .  sin  —p, 

It       t  9 


wx         d  1 

md  by  making  -p  =  9,  ~=:<*2-  cos  tV.sin .  td,  therefore  by  substi- 

luting  for  t  all  integer  numbers  from  t  =  1,  to  t  =  x,  we  shall  obtain 
(by  remarking  that  costir  is  alternately  —  1,  and  -4-  1),  the  value  of 

-  furnished  by  equation  (3). 

(t)  This  value  of  v,  when  t  is  either  cipher  or  an  even  multiple  of 

— >  results  from  the  equation  sin  -j-. cos— y-=^ sin  tV  ( — j—  )+i sin 
tV.  [  — 2 — ] ;  and  if  in  these  last  terms,  l^&  be  substituted  for  c,  they 
liecome  ^  sin  tV  ( j j,  ^siniVf — ^— 1  which  are  respcc- 

lively  =  f  costx.  sm  nr.  (  — j—  )  — ^cosiir.sinix.l  — J —  1. 
(«)  By  substituting  these  values  in  equation  (4)  there  results 

,  =  >+»v,-l(»-v,[..(?^)-,.(f^')]  =  o„ 

substituting  c  for  /  —  &,  and  remarking  that  l:=c  +  (/)h'. 

ixx 
{v)  When  x  =  /,  then  cos  — j-  =  cos  iV  =  (—  I)*,  consequently 

the  value  of  v  is  that  given  in  the  text. 

(x)  This  appears  at  once  from  the  consideration  sin  -j-  cos  —j- 

,    .   tWc  +  x)  ,    .   .    iV(c  — x)       J  ^,    ^  /     i\. 

—  ^  sin  — 1— : — ^  +  ^sin  — ^ ^,  and  that  cos  ix  =  (  —  1 )«. 

(y)  In  the  second  case  of  No.  495,  when  a  is  Gxed  and  b  is  free, 
the  first  member  of  the  value  of  u  vanishes  by  hypothesis,  and  the  se- 
cond becomes  by  substituting  —k  for  ^'.r  = 


dM  niM  ^m  ^nm  hi  Ait  mt. 
and  tkm  dibrMMad  rilh  nipwl  to . 


that  U,  diTiding  by  <£«,  and  rabililati 


*  1 

therefore  MtMtilnting  Utor  difiBi«Bl  i 
(6). 

(a')  By  tnUtituting  /  -  e'  br  < 

(».-.m;-hx-o,„^„_„. 

(».-l)|=o. 
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Notes  to  Paragraph  IV. 

(a)  As  the  varitbleft  Are  by  hypbthesb  independent  of  each  other, 
it  is  evident  that  when  l  =  0,  is  developed,  as  pointed  out  in  the  text, 
the  coeflBcients  of  each  of  these  variables  may  be  put  separately  equal 
to  cipher,  and  they  must  consequently  contain  one  independent  va- 
riable less  than  l  =:  0,  the  g[iven  equation  of  partial  differences. 

(&)  If  we  suppose  in  equation  (a)i  that  dzizt  ^h,  and  also  that 
the  coefficients  P,  o,  r,  &c.  are  functions  of  jr,  then  we  have 

u  =  P(f— A>>  +  ^.(t-^hy  +  K.($'-h)y  +  &c., 

and,  by  substituting  for  u  in  equation  (b),  we  obtain 

aP.(<-A>»-i  +  ^.Q.(t^h)^\  +  7R.(<-A)'r-J  +  &c.= 

now  in  order  that  these  two  series  may  be  identical,  we  must  have 

^  (fip  rf*Q  cpR 

a  =  0,  /3  =  1,  7  =  2,  &c.,  andQ  =  a^  2R=a  ^,3s=za—, 

Sec ;  and  it  is  evident  from  inspection,  that  all  the  coefficients  de- 
pend on  the  first  P,  which  alone  remains  independent,  if  we  call  it 

oiiPSje  a*d*Sjt        .  •     •      • 

AXf  then  Q  s     .^  ,  R  =    ^   ,  and  so  on ;  hence  we  obtain  the 

Talue  of  «f  furnished  by  equation  (c). 

If  now  we  suppose  ^  =  (x— A),  and  *.*  the  coefficients  of  series 
(a)y  namely,  p,  q,  R,  &c.  to  be  functions  of  ^,  we  shall  have 

•1=  P(*-A)«+ Q(jr-Ay  +  R(jr-A)T+ &c., 
and  by  substituting  them  in  equation  (b),  we  obtain 

+  «./3<|3-  l>Q.(#-Ay-»  +  a-y.(y- 1)  R(x^h)r-^  +  &c. ; 

since  the  exponents  a,  j3,  y,  ^,  &c.  constitute  always  an  increasing 
teriesy  in  order  that  these  two  series  may  be  identical,  the  first  term 
of  the  second  must  disappear,  consequently  we  must  have  either 
a  =  0,  or  a  =  1 ;  in  the  first  case,  the  other  exponents  /3,  y,  3,  &c. 
must  be  the  even  numbers  2,  4,  6,  &c.,  and  in  the  second  case,  they 
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by  taking  the   values  of  —7-,  -^jj-,  &c.,  -^,  ,   &c.,   and  ar- 

raaging  them  iDto  series  proceeding  according  to  the  powers  of  x^ 
we  can  obtain  the  series  (c). 

(tf)  By  multiplying  both  sides  of  this  equation  by  dt^  there  re- 
sults 

dy  loff  p 

—  =  aa^dl^  and  •.*  ,-2 — =  €ia%  and  •/  p  =  a«««'«,  &c. 
p  log  A 


a;« 


(/^  This  is  evident  by  substituting  for  r-^*  its  value  1  —  y  -|- 

_  4tc,  for  then  «-•••  w^-»  =  a;**-*  —  a;«+*  +  «;*'»+»  -  c«>*~i  * 

•f-  &c^  and  when  these  terms  are  respectively  multiplied  by  du)^ 
and  integrated  between  the  limits  oc  —  a,  each  of  the  terms  is  ci- 

Soc 

(g)  By  performing  this  differentiation  with  respect  to^,  and  dividing 

by  <fr>  ^®  obtain  C         r-«^«'  a;*c^  =  i  -«>  ^         e-«r-Vrfa;  =  -^^  -» , 

J—  oc  ^  J—  00  2*  ^» 

Se—t»*ufidw:=-^r^>-:2^  &c.,  consequently,  the  value  of  the 
—  «  2*     ^ 

n^^term  wheng  =:  1,  is  that  given  in  the  text ;  this  formula  evidently 
gives  k  =  Y-5-T 5 r  \  «"•'  u^dwy  where  n  may  be  any 

positive  integer. 

(A)  If  in  formula  (c)  we  suppose  each  term  to  be  multiplied  and 

2n  p    oc 


Afh  n     OC 

divided  by  equal  quantities,  namely,  t-ttt 5 f  \  tr^*u/^du> 

and  At,  we  shall  evidently  obtain  by  concinnating 

^=  ;^L  al^^+  1:2 ^-5?-+  1.2.3.4.rf.r^  +&cc.Jr-.>  ci., 
but  in  consequence  of  what  has  been  established  in  note  (/),  namely, 


that  \  r-»*  w**-"  <ia;  =  0,  we  may  evidently  introduce  in  this 


value  of  tt  the  terma  2  V^a/  -^^  tr-^'wdwy  Satx/at  -^^ 

dx  J—  «  dx*  J^ 


OC 
X 


M(  KOTU.  I 

e—'  afitui,  hCn  ^  dMy  an  re^twlitaljr  m/uA  to  e|4«i  i^» 
<liienlt;,  the  valuo  n  ms;  aHuu*  tfc*  bfm  givaa  iB  uu. 

(0  As  ^f-^  oxj^  =  —  -     b;  ]Mrti«ll7  buimaff  IW  i^«  W 

-  J<— •  cc  +  s./S)  j;7^+g_\.— •>-l»+«-«'S»*. 

conseqtienll;,  m  the  6r«t  terat  of  llitt  *«caad  m»mL«t  of  Ai*  i^» 

lion  vAnitlio*,  «rtt  luvii  lh«  vilua  o       '  «qml  lo  ikal  of  ■  -—  . 

(it)  Wlioii  ibo  radii  of  lb«  itit«n)>r  utd  eairfia*  tmtlmemJ^ 
cjilindriol  •Uces  &  '        nd  r  -{-  rfr,  tbt  hmm  ^t^iim 

will  b«  equal  In  2  ti|ili«d  lato  ib«if  ba^ht «, «  • 

ftqiUTalenl  «-^.  g.^—  rolunrr    f  tbe  ■lice  —foti  i«  Scr""**. 

uiil  Uiii  when   itit«gnt«d  brtirF«i  ike  ttmiu  B  Mtd  x,  gnw  fc 

toluno  of  ibe  •ollr?  (urfan  of  retolaliDn  «qad  '<>  •l*^.  «*^* 

s  r,  for  UiH  Talu«  of  r— ''n^  «b«n  r  s  b  ■•  0,  «»d  pbn  v  =  4^  ■ 
i*  eifiuil  lu  ~  ^. 

This  tiIm  of  A  oMj  b«  alM  obuiaed  froa  tW  enadirtiM  Am 
if «— ■^du  be  e>MD<led  inlo  «  lerie*.  aad  if  e«cli  of  the  lefs*  h« 
int^rmted  between  the  limit*  at.  —  ix.  the  Tceoh  w9  be  a  «ns 
equal  to  the  known  Taloe  of  yir. 

W»-"*  =  I  —  — +  — —.nnimit^*' V***^+k. 
•^                   1^14      IAS"       "*      "^      T5»* 

therefore, 

•--'»'^-=(>-T+n-OT+^)(T-'-^->- 

-.-  when  theee  two  Nriee  we  Bultiplifd  together,  aad  tbes  mttfimi 
between  the  limiu  <x,  -  oe,  the  rendt  will  he  widetly  cifh«.  Fna 
•iroilar  conaideratioM  it  nwy  be  ibown  that 


Jo 


(m)  At  ro4(f +2ciw)  =  iw.caaSuv  — linxmlM,  h  i^ 
ilirutinfrlhiiPiprMtion  in  ihe  value  of  >,  aa  tbo  haeiMM  altttmi* 
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taken  from  under  the  sign  of  integration,  and  V         e— •'*  sin  2au;du)^0, 

J —  X 

ire  have  evidently  u  =  — j=-  \     #—•'  cos  2a(odu)  zr  r-**'  cos  jt,  •.• 


^     e-«'  COS  i!ae(;€i?tt;  = 


2 


(»)  SiDcecosSactf  = ^ »  when  av— lis  sub- 

stiluted  for  a,  the  preceding  equation  becomes 

JO*^     I 2 Y<»  =  -Y'^' 

(o)  As  by  supposition  l  =  0,  is  not  higher  than  the  second  de- 
gree, when  series  {g)  is  substituted  in  place  of  u  in  l  =  0,  the  result 
mutt  be  the  value  of  l  given  in  the  text ;  and  as  the  equation  L  =  0 
obtaiofl  whatever  may  be  the  value  of  <,  the  coefficients  of  ^,  f^,  e^', 
&c>  must  be  separately  equal  to  cipher,  from  which  it  appears  that 
eqiuUiona  (h)  obtain. 

(j»)  By  malpng  this  substitution  we  obtain 

+ 1  •  («^*'^+«-''*^)'+  ^  v/^  (e(MV=r_^.^rr)  y  ^  ^^^ 

=  (by  substituting  for  the  exponentials  their  values)  p  cos  \i  -|- 
gcMfU  -(-  &c.y  +  //  sin  X/  -(-  ^  sin  /x^  -|-  &c. 

(^)  When  X,  ^,  y,  &c.,  are  real,  then  a,  /3,  y,  &c.,  are  imaginary, 
and  vice  vena, 

(r)  In  equation  (i)  when  <  =  0,  in  whch  case  u  =y*(x,^,  z)  by 

hypothesis,  we  must  have  (as  cos  Xi,  cos  yJ^  &c.  are  respectively  equal 

to  unity,  and  sin  X^,  sin  fit,  &c..  are  respectively  equal  to  cipher) 

y(x,3f,  jr,)  = />  4-  ^  -4-  r  -|-  &C.,  in  a  similar  manner  it  may  be  shown 

^  =  0,  that  we  will  have  f  (x,  y,  z)  equal  to  Xp'  +  ^  +  vi-'  +  &c. 


^ 


*"'='*'7a=vki  =  {'  <•+■>'=!-») 


{■)    t„     -^       " '^^'^        [111!    ft     IIBllhfllB 

nn  «<fiMna  (&).  fl 

I  mAtm  of  Ike  rMtagH  ■•  Ww  tsk'SkJQ 


^  ftw  «7  m  nblnD 
(«)blU*caM*l 


(jr)  !■  Ike  CMS  of  a  cySudrial  rod  by  —»>-''— '^-^  far  •,  i,  t-. 
-tf=C^^av'»'-«<'V^  MM  if  w«  pM  m=i^  ilM  vM>! 
t/P^^-^ya  M^be  —lie  !<.■—■  iW  (am  '''(r^^' 
^==jlheitegr«loflW»lwaiHiriMaM»»riipiuiiil)Hiifi» 

«^-(-4>va:=?-H(««=5)XS'{(iy+^j)]VT3y-»- 


N««  aliM  «  =  f,  ^  =  I,  *.*  ■Ills 

bMWMs  dbc  bMU  I,  - 1,  the  paiM  ■■hipliei  by  v'l— /  *w<A 

aad  the  cirrvUr   part*  bieewe    ri^icmriy   g^,   . 
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qaently  the  value  of  wh^  taken  between  e,  —  f,  is  e^--,  *.*  as  a;  =  ir£% 

A  =  3,  and  6  =  oA  =  •^. 

(x)  In  the  case  of  a  triangle,  as  its  area  is  equal  to  the  base  mul- 
tiplied by  half  the  height  which  is  equal  to  Ss,  we  must  have  a;  =  Xf, 
the  integral  of  vu^du  is  supposed  to  be  taken  between  the  limits 
k^  — Ar'y  reckoning  from  the  centre  of  gravity  as  the  origin,  *.*  as  its 
distance  from  the  vertex  is  two-thirds,  and  from  the  base  one-third 
of  the  height  2^,  we  must,  in  the^r^^  case,  have  Ar  =:  )^c,  A;^  =  -f-f, 
and  in  the  second  kzz.\St  Af^ :=  f  ^ • 

(a')  Therefore  in  this  first  case  we  must  have  r :  X : :  —  4-  ^ :  2^ 

o 

•.•  vti^du  =  5- 1  — 5 —  -|-  ti^du  I  of  which  the  integral  is 

J_  r4  fti»        u^-i 
Tt  L~9~  ■•"  4"  J 

.    .    2f  4c 

which  taken  between  the  limits  -;7  and  —  becomes  equal  to 

o  o 

9  '  V*  ^  3»/  ^  2 «    \4.3«      4.3«;   ' 

2X6* 

which  after  all  reductions  is  equal  to  — q-=  w^S  '.'as  «;=:  Xc,  we  have 

,.        2f«       ,  ,    ,       afi/2 

A*  =  -^,  and  consequently  h  =  — 5 — . 

(6^)  When  the  convexity  is  turned  downwards,  we  have  vu^du  = 

5"'v — ^ —  "'"  "**''*)  ^^  '^^hich  the  integral  is  5-.  (—5-  +  T  )>  and 

4c  2c. 

when  taken  between  the  limits  k  =  -^  k'  zz.-^ii  becomes 

o  o 

/  r4»       2»-i  /       /4*       2*\ 

9La'  +  ^J''"*"  2XiU* "  3*;''' 

2X«* 
which  abo,  after  all  reductions,  becomes  equal  to  -;r— »  *.'  A*  =  -Ic*, 

and  6  =  acv  •}• 

(c^)  As  j9  and  q  are  functions  of  jr,  if  this  equation  be  differenced 

d^y      d*p  d^Q 

with  respect  to  *,  we  obtain  ^  =  ^.sinm^ftt  -|-  ^coim*6/;  and 


in  like  manner,  if  (bia  e<)uatioD  be  difl 
rupect  10  (,   we-obtun   ^  =  —  i 

now  if  we  suppoH  vt'bt  =  3,  we  hut 


((^]  For  the  inlegrati&D  oftbii 
different  iel  and  integnd  celcnliM,  page 

{*')  By  diffeTentialing  the  valui 
obtain 

^^—  LitAaax-'  A'M*coM)i>+^Biii^ 

which  becauM  it  ii  equal  to  cipher 

liLe  manner  b/  taking  the  nine  of  ~ 

now  as  the  valuet  of  j^  j^i  jii  &t 


for 

X  in  these  Taluea,  w 

can  obtain  th 

A(2si-.W 

-*-'  +  *-'>=*'(,' 

(./')   IJy  «i|.ii 

ndiiip 

lllis  prortiirl  « 

4 

-'"'+4co,m' 
0,   i.o.  M-4r 

val 
(ho 

(ff')  If  in  Uie 
iies,  and  obso 
V  are  c.|uj,  « 

uxprcssiiiii   fitr   1/    n 
ve  ,0  pu.   for  ;.  *•. 
>  sliall  oblain  .'<,uati. 

if? 

(2sinnJ- 

-2r 

.<i.«0(-'"-s 

I,ut 

wlicn  X  =  0, 

this 

x,.ressim>   I,  e 

hIi 

..  r  =  /.  it  I.. 

(omp 

--'K-r.i'cus 

whi 

h  ,*  .!«(>  .^qua 

toci 

Wr:  Ml  (he  m 
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AJT* 

(28in  m/— «^+  e-"^) (m»  sin mx  +  \n^,{f^  -  •-"«') ; 
and,  therefore, 

-j-j  =  (y^  +  e-"^  —  2co«  m/)  (m^sin  war  +  im*(e^— e-"^)  + 

(2  sin  w/  —  •"^  +  e-"^)  (m*.cos  mar  +  ^  m*  («*»»  +  f-  "»), 
which  is  evidently  equal  to  m^x. 

(f)  If  in  equation  (a)  we  substitute for  cos  in/, 

then  it  is  immediately  evident,  that  if  m  is  a  root  of  equation  (a),  so 

will  — mand  ^mV^  — 1. 

(Jc')  It  b  evident  from  the  value  of  x  that  it  does  not  involve  ^ 

d^xy      xdhs 
therefore,  "^^^-j^-^  consequently,  wheu  equation  (1)  is  multi- 
plied by  xdXi  and  then  integrated  between  the  limits  /,  o,  it  may  be 
made  to  assume  the  form  of  this  equation. 

f*  /    d*y         <Pu      (•  dx  d^y 

(''^  Jo  *  5^  "  *  ^  "  J  5;  •  1^'  ""**  '•"'•  '"*  'i"*""*y  '•  *'!''■' 

(mO  Since  by  equation  (4),  y  =  ^jr,  -^  =  ^'jr,  when  <  =  0,  if  i 
the  equation  \   xydx  =  h  cos  m'bt  -f-  H^sin  m'  bt,  and  in  its  differential 

Jo 

with  respect  to  tj  we  suppose  ^  =:  0,  we  must  have,  as  is  stated, 

\    xfxdx  =  H,  V    x^'xdx  =:  m*bW\ 

now  if  in  the  first  member  of  equation  (e),  we  substitute  for  y  its  value 
derived  from  formula  (6),  it  is  evident  that  as  the  second  member  of 
equation  (e)  contains  only  sin  m^bt  cos  m'6(,  if  such  a  root  as  tnf  is  stated 
to  be,  occurs  in  the  value  of  ^,  and  if  x'  denotes  what  x  becomes  when 

m  is  changed  into  m',  we  must  have  V    xxWjr=:0;  and  in  the  case  of 

m  =  m'f  when  formula  (b)  is  substituted  for  y  in  equation  (e),  then 

VOL.  II.  4  8 


in 


u  this  equation  obuiu  for  all  valoM 
cienU  of  the  correaponding  circular  tw 


■s:-=iSJ 


(»')  In  diBerentiating  lh«  (ecoixl 
the  differentials  of  it*  second  aumber  n 

when  ne  obtain  a  differential  of  the  forn 


hj  means  of  equation  (d)  lubtlitule  m 
the  expression  in  the  teit. 

{(/}  If  me  substitute  for  sin  m^bt,  i 

£ .  (  -rj — :—  -  — rr>  the  6m  (erm  la  ec 
the  coefficients  of  the  subsequent  ] 

(;/)  Sine 


xm^,  and  therefore  equ 


be  put  for  c"^,  e- 


l.-I 


the  ihirii  puwer  of  m, 

"=('+7'+tS+'-""+" 


T=  +  H 


wliii.li,  liy  oliUleraliii:^  ifuauliiii'*  that  i 


^ 
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•ipreitioD  if  substituted  in  equation  (g),  it  becomes  (by  taking  4m'^ 
from  under  the  sign  of  integration)  I  — - — j  I  V    (S^r—  l)^xdx  4- 

C  '  i^fzh^^fH^  (3*  _  0  divided  by  {L-^  C  ^  {^^dx  - ' 

\ljcdx+-tlx\  and  this  divisor  when  integrated  between  the  limits /yO, 

u  equal  to  (  — ^ —  j  .  ^ ;  consequently,  the  value  of  the  term  in  question 

will  be  that  given  in  the  text.  The  reason  why  we  restricted  our- 
aelves  to  the  third  power  of  m  in  the  expansion  of  the  exponential  and 
eirculju'  functions  was,  because  if  higher  powers  were  retained,  they 
would  not  be  obliterated  by  corresponding  powers  of  m  in  the  value 

of  \    t^dXf  consequently,  when  m  is  supposed  to  be  infinitely  small 

Jo 

they  would  vanish. 

(if]  In  the  case  of  an  entire  vibration,  in  which  the  vibrating 

body  returns  to  the  point  from  which  it  set  out,   we  must  have 

X*  2ir/^ 

r--ftT  =:  ihr  *.*  T  =  1 — r,  and  as  6  is  the  thickness,  it  is  evident  when 

r  6. A* 

A  is  given  that  n  =  varies  as  g. 

(f^)  In  the  case  of  a  rectangle,  if  the  base  be  2  s'  and  height  2  §, 
it  is  evident  from  the  expression  given  for  b  in  page  302,  that  the 
values  of  n  will,  every  thing  else  being  the  same,  be  in  the  ratio  of 

Mis'. 

(j/)  When  the  normal  section  is  a  triangle,  the  value  of  6*  in  one 

at  V^2  /- 

ease  is  — ^ — ,  and  in  the  other  asy  },  so  that  in  the  two  successive 
o 

semi- vibrations  the  values  of  t  will  be  different ;  however,  as  it  is 
evident  that  in  these  two  vibrations,  they  interchange  values,  the  en- 
tire vibrations  will  be  always  isochronous. 

(tf)  In  the  preceding  analysis  the  rod  was  assumed,  as  stated  in 
page  dOO,  to  be  free  at  its  two  extremities,  here  it  is  supposed  to  be 
firmly  fixed  at  the  extremity  a,  and  free  at  the  extremity  b,  in  con. 

du 
sequence  of  which  we  have  y  ^  0,  and  —zzO^  but  this  expresses  in 

general  the  angle  which  the  tangent  at  the  point  a  makes  with  the 
axis  of  Xj  consequently  when  it  is  cipher,  the  mean  filament  must 


^=0k  iiataid  «rwtMlieM  (■). 

(■0  It  N  nidMit  iWt  Milbwli 
dM,  ifasB  M  wndd  IwT^  fcr  ImIhm 


pMi|i  BM  it  ii  mUmI  A«t«OT< 

fidom  thU  if  in  •qortiM  (•)  m  m 
iaatdwUly  tiM  Int  m^ttim  (k). 

(»0  WbM  IS|««BMtlHM 


(aO  Byiirpiid^<B»hAa« 
ties  k,  «•  cbUiB  k  wIm  fcr  ria^ 

prosimation ;  but  bj  mbititatiDg  ihit 
member  of  thU  equatioD,  we  obt«a  oi 
oppemn  that  tbe  vklun  ot  9  reUlin 
than  0,01765, it  UeTidmil,  thai  theval 
differ  little  from  lb«  i(2i-|-  I)t,  oi 
leait  value  of  X  taken  iolo  account 
A  s  i  *  q:  J> 

(y)  In  Mcond  equailoD  (k),  if  w* 
hj  meani  of  the  eipretuon  br  no  f  ' 

preoion  in  the  teat  i  andt  u  in  ihia  e 

the  leatl  ralue  of  X'  which  give*  the  { 
the  other  ((uantiliet  which  exprew  I 

we  have   -=  ^  =  0.15715 1  no- il 

at  in  the  former  caae,  when  1  =  3,  : 
conlinualljp  diminish,  hence  it  followe 
of  V  will  he  f.p  odd  nultiplea  of  }  « 
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hn 
{m')  Sioce  a  =  n,.ftl  and  b  =  ah,  we  have  n  =:  2.(3,56082)  -p, 

and  by  substitutiDg  ~,  — —  respectively  for  h,  we  obtain  the  values 

of  »  given  in  the  text ;  it  is  evident  from  the  expression  V         vu^du 

^  aA%  that,  every  thing  else  being  the  same,  k  depends  on  the  thick- 
neat— See  page  301,  No.  520. 

CHAPTER  IX. 

(a)  See  Nos.  122,  126,  128. 

(6)  See  Memoires  De  TAcademie  Royale  des  Science,  tome  1, 
une  memoire  sar  la  variation  des  constantes  arbitraires  par  M.  Poisson. 

.    X     ▼  i_.  ^'     ^     ^^     d^^      C  .11 

(e)  In  this  case  -i— ,  -i^,  -i^,  -^,  Sec,  are  respectively  equal  to 

cipher,  and  as  from  the  values  of  l,  l',  l'^  &c.  -r-  =  — ? — ,  -7-  = 
^  ax         I       Off 

^--^ — y  hCf  it  is  evident  that  when  x  =  a,  y  =  /3,  z^^y,  the  equa- 
tions given  in  the  text  will  result. 

(cQ  It  a  ^  Uj  /3  ^  v,  y  ^  ic^  be  respectively  substituted  for 
Mf  ^p  M  in  the  value  of  l,  there  results 

C=  V^(a4.|i  -  a)«  +  O  +  1;  -  6«)  +  (y  +  «7  -  c)* 
-  V^(a-a)«  +  (/3-6)«  +  (y-c)« 

=  /(a-fly+2(a-a)tt+(/3-6y+2(/3-6)t;+(y-c)>+2(y-c)ir 

-/(a-fl)»  +  (^-6y  +  (y-c)« 

=  l/(a-ay  +  0-6)»+(^^)'+  (^-^>  +  (^-^)t^  +  (y--c)u. 

-  v/(a-a)*  +  (i3-6)«  +  (y-c)' 
when  the  squares  and  higher  powers  of  ti,  v,  tc  are  neglected. 

d^X         Dttt 

(e)  Now  in  equations  (4),  we  have  in  this  case  -7-^  =  -r-p  and 

--rr( 2 )»  hy  substituting  a  +  ti  for  ;r,  consequently,  by 

making  similar  substitutions  for  y,  z^  l',  &c.,  we  obtain,  as 


•"5?" 
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4 y/^g*(co8'X  +  co^ixj ^  /'j8*f'(l-  COS*y)  ^  ZBiinv 

~^  di*  "-  ^  d?         "•  ""ST"' 

(/)  The  ezpressioDs  for  6af,  Sy^  $jb,  &c.  are  respectively  grouped 
ito  quantities,  whose  respective  multipliers  are  the  increments  of  the 
BTeral  variables  ic,  v,  tr,  u\  &c. 

(m)  It  is  evident,  that  as  q  is  constant,  we  can  by  a  suitable  va- 
iation  of  ii,  v,  &,&  cause  this  quantity  to  disappear ;  the  values  of 
;,  /3»  y,  &c  in  this  case  belong  to  a  state  of  equilibrium,  because 
he  accelerating  forces  vanish  when  ti  =  0,  v  =  0,  &c. 

(n)  —  =  BNV  ^cos(*\/ £)— r),  ^=  -  RN.^.8in(^\/;>  -  r),  •.• 

r  their  values  be  substituted  for  u  — ,  t;,^,  &c.  in  equation  (a), 

here  will  result  a  common  factor  r  sin  (^v//9~r),  which  maybe 
truck  out,  and  the  terms  on  one  side  will  be  dn^,  en^^,  pn'V>  ^^*  > 
uid  on  the  other,  on,  hn',  kn'^  &c. 

(o)  When  t^ p  is  increased  by  2«',  the  value  of  8in(/V^^—  r) 
becomes  the  same  as  before,  and  the  actual  amplitude  of  the  oscil- 
ations  will  be  {m  +  6n'  4.  c^"  +  &c.)  r. 

(p)  In  this  case,  in  the  expression  for  the  amplitudes,  the  quan- 

tities  UD-y,  sin -J-,  are  the  only  terms  which  differ  in  these  ex- 
presaioiia»  consequently  the  amplitudes  are  as  these  terms. 

(j)  -r-=  BNv/pCOs(*v/p— r)e-«^  —  a>EN.8in(*V^^-r)e--<; 

-3-=  —  pENjin(*v/p— r)e-«»'  — a;V^f).BNC08^(V^^— r)e-*^ 

dr 

+  w*RNsin(<V^p— r)«^«^  —  wV^pRN  cos(^v/p— r)«^««; 

now,  if  in  equation  (e),  we  substitute  for  -j-  its  value  given  here,  as 

ci/D'^wB't  &c.,  are  supposed  to  be  neglected,  the  second  term  of  the  value 

du 
of -7-  must  be  neglected ;  in  like  manner,  as  u;*  is  neglected,  the  third 

(e)  always  obtains,  the  terms  multiplied  by  the  sines  must  be  identi- 


call;  fl<)u*l.  anJ  lik««iui  ili*  tvian  mutliplicj  bj  iIm  m 
therefore,  gi»es  al  oi^c* 

comeqtienilT, 

D'.s  =  —  SnM».  ke,i 


l 


which  mutt  be  done  when  the  otifpn  of  Um  ( 
ferred  to  the  towett  point  uf  ihc  vcrticsl  Stm 
becomci 

t*-8f«  +  ^..H.y_, 

— ? — +^+p-'' 

which,  when  i*  b  neglected,  girci  ibi  tiIiw  af  «.    No*  «  dw 
Ulloni  about  the  lowoat  point  are  MppoHd  la  ba  ««wj  e^L 
must  be  "trf  email,  and  4,^rftori,  «  amrt  be  lerj  iMall  nth  rw««r 
10  X  and  jr. 

(,)  ,=...i.(.v1-^)-.*=  .v^.„(,v^.,1= 

(whei»/  =  0)a.  V  €.e«r=:;,',  io  the  •■»•  way,  ih»«alMirf 
miinr,  Rtinr',  KcMr*  oujr  b«  obtained. and x  =  B.eoer.MlV  i 

■•■"•■  -~«^/^-^^""'>^-t-] ^'.liiwliMilMi^ 

-for  A,- for*. 
c  c 

(n)  On  theeeiuppoeitiona  (hefint  e<)DalM«  bcc«MMa«hfat=^ 
Mi=p;  uid  ill  differential  coefficMnl  beeoaaa  —  al^.MvSF- 
^r  *,  but  Mnnij'  =  0,  we  nint  haee^sO^  •  ia  iiiilmlj  Mirf 
to  dpher  when  1  =  0;  and  a*  «l  -^  =  f    m    thia    cMa^  wt  We 
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(o)  By  squaring  and  adding  the  corresponding  members  of  these 
equations,  we  obtain 

9*.  (sin*  ^  +  cos«  \^)  z=  a«  cos  t  y^  +  |3'sin«  t  y^ , 


which  as  cos* 


/-      cos2^V^f+l               /-       l-cos2<V^f 
'  V  f  =  — T^.  Bin.*  \/f  = 5 ? 

becomes  the  expression  in  the  text. 

(x)  See  WhewelFs  History  of  the  Inductive  Sciences^  vol.  i. 
p.  175.  If  V,  t^  be  the  velocities  with  which  m  and  m'  are  respec- 
tively actuated  along  the  line  connecting  these  two  points,  the  space 
described  by  them  in  dt  are  ^  dvdt,  ^  dt/dt. 

(y)  Since  it  is  evident  that  these  points,  when  only  subject  to 
their  mutual  action,  must  eventually  meet,  and  as  the  entire  spaces 
described  by  each  at  the  point  of  junction  are  in  the  inverse  pro- 
portion of  their  masses,  this  point  must  be  their  common  centre  of 
gravity ;  indeed  this  is  evident  also  from  the  consideration,  that  the 
motion  of  the  centre  of  gravity  of  any  number  of  points  subjected 
to  their  mutual  attraction,  is  not  affected  by  this  action,  consequently 
as  all  the  bodies  must  meet,  their  point  of  junction  is  the  common 
centre  of  gravity. 

(z)  By  substituting  a  +  Jt^  for  jt,  and  /3  -|-  ^p  in  the  first  equation 
(a)  it  becomes 

r.[(.+.,)^(2+l.)-(^+„),<.(?±l')]  = 

cPx,\ 

-  *•  sf} 

which  is  evidently  reducible  to 

(a)  By  substituting  for  x,  y,  — ,  -^,  the  first  equation  (c)  be- 
comes 
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wbkb  t*i<l«iitly  becomei  equil  lo  the  vtlue  nf  c  ftvaa  ta  tlw  «■! 

(fr)  Since  M  =  — q-,    tba  nla«  of  (h«   momcM  of  bmw 

Ibe  ^berft  wluch  U  equal  to  jr-fA'  =  — ^  .  aad  w  I  ii  iW  « 

•i^uUr  vclocilf,  Mil  f  tba  ddmb  radim  of  lh«  wth,  m^  sm 
oqnd  to  r,  the  fint  term  of  tl>e  MMot)  neiBbcr  of  ftifh  (fV 
(r)  B]r  rotking  thi«  Ribiilitulioti,  tb«  Ccat  c^hum*  (f)  Wm^ 

.= »[,-,w('-^)-(,-.^C-^)]= K-J- 

^,  A,  -— ,   can  ba  taken  from  under  th*  tign  X, 

arc  tho  Mine  for  all  th«  boilict  H  {   nu«   a*  gin  =  3mj;  Ah 

2MJ-,    II  follow.   thala'.jj.Hi  =  2-l'*'.   *-^"  =  5**" 

By  m<^all•  of  lliow  vfiuationa,  it  a  cmj  to  abUia  tW  silavd 

gicen  in  ih<>  flni  equation  (b). 

M  «(^  +  tJ,  +  ^)  =  ...  (^i+  *jj,+  *i,| 

but  thit  la«t  quantity  w  equal  to  —  «t.  — ^  coMiqwdy  — 1| 

A. 

—  A  b  (ho  rariaiion  of  ib«  liTiug  foax*  predM«4  bj  tW  lara 

(r*)  In  this  ca*«  to  olriain  ihg  t«rB  of  IW  tmnami  mtmkm 
aquation  (a),  that  ariaM  from  tb«  friction,  tba  e««p«a«Ma  bM 
nultipliMi  bj  d>,  dy,  Js  raapaetirtlj,  aod  it  vill  b* 
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o/lr*      (/•r.*  dx,       dx,  dx? 

dx 
from  which  as  2m  --7^  ==  0,  it  is  easy  to  obtun  the  value  of  Zmo* 

at 

given  in  the  text. 

dXf  dx      dg 

ig)  Since  2m  —•  zz,  0,  we  must  have  2m  -7-  =z  -^  2m.  and  also 
^  di  dt       dt 

dxf  dx^  dx   iit  dff 

consequently  ts  2m  -^  =  2m  -gj-  —  22m . t-  .  ^  +  2''*^»  '^  '•® 

(dxT\  do      dx  dfi^ 

-^  K  and  also  for  2-^ 2m  -^^  and  for  ^  2m, 
aC  y  Of       al  aC 

we  will  obtain  the  expression  in  the  text. 

(A)  By  substituting  dm  for  m,  and  5  for  2,  in  equation  (e),  we 
obtain  S(Aa  +  Bj  + cc)</m  =  $(a«  +  5*+c*)</m=:  A. 

(f)  fiy  substituting  their  values  for  o,  hj  c,  in  equation  (f ),  we 
obtain 

S  [(y-^/— *'Ay,)+(r.Bjr,  -pBir,)+ (/KJy,  -  ^  jr,)]</m =S[(r.(Bjr,  -  Ay,) 
^.  q^AX^-^cx,)  +p{cy, — Bz,)'}dm  =  Ap(rco8y + ^os)3  +  j^.cosa)  =  A. 

(it)  This  is  evident  by  substituting  2  Zm(a^  +  i^+  (^)  for 
2  2m  (Aa  4.  Bi  4.  cc). 

(mO  If  the  equation  2m-i^  =:  0  be  integrated  twice  successively 

we  will  obtain  an  equation  of  the  form  2mjr  s  a2m  +  a'* 


BOOK  V. 


CHAPTER  II. 


(a)  dm=  fdxdt/ii=,  llierafora  iIm  noti**  Icxe*  amMf  bi««* 

parlide  musi  be  of  the  tbb4  urdcr,  for  ««  have  tdkn  ^  ^  A  ^A 

consequenlly  /  is  aUo  of  the  •am*  order. 

<^)  -r-1  '-7>    r  vo  raiu)  In  the  eoMnn  ofth*  n^m  vWA^ 
^      lit    dt    li* 

tangent  at  tbe  point  of  lh«  mrface,  wliaM  aionliKalc*  m  «-  >  » 


■  »  k 
of  the  angles  which  (he  reautunt  i  malwa  with  tb*  mm*  om.  •^B' 

'         ^    dt  t^  dt  B^  J*  »        ^  ^^ 

twe«n  th«  direction  of  k  and  the  laiqpai,  has  by  wtMi  ia  Mau4  ia  pr 
4S3  this  is  cipher,  hence  tlie  tAngeot  is  perf>«a£n)tf  ta  k. 

(c)  In  tbu  caM  vre  hare  t(p  =  (i«£r  +  Ta[)r  +  a^)  =  -  ^  -p 

and ^  =  -^  +  ,3,  mhmp  =  0,  $=i  -  pgn,  :  pT=n  +  ^- «* 

(J)  In  the  caie  of  a  reputnre  force  it  ia  endcaA  inm  the  M- 
preMJon  for  p  that  its  least  value  u  when  r  ■  | 

to  ^  in  which  case  it  b«cones  ^  n  — €lzL-ILJ,  | 

c 
(e)  It  p=J'-f,  then  dp^ffJf,  iflhialwii 
internal  point  to  the  lurfacei  and  if  ^'  be  ikc  vah**  of  ^  al  the  M^ 
fiM»,  wt  shall  have  ps^r^  —  v^,  and  is  this  rahse  of  ^  ia  the  wm» 
whatever  point  on  tbe  surface  is  taken,  r^'  mmt  fa*  eonaUM  W4 
points  on  the  surface  (because  it  is  by  hvpotheaia  lb*  aiMe  ihii^t 
out  it).  '.-  d.Jf'  =  0,  '.'  p  tt  constant  at  sur&c«;  hwMce  then  ^M 
pss  f^—r^',  and  r^  b  constant,  ^  nual  be  a  fvnctie*  ef ^  Mdn 
conaiant  when^  it  so,  and  turCKe*  of  c^ual  preMurna  m*  aba  m^ 
bcea  of  equal  deoaitiBt,  but  in  hontofeneoM  Audi  f  ■ 
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onstant,  and  is  no  longer  a  function  ofp;  so  that  the  preceding  con- 
lition  that  when  p  is  the  same,  p  is  the  same,  does  not  hold. .  When 
be  fluid  is  incompressible,  p  may  be  any  function,  continuous  or  dis- 
ontinuous,  of  ^. 

(y*)  If  the  central  force  be  equal  to  ^,  we  shall  have 

»-^-p  ^-^r'  ^—f^'P 
xkd  by  No.  583  we  have  for  each  stratum  dpz=:p.{Tidx-\-\dy'\rzdz) 

=  in  this  case   \^,^  (xdx -f- yd^  +  xdz\  now  as ^  b  constant  for 

^ach  stratum,  we  must  ha?e  xdx  +^dy  -)-  ^^  =  0>  ^"^  *•'  ^^^  ^^^^ 
tratum  jr*  +  ^  +  ^  =  &  constant  quantity. 

(^)  Let^,  p,  denote  the  pressures  corresponding  to  the  two  func- 

ions  ^,  ^,  then  we  have  log^z=:^  4*  <^>  logP  =  7  +  <^9  conse- 
|uently,  -  =  e  '^   ,  and  as  p,  ^,  are  supposed  to  be  given,  if  we 

P  k 

(uppose  n  =:  -^,  then  there  results  the  expression/?  =  n.tf  . 

(h)  By  substituting  for  z  its  value  —  .r"  +  c,  we  have 
fl«6  =  2^C.r»(/r  +  cSrrfr  =  ^r*  +  o- +  c, 

md  when  this  integral  is  taken  between  the  limits  a  and  o,  it  becomes 
rt  =  ^o*  +  ca»=  Thy  substituting- for  ^j^^+  cja«-.-c=6--; 

low  as  in  this  case  the  general  expression  xdx  +  ydy  +  zdz  =z 
-  gdz,  we  shall  have  dp  =  ~  gdz  +  a}  (xdx  +  ydy)  and  •.• 
9  =  —  ^;y  +  i  a«.  (jr«  +  y*)  +  C,  for  p  =  \  by  hypothesis,  and  at 
ihat  circumference  of  the  cylinder  in  which  it  is  met  by  the  most 
tlevated  section  of  the  fluid,  we  have  z  =  b  +  ^h^  and,  as  p  is  ne- 
ressarily  equal  to  cipher  at  the  surface,  we  have  Ozz^g(b  +  ^h) 
+  ia'-C***  +  y*)  +  c'>  and  c'=:g.(b  +  ih)  —  ia«.(j;*  +y),  conse- 
pently  p=:g*(b  +  j^h~z)i  now  as  the  diameter  of  cylinder  =  2a; 
the  area  of  any  section  of  it  is  2va,  and  the  differential  of  the  cylin- 
Irical  area  is  equal  to  2^adzy  consequently,  dp  the  pressure  on  this 
iifferential  is  equal  to  2T[adz  X/>  =  ^og.(b  +  ]ih^z).dz,  \'  the 


;t4 


IiiMBuregn  the  iide  =  SM^.(i  +  ^A— ^jv)x  ■«•  c,.  w4d 

beiweeo  '*■*  "— ■■■ ^  |   |  V ^\t  Iiitiimm  ,^.(H 

(i)  In  No.  106,  the  valuo  of  a  rnrmpriBifa  i 
numb»T.  •  correspond*  to  y,  *  to  e,  simI  ■  la  «  j 
the  ci|irMfion  Tor  a  uf  No.  106,  «t  iiibHttBU  for  «.  i^  ■.  a 
that  m  =  }  friT'.  ( 1  +  7*),  no  tlial)  utiuin  \,j  rl 
etprcsiion  fur  >  ;  it  Uk««i*«  ifipcmrt  bam  No.  IDC  ihtf  ll 
*"  ill  tbot  number  U  f  i)uil  to  K'  ■{-  T'  of  tlin  No.  bo«  Wj  ■ 
unio  lubititutioni  at  in  tb«  caM  of  the  cijifwioB  br  a.  I 


+7*1 


:  /x'+r 


=  .)  = 


of  X  4nd  T  are  rwpwliTelj  =^7^^  •^T?*  ^ 
eaty  lo  obtain  the  caprca*ion«  for  1  anil  V  in  lb*  tesi. 
{At)  From  iho  e<]uatioa 
iy-4(i+y')»rc{lai.g=y)  +  »y*=«c(i*iif  =  y)J 


-J'-iA 


-V  >  ; 


tfctsng  = 


we  obtain  f  y  +  ry*  r 
lo  obtain  equation  (d). 

(0  By  (ubitiiutingin  M}uation(<l)  for  UBgy,  tenia 
it  it  erideot  in  the  Itral  jibco  that  it  nniilwf  wImb  y  z 
condljr,  that  lU  rooU  aie  equal  two  hy  tan.  bai  ■fecItJ  « 
(i^s,  and  the  dtlTeteiiiial  of  equiioa  (d)  la 

o  +  a^e.-Oy'  +  ary       i     _. 

when  ihif  npresiioa  ii  redncoil  tai  ts 
(»)■ 

(m)  ThU  if  endvnt  frem  ihtfcooMtratiMi,  thai  vhMMfif 
tion  and  lU  firtt  dilerential  codioMit  tn  ■liiiiit  bf  ifoaaa^ 
the  ipcen  equation  noel  hM.it  two  foMs  aqnil  t»  thil  nla». 
(n)  EiiuUion  (e)  ii«riileiill*cqaalloe.(y*.f  ■•y'  +  ri 
but  the  qiMtitiiy  within  Ike  br>ch«U=(y'+  l)(v*  +  9V  * 
value  it  Mbetiluted  for  1,  w«  •TidaMl;  eblaiii  thm  e 
tMBg'=y  pteu  in  the  taxu    See  Mtt^mmiftm  Ctlmtt^  I 

No.  le. 
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(o)  Since  agreeably  to  what  is  stated  in  the  text,  the  axis  of  the 
lOtitiTe  abscissn  intersects  the  curve  only  in  two  points,  from  7  =  0, 
o  the  value  of  y  =  to  the  distance  of  the  first  intersection  from 
he  origin,  the  ordinates  are  -4-9  &nd  from  this  to  the  second  inter- 
ection,  the  ordinates  are—,  and  they  afterwards  increase  indefinitely 
\n  the  side  of  the  positive  coordinates.     It  is  evident  from  the  equa- 

2 

ioD  s  =  't         V  /  a T  that  when  s  is  a  y  rr  0.    Since  for  values 

(7+l)(?+0 

if  i  ^  0,1123  there  are  two  distinct  intersections,  the  approximate 
alues  of  equation  (d)  which  belong  to  a  value  of  s  Z  0,1123,  of 
ibich  there  are  evidently  two,  determine  the  values  which  are  com- 
petent to  a  figure  of  equilibrium. 

(p)  By  making  these  substitutions  we  obtain 

(»/+»'^)(i-?+ft)(=r-^+^+^-^= 

higher  powers  of  y  are  neglected,  because  in  the  required  expression 
re  n^lected  powers  of  y  higher  than  y*),  =r  by  obliterating  terms 
:ommon  to  both  sides  of  the  equation,  and  reducing 

2y* 

f hicb,  because  we  neglect  powers  of  y  higher  than  y",  becomes  -—-• 

15 

a* 
(q)  Since      ^  =:  c,  the  ratio  of  a'c :  to  \itffC  is  the  same  as  that 

>f  4«'fC.s:  iTffpCf  i.  e.  ::  3€:  l:now  30=  —-,  *.*^=:5a<c-&-four 

imes  iirfpc,  which  is  the  proposition  in  the  text. 

(r)  See  Harte's  Translation  of  the  Sy$teme  du  Monde^  Vol.  II. 
Chap.  VIIL  notes. 

(#)  By  making  zzzc,  and  substituting  its  values  in  a  series  for  arc 

;aog  =  y,  we  obtain  z  =  4ir/J>.cr-^t2-J  (y_jy+|^^ 

=  ^tfp^  (1  +  r")  (  -  +  +  iY)  (=  ^^»en  y*  w  neglected)  4irfpc 
[-  8  -^)  = 3-  y  +  i^J  »  "°  I'J^®  manner  we  obtain 


4wjf  " 


1 


(«)  ConsequeiillT.  by  Loking  ihe  *«■!  of ■- 

^  the  comprewion,  il  euttMm  (Mit  cqn^  In  y*.  i.«>  x- — -7-. 

(p)  Arc  Uiig  y  +  ■** frol  y  =  ;>.  iMt  col  y  a ——I 

UDg  =  y:=3  —  uc  tMig=  -i  no*  if  in  tW  tmwKka  ^jj? 
^o": h »-;<*«  multiply  l»*h«idOTbrr< 4- a,  lb«r*rairi» 

dividiDg  b;  Sfy*,  we  obuiD 

BOW  bj  in«4Dt  of  Lagrange'i  IbrauU,  LacroU,  Ta««  I.  N*.  W> 
eui  oblftin  lh«  value  of  y  io  ibii  •qnalioat  for  by  thtfarwl^if 
have  y^«  +  r(y),  tbeo  to  genenl 


in  (bb 


'rj3' 
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now  if  this  value  of  \  be  compared  with  that  given  above,  we  obtain 

a  =  -7- .  F(y)  = 1-  -: — r  —  &c^  consequently,  Fazz •- 

Ab        '  ey      Ab  y^  b  a 

+  — .  — ^  —  &c.,  =:  (  by  substituting  — -  for  a  j 1 &c., 

-/   M        ^     *        ir      ^    (F(«)')  4     1,  4     /4€\» 

—-  +  &c., 

by  substituting  these  expressions  in  the  preceding  value  of  y,  we  obtain 

V      8  .  12fi      256£  .    , 

(jr)  Id  this  case  of  a  force  varying  as  the  distance,  the  motions 
are  not  deranged,  however  numerous  the  bodies  are  which  compose 
the  system ;  likewise  in  the  case  of  this  law,  the  orbits  described 
are  ellipses,  whose  centres  coincide  with  the  centre  of  force,  and 
the  times  of  describing  different  ellipses  about  the  same  centre  are 
equal.     See  No.  235,  notes. 

(jf)  Since  by  what  is  established  in  page  442  the  resultant  of  the 
action  of  all  the  forces  passes  through  the  common  centre  of  gra- 
vity, 'i  9  ^19^1 9  are  respectively  equal  to  cipher,  consequently  this 
equation  must  be  reduced  to  equation  (f ),  which,  when  e  =  0  is,  as 
we  know  it  ought  to  be,  the  equation  of  a  sphere. 

(jv)  In  this  case,  referring  to  the  general  expression  of  the  ellip- 
soid, given  in  page  434,  namely,  %w(^  (l  +  7*)»  >^  ^^  evident  that  c  in 

in  equation  (c)  corresponds  to  v  cin  this  equation  and         ■  to  I  +y% 

consequently,  the  expression  for  the  volume  must  be,  as  stated  in 
AwcV^c 


text, 


3.(l-s)* 

CHAPTER  III. 


(a)  It  is  evident  from  what  is  stated  in  the  text,  that  in  the  ap- 
plication of  the  siphon,  the  distance  of  the  surface  of  the  fluid,  in 
VOL.  II.  4  u 
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Khichthole«Mr  leg  m  imroened,  from  i 
ing,  must  be  leu  thin  the  height  lo  « 
vuuum  by  the  prenun  of  lh«  stma 
weight  of  the  water  in  the  longer  leg  i 
that  it  flow*  out  al  the  loiter,  and  th 
the  supply  ;  this  instrument  u  employ* 
Ie«s  thin  thirty-three  feet  [which  is  at 
■scenili  in  a  vacuum),  when  the  fluid 
of  the  water  on  the  other  side ;  the  *i 
depends  on  the  difference  between  thi 
thirty-three  feet ;  tnd  when  thii  is  inco 
u  to  afford  a  sufficieDt  supply  to  the  i 

(6)  What  is  termed  the  hydroatatii 
Gtple  of  the  hydraulic  press,  whirh  ii  il 
or  other  fluid,  how  small  soever,  may  I: 
any  quantity  or  weight  howercr  great ; 
deration  of  the  hydraulic  press,  that  wli 
compared  with  as,  the  addition  of  a  sn 
increase  the  {iresaure  on  ab  in  a  i<reit 

((')  Siricu  when  all  the  |H>iiit>  <if 
ivjual  and  parallel  pri-isiirtM,  ilio  r>.^ 
through  llio  CTHro  urgr.iiilt  of  itii.  I. 
|>^^^iSlI^^•  larios  wiih  l!n-  d.'j'ih,  ihi-  .vri 
till-  n'nlTi-  ufirravitv,  hIumi  tlio  i<r<<^f-. 


ral  i- 


Klin 


..thchi.rii., 
thf  pri-iii, 


1.  that 


(./)   IfaWlh.. 


'■'■""■<  |>r.r.mr,. 
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(y)  By  substituting  for  u  the  preceding  equation  becomes 

=cV  iMTifr— cV  ^— r— ^.^'fltr  +  cosaV  ^  ajr*</ar— cosaV     ^— r —  ^fl^x ; 

*.*  by  performiog  the  integration  between  the  prescribed  limits,  we 
have 

x'cah—x'cS        'h  +  x'co^gl*  -^ — or^cosa.     T  ^* 
=  C.-r; C.  ^— rr — A*  +  cosa.  -; —  cosa  ^— T —  A», 

2  3  3  4 

from  which  it  is  easy  to  obtain  the  value  of  x*. 

{g)  It  is  evident  from  the  expression  for  x'^  that  when  the  trape- 
lium  revolves  about  its  centre  of  gravity,  though  the  magnitude  of 
the  pressure  remains  the  same,  the  point,  where  the  resultant  of  the 
pressures  meets  the  surface,  varies  with  the  position  of  the  pressed 
surface. 

(h)  It  is  easy  also  to  show  from  No.  601,  that  when  the  sides  of 
a  vessel  are  perpendicular  to  its  base,  the  entire  pressure  on  the  sides 
is  equal  to  the  weight  of  a  triangular  prism  whose  height  is  the  same 
as  that  of  the  fluid,  and  whose  base  is  a  rectangular  parallellogram, 
one  of  whose  sides  is  the  altitude  of  the  fluid,  and  the  other  the  pe- 
rimeter of  the  vessel ;  so  that  if  the  vessel  be  a  cube,  the  entire  lateral 
pressure  is  twice  the  weight. 

(•)  The  machine  called  Barker's  Mill  is  constructed  on  the  prin- 
ciple adverted  to  in  the  text. 

(k)  In  all  the  cases  discussed  in  this  chapter,  it  is  implied  that  the 
sides  of  the  containing  vessel  are  destitute  of  flexibility,  but,  strictly 
speaking,  this  is  never  the  case,  and  when  the  flexibility  is  at  all  ap- 
preciable, the  vessel  must  acquire  some  curvature ;  now  if  jd  be  as 
usual  the  pressure  on  the  unit  of  surface,  and  ds  the  element  of  the 
surface,  the  pressure  on  this  element  =  pdsy  and  if  t  denotes  the 
tension  which  each  of  the  extremities  of  the  element  ds  experience, 
and  m  the  angle  which  tangents  drawn  at  the  extremities  of  this  cle- 
ment make  with  each  other,  it  is  evident  that  the  resultant  of  the 

two  tensions  =  2 T. sin  —  ;  but  sin— = — ,   (r  being  the  radius  of 

curvature.  No.  169,  and  m  being  indefinitely  small),  consequently 


\ 


dl     dji     dr  dl      dt  ^ 

eviilrnt  iW  ibe  limn  ( ia  mil  exfitatlj  eonuiawd  im/l  Om  tmtWm 
(>rot|uiiiiDn  (4)  u  cijihor,  and  it  ron«H|ueuil}  b*eMBC»  •^■^■•{ft 

(A)  Thii  mutt  be  tlio  exe.  bccanae  u^&mtMj  mril  ^hMMM  if 
ibe  sccoiid  or  b<|jhpr  uriler  are  tueflettad. 

(■)  If  thelaw  ofMurioire  ubUiiumlhtcai 

ha.vep  »  f,  eonwqueiiUy,  \  —   «ill  b«  upMMd  bj  1 
when  Uio  iviationi  of  Icropi-raltire  bt*  t$ktm  inlaacBMi 
(#^ila/^  can>ri)ueiill)r,  1        1 11111111  tii  1  nmwwil tij  ■  li 
nailhiir  will  il  lis  thu*  aipiraeil,  when  f  n  coiwUmA  m  ntWa 
hoinogAnoouk  liquid,  for  then  V— =-Vi(p='. 
(k)  [u  this  caM,  liy  (ulMlilaliDK  for  df  tta  Tkhw,  I 

ronwquenily, 

(0  If  Iho  equatioD  «<£»  -|>  v^r  +  mb  =  ^  b« 
rnpect  lo  f)  »,y,  m,  re^wcUvelj,  wa  obtain. 


therefore,  if  in  eqnatioi»(S)  weiutMlJlnle  ^,^,Z?,  farKa>*.«* 


■  aa--f^  =  --,  s=--.,ji(c.tbc  nloM  of  -t  . 
f  djr       djt  dM 


n  iho  lexl. 

Now  if  tbew  etjualionf  be  nultipli>d  bj  dr,  ^  dm. 
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if  they  be  then  added  together,  there  will  result  by  substituting 
for  -T-  djr  4.  —  c(y  -}.  -^  dzy  rfv  for  x«i:r  +  Yrfy  +  zdzy  and  by  ob- 
ring  that 

value  of  cfp  given  in  text. 

(m)  Since  €  is  infinitely  small,  we  may  neglect  all  terms  after  the 

»nd  in  the  expression  of  u ;  •—  is  evidently  the  value  of  u  when 

0. 

(n)  By  multiplying  these  equations  by  dx^  dy,  dz,  respectively, 
ing  them  together  and  observing  that  ndx  -|-  Yd^  +  zdz  =  dv^ 

■^dx'\'-^dy  +  ^dz\  =  rfp,  we  obtain  the  expression  in  text, 

in  differentiating  -=^,  •—,  -r^,  each  of  them  must  be  considered 

ctJr  ay    asr 

unctions  of  x^y^zi  see  Note  (/).  • 

!>)  In  this  case  7'>;t-»  are  respectively  equal  to  cipher,  conse- 

ntly,  we  shall  have  f  as  -=- =  —  w  ]  the  first  equation  (3)  equal  to 

\   dp  ,     -  A  dp  .     .     1  ^ 

p   cU  f  dy  ^  p  dz 

0  which  we  may  obtain  the  value  oi-dp^  by  multiplying  these 

atioDS  by  dx,  dy^  dzy  respectively,  and  then  adding  them  together. 

CHAPTER  II. 

(a)  For  we  have  by  this  law,  when  the  temperature  is  invariable, 

pi  mghii  D.(l  +  *):  D  •.•  p  =  fngh{\  +  «); 
when  in  consequence  of  the  sudden  increase  of  temperature. 


;)  varies  in  a  greater  ralio  ihwi  f,  or  O  (1  +  4|k  «•  kaa«  ^=|^ 

jioners  of  ■  ue  negleded  lag(l-^f)  =  *,  -.-  \~  srsA:MH» 
quenUy  whm  this  value  u  Hiliaiilutcd  for  r  Ja  tquaitiao(b>  ari** 
supprened,  and  {-r-)  •  [  j~)  '  ^'c-  »^  i>egWl*<l.w«  nbtiia— Aa  ■ . 

(b)  Inint«gnitingthB  taluH  of«Ai«/t,w/t.»t«N9MuMK  a^ 
dbpUcemenU  are  very  imall,  ifae  rrtor  whjrli  ii  oo«uniti«d  •  ba  m  te 
opfintton,  M'.^fX',  is  iutntitul«d  for  ^,5,  f.  n 
it  vavj  be  neglected,  and   .'  *,y,  s,  at*j  be  refvdcd  » 

(c)  Equation  (c)  bvconei  *ti*D  o(l  +  ■>  n 


which  when  —  — .-^unlMtilatMlfor^  i*  ibc  •^■tfiM(SX 
(<f )*B7  nibatilating  for  «,  i^  «^  Uwir  rcipvctira  viIbm  thavMiriil 

which,  >i  C  it  ■  fniMtioo  of  r  wid  (,  will  b«  ao  nxt  JHinMirirfa 
fuDction  of  r  and  (. 


5*"''''' **<*■■      r'     •S*"'^*  a**^*"      a*    ' 
conacqnttDtlj'  ir«  ahall  baa* 


NOTES.  739 

(J^  Now  since  r  is  the  independent  variable,  we  have 

dt^  dr*         dr.ar  dr*  dr*  dr 

herefore,  if  both  members  of  the  equation 

>e  multiplied  by  r,  it  will  coincide  with  equation  (4)  for  r  —^  =  -jrp- 
(^)  <}>  =  i.(/(r+a/)  +  F.(r-.aO).  •.•  C  =  §  =  i(/(r+aO+ 

f'ir^at))^l[/(r+at)  +  P(r-aO]  and  ^  =  ^.[/(r+  a/)- 

f^fr-^  aty]y  •.•  *= 1-^  =  the  second  equation  (5),  and  from 

a*  at 

hh  second  equation  it  is  evident,  that  the  velocity  is  always  pro- 
portional to  the  condensation. 

(h)  Since  the  first  formula  vanishes  at  the  same  time  as  r,  when 
t  ia  eipressed  in  a  series  proceeding  according  to  the  powers  of  r, 
iach  term  must  have  r,  or  some  power  of  r,  as  a  factor,  and  therefore 
irhen  r  is  infinitely  small,  all  powers  after  the  first  may  be  neglected; 
low  when  equations  (5)  are  applied  to  the  case  of  the  propagation 
>f  sound  in  our  atmosphere,  we  are  warranted  in  assuming  that  r  is 
nfinitely  small,  because  the  agitation  of  each  particle  is  so  inconsider- 
ible,  that  it  does  not  appear  to  move  sensibly  from  its  state  of  rest ; 
or  when  sound  is  transmitted  through  a  mass  of  air,  in  which  motes 
ire  observed  to  float,  they  do  not  appear  to  be  actuated  by  any  sen- 
iible  motion.  See  article  on  Sound  in  the  Encyclopedia  Met ropolitana, 
No.  54. 

(i)  ^r  denotes  a  certain  velocity  as  well  as  \(/r,  because  (  is  to  « 
n  a  given  ratio. 

(*;  ')/»--;--5jr-;3-rfr.+7-5r~P'"rfr'-  rfr  ^  dr  ' 

(/)  In  fact,  by  making  this  substitution,  we  get 

:=^-(i*+i*)-p-[i*('-  +  «0-ic  +  i6('--«0  +  ic]=o, 

n  like  manner  it  may  be  shown,  that  when  corresponding  substitu- 
ions  are  made  in  the  second  equation  (5),  the  expression  for  s  be- 


m 
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i!iiiu«i  ct^thori  it  ibui  ippevi  that 
tu  b«  ciplicr  foe  ■  cerUiii  t«1u«  of  r, 
i«  alwayi  made  in  order  to  <l«l*nriM 
sunt*  b  pud  c,  then  the  value*  of  (  • 
(»■)  Itjr  adding  and  tutitraetiag  c 
f.T  r,  »c  uUtaio 

fonieuuenlly, 

heoca  then  lh«r«  r««ulti 

(n)  If!-^  bo   mlMtUulvtl  Tot 

/•(r  +  al).  the  f«wlls  are  /i.  /•». 

tlita  t-Z—  the  raluM  of /(r  +  ■!),  _ 

y*«,  and  th«TefDr«  will   not  bo  npd 

p  (,.  _  aj),  p-  (r  -  «(),  when  ( i*  Z 

Ipss  than  i  i  from  the  e<)uation  t  ^  - 

r  i».  Of,  ibo  nearer  to  the  point  ibal 

(he  >ph«To,  the  Ipm  mJII  he  the  Aunti 

(o)  Sep    No.  497,    note*:   iiiiM 

at=r  —  »,  and  crauM  when  af^r 

2t 

— ,  and  the  breadth  of  th»  lonorotM 

(/•)  At  a  grrai  diilance  from  t] 
function,/{r+  <il),/(r+  »*>,  *■■■ 
•econd  member  of  ihe  valuo  of  C  pr«i 
qiwntljr  t,  =  criHonilj  at;  if.  on  ibe  ra 
eapanding  the  valunt  of /*(r'-(-«i),  p 
Into  terin  proceeding  ttforAmg  to  p« 


^ 
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r     ,  .       '(-«<)     r'(—at)       .  v"(-al)r'  .    . 

-F(r-aO=-i^  +  -L^^r+      ^^J     +&c.; 

^nsequently,  the  expression  for  C  becomes,  by  concinnating  and  ob- 
terating,  =  —  — .  [^at)  +  P(— oO]  i»  ©•  =  -j  nearly. 

(^)  The  number  of  functions^ ^,^^9  &c.  of  equation  (9)  which 
he  most  general  expression  for  p  contains,  will  depend  on  the  num- 
•er  of  distinct  agitations  at  the  commencement  of  the  motion,  the 
gitation  resulting  from  the  several  distinct  ones  will  be  the  algebraic 
um  of  these  functions ;  this  remarkable  conclusion  results  from  the 
brms  of  the  original  differential  equations.     See  No.  551. 

(r)  u  is  equal  in  general  to  (  resolved  in  the  direction  of  the 
Lxis  of  jr,  but  as  the  agitation  does  not  extend  as  far  as  the  plane  ab, 
t  must  be  cipher;  now  this  condition  is  satisfied  in  this  case,  for  the 

expression  for  ti  =  -^  -  +  -^  -V  becomes  when  r  =  r,,  jr  zz  A,  and 
■^  ar  r        dr,  r^ 

r,  =  —  A,  equal  to  cipher. 

(,)  ;,=€^./,(l  +,4./3,).(l  4.,)-.  =  (neglecting ^)€:^'.. 

:i+»-«  +  /3«)=^^(l+^*). 

(t)  By  substituting  in  the  equation  />  =  Ar^ .  (1  -^  a0  +  n))  for 

fr,  we  obt«n;>  =  ^-^^ .  (1  +  «9)  +  ««)  =  ^ .  (1  +  j^j) . 

(ti)  If  the  density  in  the  first  case  be  ^,  and  in  the  second 


'('+ib)' 


=,/'• '  ■- ' 


then  the  increment  =  p^  ^  +  70^  ~^  ^ZTTn^'i^' 

(r)  If  in  the  value  of  /)  =  — —  p.(l+|3*)>  we  substitute  D(l+*) 

for  pt  it  becomes  gmh,(\  -{-  s-\-fis)y  s*  being  always  neglected,  but  on 
the  same  supposition  1  -|-  *  -|-  /3*  zz:  ( 1  +  *)'  ■*-^,  therefore  p  =  gmh , 
[l  +  sy-ifi. 

(jr)  See  Comptes  Rendus  for  August,  1841,  where  an  account  is 
{iven  of  some  experiments  made  in  Geneva  on  the  intensity  and 
distance  to  which  sound  can  be  propagated  under  water. 

VOL.  II.  4  z 


(■)  By  MbttiialiBf  tmt  y  iu  tali 

(^-/)y=(;^-i'>(y+s'^) 

ui4  wheu  d^  if  iM^U^Ied  >l  b«com 
(k>  Whan  lb«  two  n 


(.g^=*.. 


the  miFfral  »f  *hitit  it  eTiduitly  lh< 
(c)  AitticariAM 

wben  a  i«  >  w  ud  ibarelot*  fi  ii 
lower  vrifice  it  then  gntw  iluw  n. 
tak«  placa  >t  tli«  app«r  orifin  of  wbi 

(</}  Pram  equalion  (4 )  we  obiMB  A< 

ii  inraofiilDrabte  with  mpwl  lo  tl,  i 

S/.(A  +  r),  now  if  we  make  j-:^  — 


bacoMM  AjA  s 


^Vrr.<i-j'» 


on  in  ibe  lexi. 
(t)  Smoi  I  s  0  when  m  = 
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night  occur  in  tho  integral  of  the  value  of  \,(it  must  he  cipher,  for  it 
s  equal  to : .  log .  1. 

(J)  From  equation  (6)  we  obtain 


pvhich,  by  multiplying  numerator  and  denominator  by  0      ^9  be- 
comes equal  to  the  expression  in  the  text. 

{g)  When  the  value  of  u  is  multiplied  by  di^  the  differential  is 
evidently  (hat  of  a  logarithm,  for  the  numerator  is  the  differential  of 

the  denominator  multiplied  by 7=>  therefore, 

aSt«/<  =  55^ log  L     «-      +  ^       •       J  +  c; 

—2a* 
Qow  as  g  =  0,  when  t  =  0,  we  have  c  =  -^ — .log  2,  hence  then  there 

p  A 
results  the  expression  in  the  text. 

(h)  When  equation  (4)  is  multiplied  by  dt^  we  obtain 

{g.{h  +  c)  -  ^^^^) di^jdu^O, 

,nd  equation  (5)  becomes  in  the  same  case 

rfA  +  — (ft  =  0, 
w 

herefore,  by  eliminating  di  between  these  equations  we  obtain  the 

xpression  in  text. 

(t)  See  examples  of  the  integral  and  differential  calculus,  page  329. 

..X    /»-       1        a*  ,  a        /,.      ,       1       n*— 1 

(k)  /?=  1 r,  tt;  =  a,  and  a  =  -,  •/  5»=1-- = — --. 

(/)  Inthisca8eXa;  =  -j-,a'  =  -,  •.'  ^-—--z=z — r-'T  •-,= — r— 
^  h  nr  a"*  n*       h    a*  h 

J  Xu/h      o'    A     ,         ,  ,.       ,-v  ,  dz      (n«-l)     , 

ind  =  -r  •— . n'  =  w%  •/  equation  (7)  becomes -n-  —  ^ — ; •«^  + 

a*       h     a*  ^  ^  dh  h 


744  xoTBS. 

(m)  By  BitiUipljing  all  lltr  Ivnm  of  ihit  wfiMiaa  b;  A  ■ 

wfl  obtvn 

i£clk  4-  (1  -  ■')  vrfA  +  •I'Wlh  =  Oi 

and,  ID  onlar  to  rrduM  llm  ta  •  potfcct  intvgnJ,  by  aal^i^ 

by  A'*".  t]i«r«  rcnlU 

rfeA'-"'4.(l-<i')**-"'.rfA4-ii«*'--' A  =  rf^'--'  + 

•.-**«--■  4- ^,.A»—-=C  «!«).=:  cJK-'  -j^. 

(it)  In  firtu*  of  ojualion  (5)  rfl  =  —  A  = . 

(o)  E4|U«tioD  (9)  aay  be  miUen  m  CBAotn ; 

^-^iU'-'-.n--.;- 

ir  M«  tupp'ite  11  -f  ^=  A,  lh«n  ihe  nprmaioa  b 
V(ii+4')-—  -  «'-•>  ~ 

("'-"'•-)t.>-[,_,■^^^.^.,^■(^)(iy,^<^ 

=  t>j  dividing  by  (2-ii').  «■*->,  ud  tupfxiaBg  »'—l. 


cijiul  l)Ji  lulistiluting  A  —  H  for  A', 

ii-"+»<.--o"+ji-:- !)■**'■ "  "^J 

Now  by  iuli«tilu(if>g  Ihdr  talnn  for  A  Md  ^  w«  afa«^  • 

'"•Uj  =?'"=-;;^^gr:="'~-— ■ 

(/>)By  •quaijan(l)  w»  h«(«^  wltM  ;  » MfWtMl.  m  it  •  «  A> 
7  =  —  f -j-i  roii»«(|u«ollf  «•  ihall  lu(>  •^- A^  —As 
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dv  ,        dv      •  -  .  .  1  «(p  _      ^^  dv 

dt  dx  '      '    fdjp"^      di        '  dx 

^  d.pvv  dy  .        dy   dx         d*ev  .       d.pv  dx 

(r)  When  the  capacity  is  great  the  pressure  on  the  surface  of  the 
vessel  for  a  short  space  of  time  may  be  considered  as  constant. 

(s)  Multiplying  the  second  =:  n  by  dxy  we  obtain  pvdy  -}•  yd.pv 
=  0,  •.•/>ry  =  c, 

(t)  If  both  sides  be  multiplied  by  dx  we  shall  obtain 

k.^  +  a'rr.tt'.—  .€^.  —  =  0,  '.'kAogp  +  a«n«i4«.  3—-  =  &. 

p  py    py  2py 


NOTES  TO  ADDmOS 


(•)  Wbfo  a  michtiw  it  in  ncnion,  if  ilic  i 
coincide  with  the  itinrtiou  along  aUcli  llu  | 
mitre,  they  tniut  at  Ittast  mlu  acnt*  a 
if  ihey  madii  right  angles  thty  wovlil  i 
llie  dirrction*  in  which  the  potBta  ■«*«,  and  if  tlw;  aidb  a 
Diigles  their  tendency  nould  be  to  raUrd  iheaa  naoliaaa. 

(b)  It  afi«<r  muUiplying  the  fim  maaiban  of  thaa*  h^ 
e<]uationi  logclbcr,  and  alio  their  ■ 
together,  we  obtain 
M.(jxdx  +  Vflty  +  tda)  =  r.4U^watiM\+  emfitm^  +  m 

=  n6.CMe 

(c)  It  would  lie  iiteleM  for  tbe  f 
niolton  of  the  machine  ibould  be  coatinuany  ■Li:iliiiiii|J 
moving  forcei  artcil  aloayi  with  the  mum  intennlj  tl 
cue  s  in  thii  i-aiie,  in  order  to  reniler  the  motioa  gnifor 
i*  made  tu  increase,  or  If  ihii  aauM  be  csaccMentl} 
action  of  llie  motive  force  i«  eitber  iiMcnnitl«d,  or  ■> 
reabling  power,  by  which  neam,  iIi(M()i  we  tttaaol 
(Ion  of  the  madiine  uniform,  ««  ranfiae  ita  ««nalia«a  e 

{4)  When  tile  body  uu  041I  from  a  date  of  raal.  la  tbaa 
iuiiial  vcliMzily,  Xmk'  niut  ranith  j  likeviae  aa  tlw  e$M%  tt  A 
live  force*  muit  be  greater  than  ibat  of  the  ra«irti«n  laeva^  ab 
motive  forre*^  are  of  (bat  dneriptian  that  lliej  ad  ■or*  (em 
liudiei  which  ere  at  te«t  than  oa  Uioae  which  at«  ia  ■aliaw,  i 
r  eleralioit  produced  by  tlieaa  foerea  naat  BootiaMiB}  Smimi 
(he  increued  acceleration  of  Ibemachinasalilp^sadlfi  ■ 
i-iident  from  ibeaa  conaideratiatM  that  ibt  lanraawia  Manai 
tween  nip  and  9df  conatitut*  a  d> 
by  which  the  madiine  i«  btoagfat  to  a 
ow-  in  MJiicli  £r^  =  Zorfff.  i*  mnM  rapd  al  ih*  eoaM^mai 
ihe  motion,  end  gel*  co«i(innally  aloweei  inilnd>  •Incdj  ■ 
■  hi*  uniformity  it  not  adained  uMil  after  iha  1 
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(«)  The  diininulion  esiimaleO  in  llie  illrediun  of  the  aurbves 

«  under  ihe  expressitiii  for  the  effecl  produced  hy  friction. 
^f)  It  appears  from  the  eipro^ion  D((+a)  thai  when  a  man  vralkt 
ihorizoiilal  plane  nithout  a  load  there  are  Iivd  effects  produ(^ed, 
laises  or  depresses  his  centre  of  gravity,  and  he  also  impresses 
■  point  a  horizontal  velocity,  each  of  these  requires  a  disiinct 
rti  the  la^t  is  evidently  much  less  ihan  the  first ;  but  there  are  no 
wiments  made  by  means  of  which  iheir  relative  intensity  csn  be 
ed ;  as  it  is  evident  the  less  u  (i  -(-  ")  '^>  every  thing  else 
g  the  aaine,  the  greater  nill  be  llie  power  of  the  man ;  llie  skill  in 
ing  so  as  to  economize  this  power,  consists  in  going  as  closely 
ssible  to  llie  ground,  so  that  c  may  be  the  least  posnbic ;  the  ei- 
ion  for  the  work  done  when  a  man  ascends  a  height,  ai>d  carries 
«d,  is  D(f +  a  +  ft)  4-f/;  now  when  a  man  carries  only  his  own 
^t,  the  height  he  is  able  to  ascend  in  agiven  time  multiplied  into 
^  than  when  he  carries  an  adtlilional  load  ;  i.  e.  vh  is  greater 
t  xA',  k'  being  the  height  he  can  ascend  to  in  the  same  time  when 
,  and  K  ^  u -(*  In  t.  being  the  additional  load;  this  appears 
I  some  experiments  made  by  Coulomb,  which  led  him  to  infer 
,  this  diminution  of  action  or  difference  between  vh  and  kA'  is 
Mrtional  to  the  additional  load  carried  ;  and,  as  it  also  appeared 
I  bia  eiperiments,  that  when  the  load  carried  was  equal  to   u 


weight  of  the  man,  the  diminution  was  one-half,  or  e<|Uftl  lo 

the  load  is  l,  it  is  equal  to  -^  therefore  we  must  have 

(t)  +  L)A' =  uA  -  ^  and  A' =  ti/.  (l  -  ^■j 


fA 


bed  by 

+  "- 

This  fo 

mula  sh 

>uldb 

considered  only  as  an  ap* 

■dmation 

for  it 

would  appear  from 

it  that  when  L=  2n,  A'  =  0,  i.  e. 

ktn  carries  a  1 

uad  equal 

lo  twice 

his  w 

ight,  he  could  not  ascend. 

■m  BaehftU  Traite  rfw 

Machin 

«,  Ch 

apilrc  Premitr. 

ics)  if"- 

=  0, 

8  a  func 

on   fof 

these 

variables,  or  r(Uye)  =  0, 

Mhen  they  become  I  -i-  dl,  x  -{■  dx,  y  -)-  t/y,  M  ■\-  da,  we  shall 
F(t  +  dl,  *  +  f/a-.  y  +  <v.  '  +  de)  =  0,  and  when  infiohcljr 
quantities  of  the   second  and  higher  orders  tie   neglected, 
,  di.  ,    ,   dL  ,     ,  di.   ,        A  . 


4-  —  dj3,  by  taltttituting  fo<  lh«  finl  »«mb«r  of  Om  a^atim 

coiicinnating,  we  uhUin  the  vilu*  of\il^mr^'  gim  W  tb«  MiL 
(i)  Since  in  (tiia  cue  the  fi>rc«»  P  art  in  lb*  &nrtin»  <<  ^ 

^:r(i/y(— '',;>)  mult  ho  equal  lo  3p,  or  n  multipliwd  iaM  iW  m 

ipnco  d«ieri)>ed  by  ibe  ceriitr«  of  gravUj. 

(it)  Sioi.-«  lh»  molioti  it  uniform,  tha  «paca  f   daKribadl 

centre  of  gravity  is  -rr'  to  the  liow,  caoMqaeBtJ;  m  «<«»> 

value  of  the  velocity  raaolred  id  th*  iliractUHi  al  iIm  *«cij«i4  ■■ 
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